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Calculation of the Credibility of Hu- 


mane I eſtimon). 


NORA Certitude Abſolute, is that 
in which the Mind of Man en- 
tirely acquieſces, requiring no 
further Aſſurance: As if one in 
vhom I abſolutely confide, ſhall 
bring me word of 1200. ac- 
1 cruing to me by Giſt, or a Ship's 
Arrival, and for which therefore I would not give 
the leaſt valuable Conſideration to be Enſur'd. 
9 Moral Certitude Incompleat, has its ſeveral Degrees 
| to be eſtimated by the Proportion it bears to the 
- © Abſolute, As if one in whom I have that Degree 
of Confidence, as that I would not give above One 
in Six to be enſur'd of the Truth of what he ſays, 
t | ſhall inform me, as above, concerning 1200/. J 
z | may then reckon that I have as good as the Abſo- 


£ Jute Certainty of a 1000/, or five Sixths of Abſo- 
" | Jute Certainty for the whole Summ. 


B The 


Foe; 
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The Credibility of any Reporter is to be rated 
(1-) by his Integrity or Fidelity ; and (2.) by his 
Ability : And a double Ability is to be conſider- 
'1 ed; both that of Apprehending what is deliver'd, 

= and alſo of Retaining it afterwards, till it be tranſ- 
| r 5 | „ 
„ What follows concerning the Degrees of 
18 « Credibility, is divided into Four Propoſitions. 
11 „The two Firſt, reſpect the Reporters of the Nar- 
« rative; as they either tranſmit Succeſſiveh, or 
1 c atteſt Concurrently : The Third, the Subject of 
5 . c jt; as it may conſiſt of ſeveral Articles : And 
fil: © the Fourth, joins thoſe three Conſiderations to- 
HO! “ gether, exemplifying them in Oral and in r- 
iN cc ten Tradition. e 


"PROP, -L 
Concerning the Credibility of a Report, made 


by ſing'e ſucceſſive Reporters, who are 
equally Credible. | 


Let their Reports have, each of them, five Sixths 
of Certainty ; and let the firſt Reporter give me a 
Certainty of 10007. in 1200/7. it is plain, that 

the ſecond Reporter, who delivers that Report, 
will give me the Certainty but of $ths of that 
10000. or the 3 h of 5hs of the full Certainty of 
the whole 1200 J. And ſo a third Reporter, who 
has it from the ſecond, will tranſmit to me but 3th? 
of that Degree of Certainty, the ſecond would 
have deliver'd me, &c. „„ els, 
That is, if, 4, be put for the Share of Aſſu- 
rance a ſingle Reporter gives me; and, c, for 
that which is wanting to make that Aſſurance 
compleat; and I therefore ſuppos d to have 
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1 Certainty from the firſt Reporter; J 


4 ＋ · c | 
| | 5 aa by 
lh all hav e from the Second, | ae 3 from the 
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1 ird, ac 


And accordingly, if, a, be = 100, and c=6, 
(the Number of Pounds that an 1001. put out 


to Intereſt, brings in at the Year's end ;) and con- 
ſequently my Share of Certainty from one Re- 


porter, be=+32 ; which is the preſent Value of 


any Summ to be paid a Year hence: The Propor- 


tion of Certainty coming to me from a Second, 


will be 18 2 multiplied by 335 (which is the pre- 
{ent Value of Money to be paid after two Years ;) 


and that from a third-hand Reporter, = +22 : 


—_— 0 & > 


Thrice multiplied into it ſelf; (the Value of Mo- 
ney payable at the end of three Years,) GM. 


Corollary. 


And therefore, as at the Rate of 6 per Cent. 


Intereſt, the preſent Value of any Summ payable 
after twelve Years, is but half the Summ. So if 


the Probability or Proportion of Certitude tranſ- 


' mitted by each Reporter, be 532 the Propor- 


tion of Certainty after twelve ſuch Tranſmiſſions, 
will be but as a half; and it will grow by that 
Time an equal Lay, whether the Report be true 
or no. In the fame manner, if the Proportion 


of Certainty be ſer at *52, it will come to half 


from the 7oth Hand : And if at +522, from 


the 695th, 


3 x PR O P. 
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P R O P. II. 
Wn oncerning concurrent Teſtifications. 


If two concurrent Reporters have, each of them, 
18 the of Certainty ; they will both give me an 
Aſſurance of the, or of 35 to one: If Three; 
an Aſſurance of 28, or of 215 to one. 
For if one of them gives a Certainty for 1200 l. 
as of S the, there remains but an Aſſurance of 22h, 
or of 2000. wanting to me, for the whole. And 
towards that the ſecond Atteſter contributes, ac 
cording to his Proportion of Credibility: That is 
to £ths of Certainty before-hand, he adds zh of 
the Zth, which was wanting: So that there is now 
wanting but 5th of a 3th, that is £th ; and conſe- 
quently I have, from them both, 35rhs of Certain- 
ty. So from Three, 21365 &c. 


216 


That is, if the firſt Witneſs gives me == 
V | 4. 


885 : Eg 5 
of Certainty, and there is wanting of it er 
J 
aÞC; 
and conſequently leave nothing wanting but 
c that 


| the ſecond Atteſter will add — of that 
e EF. 


„ „% 

r ==. And in like man- 

4a apo 1 

ner the third Atteſter adds his — of that == 
„„ 8 1 AZ 2c. 

'. . 
and leaves wanting only = , &c. 
| 8 | Fl | 
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bove two Millions to one, &c. 
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Hence it follows, that if a ſingle Witneſs ſhould 


be only ſo far credible, as to 20 me the half of a 
full Certainty; the Second o 


the ſame Credibility, 
would (joined with the firſt) give me 478; a 
Third, 3th, &c. So that the Coatteſtation of a 
Tenth, would give me 182 Achs of Certainty ; and 

the Coatteſtation of a Twentieth, 422222, or - 


I I097000 


PROP. III. 


Concerning the Credit of a Reporter for a par- 
ticular Article of that Narrative, for the 
whole of which he is Credible in a certain 
Degree. Wn 


Let there be fix Particulars of a Narrative equally 
remarkable: If he to whom the Report is given, 
has 5ths of Certainty for the whole, or Summ, of 
them; he has 35 to one, againſt the Failure in any 
one certam Particular. 

For he has Five to One, there will be no Failure 
at all. And if there be, he has yet another Five to 
One, that it falls not upon that fingle Particular of 
the Six. That is, he = *ths of Certainty for the 
whole: And of the 5th wanting, he has likewiſe 
hs, or £,ths of the whole more; and therefore 


that there will be no Failure in that ſingle Particu- 
lar, he has g rh and 56h of Certainty, or 33 of it. 


In General, if — be the Proportion of Cer- 
, ales, 
tainty for the whole; and — be the Chance 
ks 1 IS | n . 


'of the reſt of the particular Articles , againſt 
Ems 2 | ſome 
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ſome one, or more of them ; there will be no- 


thing wanting to an abſolute Certitude, againſt 
the not failing in Article, or Articles, , but on- 
nc „ 


Concerning the Truth of either Oral or Writ- 
ten Tradition, (in Whole, or in Part,) 
Succeſſively tranſmitted, and alſo Co- 
atteſted by ſeveral Succeſſions of Tranſ- 


mittents. 


(.) Suppoſing the Tranſmiſhon of an Oral and 
Narrative to be ſo performed by a Succeſſion of 
ſingle Men, or joined in Companies, as that each 
Tranſmiſſion, after the Narrative has been kept for 


twenty Years, impairs the Credit of it a 3th part; 


and that conſequently at the twelfth Hand, or at 
the end of 240 Years, its Certainty is reduced to a 
half; and there grows then an even Lay (by the Co- 
 rollary of the ſecond Propoſition) againſt the Truth 
of the Relation: Yet if we further ſuppoſe, that 
the ſame Relation is Coatteſted hy Nine other ſe- 
veral Succeſſions, tranſmitting alike each of them; 
the Credibility of it when they are all found to 
agree, will (by the Corollary of the firſt Propoſition ) 
be as 1824 of Certainty, or above a Thouſand to 
one; and if we ſuppoſe a Coatteſtation of Nine- 
teen, the Credibility of it will be, as above TWO 

Millions to One. : . 
( 2.) In Oral Tradition as a ſingle Man is ſub- 
ject to much Caſuality, ſo a Company of Men can- 
not be fo eaſily ſuppos'd to join ; and therefore the 
Credibility of 1606, or about 4 3h, may pow” 
| ly 
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either of the ſingle Hands. 
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bly be judged too high a Degree for an Oral Con- 
veyance to the Diſtance of twenty Years. But in 
Written Tradition, the Chances againſt the Truth or 


Conſervation of a ſingle Writing, are far leſs ; and 


ſeveral Copies may alſo be eaſily ſuppos'd to con- 
cur; and thoſe ſince the Invention of Printing ex- 


actly the ſame : Several alſo diſtinct Succeſſions of 
ſuch Copies may be as well ſuppos'd, taken by dif- 
ferent Hands, and preſerv'd in different Places or 
VVV 

And therefore if Oral Tradition by any one Man 


or Company of Men might be ſuppos'd to be cre- 


dible, after twenty Years at 35th of Cerraitity ; or 
but he; or #ths: A written Tradition may be 
well imagin' d to continue, by the joint Copies that 
may be taken of it for one Place, (like the ſeveral 
Copies of the ſame o Vang a during the Space 


of a 100, if not 200 Yeats, and to be then Cre- 
dible at +22ths of Certainty, er at the Proportion 
of a Hundred to One. And then, ſeeing that the 


ſucceſſive Tranſmiſſions of this +22 of Certainty, 


will not diminiſh it to a half, until it paſſes the 
ſixty-ninth Hand; (for it will be near ſeventy 
Years before the Rebate of Money, at that Intereſt, 
will fink it to half :) It is plain, that written 


Tradition, if preſerv'd but by a ſingle Succeſſion 


of Copies, will not loſe half of its full Certainty, 
until 70 Times a Hundred (if not two Hundred) 
Years are paſt ; that is, ſeven Thouſand, if not 
. fourteen Thouſand Years ; and further, that, if it 
be likewiſe preſerv d by concurrent Succeſſions of 


ſuch Copies, its Credibility at that Diſtance may be 


even encreas'd, and grow far more certain from the 


ſeveral agreeing Deliveries at the end of ſeventy 
Succeſſions, than it would be at the very firſt from 


B 4 63.) Laſt- 
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3.) Laſtly, in ſtating the Proportions of Credi- 
bility for any Part or Parts of Copy, it may be ob- 


ſerv'd ; that in an Original not very long, good 
Odds may be laid by a careful Hand, that the Co- 


py ſhall not have ſo much as a literal Fault: But in 


one of greater Length, that there may be greater 


Odds againſt any material Error, and ſuch as ſhall 
alter the Senſe ; greater yet, that the Senſe ſhall not 
| bealter'd in any "onſi®erable Point; and ſtill great- 
er, if there be many of thoſe Points, that the Er- 
ror lights not upon ſuch a ſingle Article; as in the 
third Propoſition. „„ 
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4 LETTER from the Reverend Dr | 


WarLts, Profeſſor of Geomet 
the Univerſity of Oxford, and el. 


low of the Royal Society, London, 


10 Mr. RIchARD NokRIs, con- 


cerning the Colleclion of Secants ; 


and the truc Droifion of the Meri- 


An in the Sea- Chart. 


| Tar IN old Enquiry, (about the Sum or Ag- 
: 9 Fl 


gregate of Secants) having been of late 
moved a-new ; I have thought fit to 


General PREPARATION. 


| Becauſe curve Lines are not 10 eaſily 1 ma- 


3 as ſtraight Lines: The Ancients, when 
they were to conſider of Figures terminated (at 


leaſt on one Side) by a curve Line ( Convex or 


Concave) as AFK E, Fig. 1. 2. Tab. 1. did oft 
make uſe of ſome ſuch Expedient as this follow- 
ing, (but diverſely varied as Occaſion requir d.) 


Namely, 


2. By Parallel ſtraight Lines, as A F, BG, CH, 
&cc. (at equal or unequal Diſtances, as there was 


Occaſion 2) hey parted it into ſo many Seg- 


ments 


trace it from its, Original; with ſuch So- 
lution as ſeems proper to it : Beginning firſt with 

the general Preparation; and then applying it to the 
Particular Caſe. | e 


r * 


io Miſcellanea Curioſa., 
ments as they thought fit; (or fi uppoſed it to be 
ſo parted.) 


3. Theſe Segments were /o mary wanting one 
was the Number of thoſe Parallels. ; 


4. To each of theſe Parallels, wanting one; they _ 
fitted Parallelograms, of ſuch Breadths as were the 


Intervals (equal or unequal) between each of them 


(reſpectively) and the next following. Which 
formed an adſcribed Figure made up of thoſe Pe. 3 


rallelograms. 


J. And, if they began with the greateſt ( and 
therefore neglected the leaſt) ſuch Figure was Cir- 
cumſcribed, (as Fig. 1.) and therefore bigger than 


the Curvilinear pr prop opoſed. 
6. If with t 


less than that propoſed. 


But, as the Number of Segments was increa- 


ſed, (and thereby their Breadths diminiſhed ;) the - 
difference of the Circumſcribed from the Inſcribed 
(and therefore of either from that propoſed) did 


continually decreaſe, fo as at laſt to be leſs than any 
z aſſigned. 


Exhauſtions. 


9. In Caſes wherein the Breadrh of the Paralle- 


lograms, or Intervals of the Parallels, is not to be 
conſidered, but their Length only; (or, which is 
much the ſame, where the Intervals are all the ſame, 
and each reputed = 1.) Archimedes (inſtead of in- 


ſcribed and circumſcribed Figures) uſed to fay, Al | 
except the Greateſt, and All except the L Leaſt, As | 


Prop. 11. Lin. Spiral. 


1 CAS E. 


10. Though it be well known, that, in the | 
Teri Globe , all the Meridians meet at 


the 


e leaſt (neglecting the reateſt 30 
the Figure was Inſcribed (as Fig. 2.) and therefore : 


$. On which they grounded their Method of 


; | 2 _ 
2 8 8 4 Re 
er jj 
Shes EDO KI» = g 


8 5 
S en Es 3, 


the Pole, (as EP, E P, Fig. 3.0 whereby the 


Parallels to the Equator, as they be nearer to the 


Pole, do continually decreaſe. 
11. And hereby a Degree of i in ſuch 
Parallels, is leſs than a Degree of Longitude 1 in the 


1 Equator, or a Degree of Latitude. 


12. And that, in ſuch Proportion, as is the Co- 


ſine of Latitude (which is the Semidiameter of ſuch 
Parallel,) to the Radius of the Globe, or of the : 


Equator. 


z. Yet hath it been thought fir (for ſome 

Reaſons) to repreſent theſe Meridians, in the 

Sea-Chart, by Parallel ſtraight Lines; as E P, 

EF. 

14. | Wherby, , each Parallel to the Equator 
s (as 7 A) was repreſented in the Sea-Chart, (as 
la.) as equal to the Equator E E: And a De- 


gree of Longitude therein, as large as in the E- 


quator. 


Radius) is greater than ſuch Parallel, (or the Ra- 
dius thereof.) 


16. But, in the old Sea-Charts, the Degrees of 


Latitude were yet repreſented (as they are in them 
ſelves) equal to each other; and, to thoſe of the 


Equator. 


17. Hereby, amongſt many other Inconve- 
niencies, (as Mr. Edward Wright obſerves, in 
his Correction of Errors in Navigation, firſt pub- 
liſhed in the Year 1599,) tne Repreſentation 
of Places remote from the Equaror, was fo di- 
ſtorted, in thoſe Charts, as that (for Inſtance) 


an and in the Latitude of 60 Degrees, (where 


che Radius of the Parallel is but half ſo great 
As that of the Equator) would have its Length 


(from 


M ſcellanca bit. N 


15. By this means, each Dee of Longitude | : 
in ſuch Parallels, was increaſed, beyond its juſt | 
P ee at ſuch Rate as the Equator (or its 


— 


IF R r * > 2 ou 


29 „ * 
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portion of what indeed it is. 


18. For rectifying this in ſome meaſure (and 
of ſome other Inconveniences) Mr. Wright advi- 
ſeth ; that (the Meridians remaining Parallel, 
as before) the Degrees of Latitude, remote from 
the Equator, ſhould at each Parallel, be pro- 


tracted in like Proportion with thoſe of Longi- 


e „„ wes 
19. That is; As the Co-Sine of Latitude, 
(which is the Semi -diameter of the Parallel) 
to the Radius of the Globe, (which is that of 
the Equator:) So ſhould be a Degree of Lati- 
tude, (which is every where equal to a Degree 


of Longitude in the Equator, ) to ſuch a Degree 


of Latitude fo protracted (at ſuch Diſtance from 
the Equator ;) and fo to be repreſented in the 
8 . 5 


20. That is, every where, in ſuch Proporti- 


on as is the reſpective Secant (for ſuch Lati- | 
. tude) to the Radius. For, as the Co-ſine, to 
the Radius; ſo is the Radius to the Secant (of 


the ſame Arch or Angle ;) as Fig. 4. . R:: 
21. So that (by this means) the Poſition of 


each Parallel in the Chart, ſhould be at ſuch Di- 


ſtance from the Equator, compared with ſo ma- 


ny Equinoctial Degrees or Minutes, (as are thoſe 
of Latitude, as are all the Secants (taken at e- 
qual Diſtances in the Arch) to ſo many times 
the Radius. Ts oo EE 

22. Which is equivalent, (as Mr. Wright there 
notes) to the Projection of the Spherical Surface 
(ſuppoſing the Eye at the Center) on the concave 
Surface of a Cylinder, erected at right Angles to 


the Plain of the Equator. 


23. And: 


(from Eaſt to Weſt) in compariſon of its Breadth | 
(from North to South) repreſented in a double Pro- 


Miſcellanea Curioſa. 13 
23. And the Diviſion of Meridians, repre- 
ſented by the Surface of a Cylinder erected (on 
the Arch of Latitude) at right Angles, to the Plain 
of the Meridian (or a Portion thereof.) The Al- 
ttitude of ſuch Projection, (or Portion of fuch © | 
Cylindrick Surface) being (at each Point of fuch 


2 1 

- Circular Baſe) equal to the Secant (of Latitude) * | 
> anſwering to ſuch Point. As Fg. 3. 7 
2g. This Projection (or Portion of the Cylin- E 
drick Surface) if expanded into a Plain, will be the „ 
ſiame with a plain Figure, whoſe Baſe is equal to a _ 
Quadrantal Arch extended (or a Portion thereof)? bY. 
on which (as ordinates) are erected Perpendicu- 1 
lars equal to the Secants, anſwering to the reſpe- 4 7 1 
ctive Points of the Arch ſo extended: The leaſtt 

of which (anſwering to the Equinoctial) is equal Bl 

to the Radius; po. the reſt continually increa- | 


;  fing, till (at the Pole) it be Infinite. As at 


1 25. So that, as ER T L. (a Figure of Secants WOE) 
erected at right Angles on E L, the Arch of 
Latitude extended,) to ER R L, (a Rectangle K 

on the ſame Baſe, who's Altitude E R is equal * 
to the Radius;) ſo is EL (an Arch of the E- 1 
quator equal to that of Latitude,) to the Di- 1 ö 
tance of ſuch Parallel, (in the Chart) from tze 
Equator. 15 ö 


26. For finding this Diſtance, anſwering to 
each Degree and Minute of Latitude; Mr. 


. 5 as 
: Wright (as the moſt obvious Way) adds all the 8 
. Secants (as they are found calculated in tze 
1 Trigonometrical Canon) from the Beginning, ©: iſ 
| to the Degree or Minute of Latitude propo- ** if 
I ſed. TY Dos 4. Jt 
3 27. The Sum of all which, except the Great- SE | 
eſt, (anſwering to the Figure inſcribed) 1s too 4 8 
Little: The Sum of all except the Leaſt, (an- — 
ſwering 25 | N 
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ſwering to the Circumſcribed,) is too Great, 


(which is that he follows:) And it would be 
nearer to the Truth than either, if (omitting 
all theſe) we take the intermediates; for Min. 


I, 12, 225 37s Gr. or (the Doubles of theſe) 


Min. 1, z, 5, 7, Gc. Which yet, (becauſe on 
the Convex Side of the Curve) would be ſome- 
what too Little. 

28. But any of theſe Ways are at = for 


the uſe intended, as creating no {enſ1ble Difference 


in the Chart. 


29. If we would be more exact; Mr. Oughtred 
directs (and fo had Mr. Wright done before him) 
to divide the Arch into Parts yet ſmaller than © 


Minutes, and calculate Secants ſuiting there- 
unto. 
30. Since the Ani of Infinites intro- 


duced, and (in Purſuance thereof) the Doctrine 
of Infinite Series (for ſuch Caſes as would not, 


without them, come to a determinate Proporti- 


on;) Methods have been found for ſquaring ſome 
ſuch Figures; and (particularly) the Exterior Hy- 
perbola (in a Way of continual Approach) by 
the Help of an Infinite Series. As, in the Phi- 
loſophical Tranſactions, Numb. 3 8, (for the Month 


of Auguſt 1668.) And my Book, De Motu, Cap. 
5. Prop. 31. 


31. In Imitation whereof, it hath been deſired 


(I find) by. ſome, that a like !Quadrature for this 


Figure of Ass (by an Infinite Series fitted there 


unto) might be found. 

3 In order to which, put we for the Radius 
of a Circle, R; the right Sine of an Arch or 
Angle, S, the Verſed Sine; V, the Co-Sine (or 
Sine of the Complement) ==R - V=4y/ : Rq- Sq: 
The Secant, /; the Tangent, T. Fig. 4. 


33. Then 
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zz. Then is, r. R:: R. J That is, T) R= 

N . 
(5. the Secant. 


2 


| 34 And z. S:: R. T. That b, 2) S RCT 
the fa 

33. Now, if we ſuppoſe the Radius CP, Fig. 
"2 . e into equal Parts, (and each of them 
R;) and, on theſe, to be erected the Co- 
ines of Latitude LA: 


SR 


36. Then are the Sines of Latitude i in Arithme- 


zick, Progreſſion. 
2 And the Secants anſwering hereunto, 


1 = 


38. Bur theſe Secants, (anſwering to right Sines 


in Arithmetical Progreſſion) are not thoſe that ſtand. 


at qt Diſtance on the 3 Arch extended, 
3 


39. But ſtanding at unequal Diſknces (on 


the fame extended Arch ;) namely, on thoſe 
Points thereof, whoſe right Sines (whilſt it was 


a Curve) are in Arithmetical Progreſſion. As. 


Fig. 8. 

g 10. To find ha the Magnitude of RE L 5 

Fig. 6. Which is the ſame with that of Fig. 8. 
(ſuppoſing E L of the fame Length in both; how- 

ever the Number of Secants therein may be unc- 
qual: ) We are to conſider the Secants, though at 
unequal Diſtances, Fig. 8. to be the ſame with thoſe 


at equal Diſtances in Fig. 7. anſwering to Sines in 
Arithmetical Progreſſion. 


41. Now theſe Intervals, (or Portions of the 


Baſe) in Fig. 8. are the ſame with the intercepted 
Arches (or Portions of the Arch) in Fig. 7. For 


this Baſe is but that Arch extended. 


42. And 
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42. And theſe Arches (in Parts infinitely ſmall) 
are to be repured Equivalent to the Portions of 


their reſpective Tangents intercepted between the 
ſame Ordinates. As in Fig. 7. 9. 


43. That is, equivalent to the Portions of the 
Tangents of Latitude. 


44. And theſe Portions of Tavgents : are, to the 


equal Intervals in the Baſe, as the Tangent (of La- 


titude) to its Sine. 

| 5. To find therefore the true Magnitude of the 
Parallelograms (or Segments of the Figure ; ) we 
muſt either protract the equal Segments of the Baſe, 


Fig. 7. (in ſuch Proportion as is the reſpective 


I to the Sine) to make them equal to thoſe 
of Fig. 8. 

46. Or elſe ( lich! 15 equivalent) retaining the 
equal Intervals of Fig. 7. protract the Secants in 


the fame Proportion. (For, either way the inter= 
cepted Rectangles or Parallelograms will be u : 
encreaſed.) As L MH, Fig. 9 


47. Namely 3 - As the Sine (of 3 to its 
Tangent; ſo is the Secant to a Fourth; which is 


to ſtand (on the Nadi equally divided) inſtead of 
| chat Secant. 

8 „ 
| 8. 6 25 R):: A =2=R2- LM, rig * 


48. Which therefore are as the G in 


(What I call Arith. Infin. Prop. 104.) Reciproca Se- 


cundinorum : Suppoſing E£* to be Squares in the or- 
der of Secundanes. 
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$*=R*—S?, & the Sines + S R-. 

S, in Arithmetical Pro?n R 
eſſion, is reduced (bly 8 4 

Diviſion ) into this infi- + R 

nite Series. „„ Fog 

„ 8 

R K R. Rz -S. N RZ 


R ( 
- 5 SH . PS ) 86 
50. That is (putting R=1. 8 
1 +$* + 85 + $5, &c. : 


4 
TER ETC TT FI FI PIC, 


A 5 
52. And becauſe the firſt Member doth re- 
preſent a Series of Equals; the ſecond of Secun- 


dans; the, third, of Quartans, &c. Therefore 
the firſt Member is to be multiplied by S; the 


ſecond, by 3 S; the third, by + S; the fourth, 


by * S; & WG. . 
53- Which makes the Aggregate, 
 $+3S* +381 +3S” +3S?, &c. = ECLM, 
Fig. 9. 8 es . 
54. This (becauſe 8 is always leſs than R= 
1) may be fo far continued, till ſome Power of 


S become fo ſmall as that it (and all which follow 


it) may be ſafely neglected. 
55. Now (to fit this to the Sea-Chart, ac- 
carding to Mr. Mrighi's Deſign:) having the 
—— 


bropo- 


4 
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| propoſed Parallel (of Latitude). given; we are 


to find (by the Trigonometrical Canon) the 


l bach Latitude; and take, equal to it, 
CLS. And, by this, find the Magnitude of | 


ECLM, Fig. 93 that 18, of REL 2 Fig. 8. 


that is, of REL / Fig. 6. And then, as R 

RLE (or ſo many times the Radius,) to RE | . 
L F (the Aggregate of all the Secants;) fo | 
muſt be a like Arch of the Equator equal to 
the Latitude propoſed,) to the diſtance of 
ſuch Parallel, (repreſenting the Latitude in the 
Chart) from the Equator. Which 1s the ang 


required. 
56. The fame may be obtained in like man- 


ner, by taking the Verſed Sines in the Arithmeti- | 
cal Progreſſion. For if the right Sines (as here) 
beginning at the Equator, be in Arithmetical Pro- 


preſſion, as I, 2, 3, &c. Then will the Verſed 


Sines, beginning at the Pole, (as being their Com- | 
plements t to the Radius) be ſo alſo. 


The Colleftion of Tages 


e e fame may be applied in like manner, 
(though that be not the preſent Buſineſs,) to the 


Aggregate of Tangents, (anſwering to the Arch 
divided into equal Parts.) 


58. For, thoſe anſwering to the Radius ſo 


: divided, are raking S in | dvithmetical Pro- 
| greſſion. ) 


59. And then enlarging the Baſe, (as in Fig. 
8.) or the Tangent (as in Fig. 9.) in the oper: 
tion - the Tangent to the Sine. : 


.. 
60. We 


% 


Vols Plate 3 429 10 
I = N 27 
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Which i is the Agzrigite of Tangens to the Arch, 
whoſe right Sine is S. 
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so. We have (by Diviſion) this 2 


| Re 8 * )$R: (8,8 A Ke 


sz. 87 89 SR2—83 
1 Rs oy 6 87 Y 


61. That is ( putting 7) SK 


S+ $1 ＋8 457 +82, . — 
62. Which (multiplying . 
the reſpective Members by -T Ms 
28, 48, 2S, 38, iS, 5 „ 85 87 
comes * 


28S. Ki 18; N He, Ke.. J 


63. And this Method may be a Pattern for the 
Proceſs 1 in other Caſes of like N ature. 
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SCH Sees 


An eaſy, Demonſtration of the Analo- 


gy of the Logariuthmick T angents to 
the Meridian Line or Sum of the 
Secants ; with various Methods for 
computing the ſame to the utmoſt 


L£Exactueſs, by E. HALLEY. 


publiſhed his Correction of Errors in Na- 
vigation, a Book well deſerving the pe- 


ruſal of all ſuch as deſign to uſe the Sea. There- 
in he conſiders the Courſe of a Ship on the Globe, 
ſtearing obliquely to the Meridian; and having 
ſhewn, that the Departure from the Meridian, is 


in all caſes leſs than the Difference of Longitude, in 


the ratio of Radius to the Secant of the Latitude, 


he concludes, That the Sum of the Secants of 
each point of the Quadrant being added ſucceſ- 
ſively, would exhibit a Line divided into Spaces, 
ſuch as the intervals of the parallels of Latitude 


ridians are made parallel Lines, and the Rhumbs 
or Oblique Courſes repreſented by right Lines. 
This is commonly known by the Name of the 


Meridian Line, which tho' it generally be called | 


Mercator s, was yet undoubtedly Mr. Fright"s 


Invention, (as he has made it appear in his | 


Preface.) And the Table thereof is to be met 


With in moſt Rocks treating of Navigation, com- 


puted with ſufficicnt Exactncls for the purpoſe. 
1 „ 55 | It 
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It was firſt diſcovered by Chance, and as far 
35 I can learn, firſt publiſhed by Mr. Henry 
Bond, as an addition to Norwoods's | Epitome of 
Navigation, about 50 Years ſince, that the Me. 
ridian Line was analogons to a. Scale of Logaritli 
wick, Tangents of half the Complements of the 
Laritudes. The difficulty to prove the -truth 
of this Propoſition, ſeemed ſuch to Mr. Mer 
cator, the Author of Logarithmotechnia, that he 
propoſed to wager a good ſum of Money, againſt 
whoſo would fairly undertake it, that he ſhould 
not demonſtrate either, that it was true or falſe: 
And about that time Mr. * Collins, holding 
Correſpondence with all the Eminent Mathe- 
maticians of the Age, did excite them to this 
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1 enquiry. 5 ED — 
The firſt that demonſtrated the ſaid Analogy, | 
was the excellent Mr. James Gregory in his Ex- | 


 ercitationes Geometricæ, publiſhed Anno 1668. 
which he did, not without a long train of Cone 1 
ſequences and Complication of Proportions, f 
whereby the evidence of the Demonſtration is 
in a great meaſure loſt, and the Reader wea- 
ried before he attain it. Nor with leſs work 
and apparatus hath the celebrated Dr. Barrow, 
in his Geometrical Lectures (Lect. XI. App. 1.) 
proved, that the Sum of all the Secants of 


* 


— 3 on 7 * — 
Z 


rr 


— . . 


any arch is analogous to the Logarithm of the 1 
ratio of Radius + Sine to Rad, — Sine, or, which 4 


is all one, that the Meridional Parts anſwering 
to any degree of Latitude, are as the Loparithms 
of the rationes of the Yerſed Sines of the diſtan- 
ces from both the Poles, Since which the in- 
comparable Dr. Mullis (on occaſion of a Para- 
| Jogiſm committed by one Mi. Norris in this 
matter) has more fully and clearly handled this 
Argument, as may be ſeen in Num. 176. of 


© the 
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the Tranfattion. ' But neither Dr. Wallis, nor 


lowing Propoſition. 


miſe theſe four Lemmata. 


Dr. Barrow, in their ſaid Treatiſes, have any _ 


where touched upon the aforeſaid relation of 
the Meridian-Line to the Lagarithmick 1 3 
iſco- 


nor hath any one, that I know of, yet d 
vered the rule for computing independently the 
interval of the Aderidional parts anſwering to any 


two given Latitudes. | 


Wherefore having attained, as I conceive, a 
very facile and natural Demonſtration of the 


faid Analogy, and having found out the Rule 


for exhibiting the diference of Meridional fn, 


between any two parallels of Latitude, without 


finding both the Numbers whereof they are 'the 


difference: I hope I may be entitled to a ſhare 
in the Improvements of this uſeful part of Geo- 


metry. And firſt, let us demonſtrate the fol- 


of 


The Meridian Line is 4 Scale of Logarithmick. 


Tuangents of the half Complements of the Laritudes. 


For this Demonſtration, it is requiſite to pre- 


Lemma. I. In the Stereographick, Projettion of 
the Sphere upon the plain of the Equinoctial, 
the diſtances from the Center, which in this 
caſe is the Pole, are laid down by the Tangents 


of half thoſe diſtances, that is, of half the 


Complements of the Latitudes. This is evident 


from Eucl. 3. 20. 


Lem. II. In the Stereographich. Projection, the 


Angles under which the Circles interſect each 


other, are in all caſes equal to the Spherical 


Angles they repreſent: Which is perhaps as 


valuable a Property of this Projection, as that 
of all the Circles of the Sphere thereon appear- 


ing 
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ing Circles: But this not being vulgarly known 


muſt not be aſſumed without a Demonſtration. 
Let EBPL in Fig. 1. Tab. 2. be any great 


Y -Circle of the Sphere, E the Eye placed in its 


Circumference, C its Center, P any Point there- 
of, and let FCO be ſuppoſed a plain erected 


t right Angles to the Circles EBPL, on 
which FCO we deſign the Sphere to be pro- 
jected. Draw EP croſſing the Plain FCO in 

p, and p ſhall be the Point P projected. To 


the point P draw the Tangent AP G and 


on any point thereof, as A, erect a perpendi- 
cular AD, at right angles to the plane EBPL, 
and draw the lines PD, AC, DC: and the 
Angle APD ſhall be equal to the Spherical 


Angle contained between the plains APC, DPC. 


| : Draw alſo AE, DE, interſecting N the plain 


FCO in the points a and 4; and join a 4, 


pd: I fay the Triangle a 4 p is ſimular to 
the Triangle ADP. And the Angle ap 4 

equal to the Angle AP D. Draw PL, AK, pa- 
rallel to FO, and by reaſon of the parallels, a_ 


p will be oadas AK to AD: But (by Excl. 


3. 3 2.) in the Triangle AKP, the Angle AKP= LPE 


zs alſo equal to APK = EPG, wherefore the ſides 
AK, AP, are equal, and it will be as a p to 


a d, ſo AP to AD. Whence the Angles DAP, 


d a p being right, the Angle APD will be e- 


qual to the Angle a p 4d; that is, the Spherical 
Angle is equal to that on the Projection, and 
that in all Caſes. Which was to be proved, 


This Lemma ] lately received from Mr. Ab. 
de Moivre, though J ſince underſtand from Dy, 
Hook,, that he long ago produced the ſame 
thing before the Society, However the Demon» 
ſtration and the reſt of the Diſcourſe, is my 
| own, 3 
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Lemma III. On the Globe, the Rhumb Lines 


make equal angles with every Meridian, and by 


the aforegoing Lemma, they muſt likewiſe make 
equal angles with the Meridians in the Stereo- 


graphic. Projection on the plain of the Equator - 


1 5 Projektion: and by the laſt of them, the 


They are therefore, in that Projection, Proportional 
Sirals about the Pole Point. 


Lem. IV. In the Proportional Spiral (Fig. 2.) 11 


is a known property, that the angles BPC, or 
the arches BD, are Exponents of the rationes of 


BP to PC: for if the arch BD be devided into 


innumerable equal parts, right lines drawn from 
them to the Center P, ſhall divide the Curve 
| BccC, into an infinity of proportionals ; and all 


the lines Pc ſhall be an infinity of proportionals 


between PB and PC, whoſe number is equal to 


all the points d, d, in the arch BD : Whence 
and by what I have deliver'd in the next enſu- 
ing Diſcourſe it follows, that as BD to Bd, or 


as the angle BPC to the angle BPc, fo is the 
| Logarithm of the ratio of PB to PC, to the Lo- 
garithm of the ratio of PB to Pl 


From theſe Lemmata our Propofition is very 
clearly demonſtrated: For by the firſt, PB, 


Pc, PC are the Tangents of half the Comple- 


ments of the Latitude, in the Ser ct 
iffe- 


rences of Longitude, or Angles at the Pole be- 


tween them, are Logarithms of the rationes of 
thoſe Tangents one to the other. But the Nau- 
ical Meridian Line, is no other than a Table 
of the Longitudes, anſwering to each minute 


of Latitude, on the Rumb-line, making an 
angle of 45 degrees with the Meridian. Where- 
fore the Meridian Line is no other than a Scale 
of Logarithmick Tangents of the half Comple- 

| ments 
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; ments of the Latitudes. Quod erat demonſtran- 
Cell. 1. Becauſe that in every point of any 
* Rhumb Line, the difference of Latitude is to the 


with the Meridian. ; „ 
Coroll. 2. Hence any Scale of Logarithm Tan- 
gents, (as thoſe of the vulgar Tables made 
alter Bripgs's form; or thoſe made to Napeir's, 
or any other form whatſoever) is a Table of 
the differences of Longitude, to the ſeveral La» 
titudes, upon ſome determinate Rhumb or o- 
ther: And' therefore, as the Tangent of the 
angle of ſuch Rhumb, to the Tangent of any 
other Rhumb: So the difference of the Loga- 
rithms of any two Tangents, to the difference 
5 of Longitude, on the propoled Rhumb, inter- 
cepted between the two Latitudes, of whoſe 
half Complements you took the Logarithm 
Tangents, „„ | 
And ſince we have a very compleat Table 
of Logarithm Tangents of Briggs's form, publiſh- 
ed by Vlacq, Anno 1633, in his Cauon Magnus 
Triangulorum Logarithmicus, computed to ten 
| Decimal places of the Logarithm, and to every 
ten Seconds of the Quadrant (which ſeems to 
be more than ſufficient for the niceſt Calcula- 
tor) 1 thought fit to enquire the Oblique angle, 
with which that Rhumb Line croſſes the Me- 
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ridian, whereon the faid Canon of Ylacg pre. 
ciſcly anſwers to the differences of Longitude, 
putting Unity for one Minute thereof, as in 


the Common Meridian Line. Now, the . 
| mentary augment or fluxion of the Tangent Line ; 


at 45 degrees, is exactly double to the flrexior 


of the arch of the Circle, (as may eaſily be 
proved) and the 'Tan ent of 45 being equal o © 
Kadius, the fluxion allo of the Logarithm Tan- 
gent will be double to that of the arch, if the 
Logarithm be of Napier's form: but for Briggs 
form, it will be as the ſame doubled arch, mul- 
tiplied into , 43429, &c. or divided by 
2530258, &c. Yet this muſt be underſtood on 


of the addition of an indiviſible arch, for it cea- 


Hence it appears, that if one minute be ſuppoſed 


Unity, the length of the arch of one minute 
| being ,000290888208665721596154, &c. in 
parts of the Radius, the proportion will be as 


Unity to 2, 908882, &c. ſo Radius to the Tan- 


tude, eſtimated in minutes and parts, taking the 
firſt four Figures for Integers. But for Ylacq's 


Tables, we muſt ſay. | 


As . 2302586, &c. to 2908882, &c. So Ra- 


38“ 9“ with the Meridian, Yiacq's Logarithm 
. 1 „ 
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ſes to be true, if the arch have any determinate 
magnitude. . „„ 


gent of 711“ 42“ whoſe Logarithm is 10. 
46372611720718325204z, &c. and under that 
angle is tne Meridian interſected by that Rhumb _ 
Line, on which the differences of Napiers Lo- 
garithm Tangents of the half Complements of _ 
the Latitudes are the true differences of Longi- 


dius to 1,26331143874244569212, &c. which 
is the Tangent of 5138“ 9/'. and its Logarithm | 

10, 1015 10428 50%% 20941162, &c. whereſore in 
the Rhumb Line, which makes an angle of 519 
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Tangents are the true differences of Longitude, 
And this compared with our ſecond Coro 
may ſuffice for the uſe of the Tables already 
* computed. 8 C 
Hut if a Table of Logarithm Tangents be 


2 
* 


1 

if 2 wa 

- = 8 
5 
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* 1 Ne: 
3 

. xs: 


7 
U 


made by extraction of the root of the Infiniteth 
power, whoſe Index is the length of the arch 
3 you put for Unity, (as for minutes the ,000 


wy 


19 © 
# 


* 


ſuch a Scale of Tangents ſhall be the true Me- 
ridian Line, or ſum of all the Secants taken 


infinitely many. Here the Reader is deſired 


to have Recourſe to my little Treatiſe of 
© Logarithms, in the enſuing Diſcourſe, that 1 
may not need to repeat it. By what is there 
delivered, it will follow, that putting ? for the 
exceſs or defect of any Tangent above or under 
the Radins or 700 of 45; the Logarithm 
olf the ratio of Radius to ſuch Tangent will be 
PEE So a ro Orig 1 8 
00+ ; wt © 4 ritt ＋ p t5, &c. 
when the Arch is greater than 45 5 or 
1 5 1 „ 
. Jt nn” "3 ng; 24. gy. Rr 
„into t + .: tt 113 1 + * 5 15; &c. 


when it is Jeſs than 45 gr. And by the ſame doctrine 


putting T for the Tangent of any arch, ande: for 


the difference thereof from the Tangent of another 
arch, the Logarithm of their ratio will be 
„ Fa tt 4 73 F.- 
„ "ae. |. Nr 
7 ATT 477 1 $6 
when T is the greater Term, or bs 
T 7 tt 5 3 in 7 4 t 5 ky | 
2, into 7 27 32 477 575 Ce . 
when 7 is the leſſer Term: ee 
And if m be ſuppoſed , 0002908882, &c. Sa, 
its 
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©” 2908882th, &c. power) which we will call a3 


4 * — 
— — — 2 
———— — — — hs — 
5 — * 
a 


Parts, between t 


28 Miſcellanea Curioſa, 


its reciprocal will be, 343 7,7467707 849392526, 
c. which multiplied into the aforeſaid Series, 
ſhall give eue the Difference of Meridional 

e two Latitudes, to whoſe halt 
complements the aſſum'd Tangents belong. Nor 
is it material from whether Pole you eſtimate tje 
Complements, whether, the elevated or depreſſed; 


the Tangents being to one another in the ſame rio 


as their Complements, but inverted. 


o 


all the even Powers being omitted: and putting 
r for the ſum of the two Tangents, the fame 


7 


Logarithm will be 


i e ee 3 


but the ratio of 2 to , or of the ſum of two 


Tangents to their difference, is the ſame as that 


of the Sine of the ſum of the arches, to the Sine 


of their difference. Wherefore, if S be put for 1 
the Sine Complement of the Middle Latitude, 


2nd 5 for the Sine of half the difference of La- 


titudes, the ſame Series will be 


GS Se; C PE > by 


wherein, as the differences of Latitude are ſmal- 


ler, fewer ſteps will ſuffice. And if the Equator 


be put for the middle Latitude, and conſequent- 


N $S$= R, and s to the Sine of the Latitude, 
th 


— 


In the fame Diſcourſe I alſo ſhewed, that the Sr. 
ries might be made to... converge twice as ſwift, 


the Meridional parts reckoned from the Equator | 
will be Þþ 


FUE WAR Sons on 


A 


M ella anca Curi ofa. 


FEY 4 go 77 


1 "es 


a & aca gra Ira 


ich is coincident with Dr. Wallis 8 Selen 
in Numb. 176. of the Philoſophical Tranſattions, 
And this ſame Series being half the Logarithm 
* the ratio of RA-s to R-, that is, of the Ver- 
2 Sines of the diſtances from both Poles, does 
 . agree with what Dr. Barrow had ſhewn in his 
XI th Lecture. 
Ihe fame ratio of r to t may be expreſſ ed alſo 
© by that of the Sum of the Co-ſmes of the nyo Lati- 
© tudes, to the Sine of their difference : As Likewiſe 
by that of the Sine of the Sum of the tuo Lati- 
© tudes, to the difference of their Co-ſmes: Or by 
that of the Verſed Sine of the Sum of the Co-lati- 
© tudes, to the difference of the Sines of the Latitudes: 
Or as the ſame difference of the Sines of the Lati- 
© rudes, to the Verſed Sine of the difference of the La- 
tundes; all which are in the ſame ratio of the 
Co.: ſine of the middle Latitude, to the Sine of 
© half the difference of the Latitudes. As it 
were eaſy to demonſtrate, if the Reader were 
not ſuppoſed capable to do it himſelf, upon 4 
bare inſpection of a Scheme duly reproſenning theſe 
Lines. 


This variety of Eine lien of XY fame ra- 


tio T thought not fit to be omitted, becauſe by 
help of the rationality of the Sine of 07 7. 


in all caſes were the Sum or Difference of t 
Latitudes is zogr. Gogr. gogr. I20g7. or Np 
degrees, ſome one of them will exhibit a ſimple 


S wherein great part of the Labour will be 
faved: And beſides I am willing to give the 
Reader his choice which of theſe equippolcnt 
Methods to make uſe of; but for his exerciſe 
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ſhall leave 8 dernden of them; and the . 
compendlia ariſing therefrom, to his own Induſtry, 
contenting my ſelf to conſider only the former, 
which for all uſes ſeems the moſt convenient, whe- 
ther we deſign to make the whole Meridian Line, 9 


or any part. OE vi. 


24 = * 


27 785 e > de 
7 into g 85 1385 55 787 555 0. 


Wherein 4 is is length of any Arch which 4 
you deſign ſhall be the Integer or Unity in 


your Merdional Parts, (whether it be a Minute, 


League, or __ „or any other,) S the Co- 
d 


fine of the Middle Latitude, and s the Sine of 


half the difference of Latitudes; but the Se- 4 
_ cants Ry the  Reciprocals | of the 88 


EY 


| 5 


of the Middle Latitude; and into wil be 


2/5 


=— This e by = that is by , 
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will give the ſecond ſtep : and that a 


fer 


gain by 555 Ds che third fiep ; : and ſo forward, 


till you hors compleated as many places as you 
deſire. But the Squares of the Sines being in 
the ſame ratio with the verſed — mes of the dou- 


ble Arches, we may inſtead 4 : F alfume for 


E 
our Multiplicator TY or hs 3 ſine of 
| the 


SE 


Fil be equal to, 2 ; putting r for the Sccant 3 


le- 


Wy | come, | 


cd into 
E AY 
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er, 


e difference of the Latitudes, divided by thrice 
the verſed fine of the ſum of the Co- latitudes, 


c. which is the utmoſt Compendium I can think 


of for this purpoſe, and the fame Series will be= 


„„ * 
e 


 Hereby we are enabled to eſtimate the de- 
fault of the method of making the Meridian 
ne, by the continued addition of the Secants 
of æquidifferent Arches, which as the difference 
of thoſe Arches are ſmaller, does ſtill nearer 
and nearer approach the Truth. If we aſſume, 
as Mr. Wright did, the Arch of one minute to 
be Unity, and one minute to be the common 
difference of a Rank of Arches: It will be in all 
1 caſes, as the Arch of one Minute, to its Chord | 
:: So ,the Secant of the middle Latitude, to 
the firſt ſtep of our Series. This by reaſon of 
the near equality between 4 and 2 6, which are 
to one another in the ratio of Unity to 1-—0, 
2 00000000352566457713, &c. will not differ . 
from the Secant / but in the ninth Figure; be- 
ing leſs than it in that proportion. The next 


3 


£ 2 f 
ſtep being ＋— pm will be equal to the Cube 
of the Secant of the middle Latitude multipli- 


=; | 


„ 0,00000000705 13 29087153 


which therefore unleſs the Secant exceed ten 
times Radius, can never amount to f in the fifth 
place. Theſe two ſteps ſuffice to make the 
' Meridian Line, or Logarithm Tangent to far 
more places than any Tables of Natural Se- 


cants 
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cants yet extant, are computed to; but if the 11 


third ſtep be required, it will be found to be ef 
ou ; 


TEES 


the Secants of 1”, 23, &c. inſtead of 0Z', 13, 


204, 3/5, &c. But as it is, it is abundantly ſuf- 


f client for Nautical Uſes. That in Sir Jonas Moor's 


New * of the Mathematichs, is much near- 
ruth, but the difference from Wright is 


er the 
ſcarce ſenſible till you exceed thoſe Latitudes 


where Navigation ceaſes to be practicable, the 3 


one exceeding the Truth by about half a minute, 


the other being a very ſmall matter deficient ther- 


from. 


cern in the Art of Navigation. 


The firſt Minuteſis, 1.000000014 10265862 178 
The Second, 2, 000000564 1063 806707 
The Laſt, or 89559 is 30374, 96343 11414228643 


and not 32348, 5279 as Mr. Wright has it, by 
adding the Secants of every whole Minute: Nor 

30249,8 as Mr. Oughtred's Rule makes it, by 

adding the Secants of every other half Minute. 
Nor 303643 as Sir Jonas More had concluded 

| | | a. 


0,000000000000000089498 ; | 


By all which it appears, that Mr. Wright's © 
Table does no where exceed the true Meridian 
Parts by fully half a Minute: which ſmall dif- 
ference ariſes by his having added continually ß 


For an Example eaſy to be imitated by who- = 
pleaſes, I have added the true Meridional _ 
Parts to the firſt and laſt Minutes of the Qua- 
drant; not ſo much that there is any occaſion _ 
for ſuch occurrancy, as to ſhew that T have ob- 
tained, and laid down herein, the full Doctrine 
of theſe ſpiral Rhumbs, which are of ſo great con- 
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And this may ſuffice to ſhew how to derive 


4 * 


the true Meridian Line from the Sines, Tan- 


gents, or Secants ſuppoſed ready made; but 
we are not deſtitute of a Method for 1 
the ſame independently, from the Arch it ſelf. 


If the Latitude from the Equator be eſtimated 
by the length of its Arch A. Radius being U- 
I nity, and the Arch put for an Integer be a, as 
before; the Meridional parts anſwering to that 


Latitude, will be 


which converges much ſwifter than any of the 


former Series, and beſides has the advantage of 


A encreaſing in Arithmetical progreſſion, which 


would be of great cafe, if any ſhould undertake 


de novo to make the Logarithm Tangents, or the 
Meridian Line to many more places than now 


We have them. The Logarithm Tangent to 


the Arch of 45 + 5 A being no other than the 
| aforeſaid Series A E-, A + A, &c. in Na- 
pPeir's form, or the ſame multiphed into o, 43 429, 
ge Tu 

But becauſe all theſe Series toward the latter 
end of the Quadrant do converge exceeding 
| flowly, fo as to render this Method almoſt uſe- 
leſs, or at leaſt very tedious ; It will be con- 


venient to apply ſome other Arts, by aſſuming 


the Secants of ſome intermediate Latitudes; 
and you may for s or the Sine of « the Arch of 
| half the difference of Latitudes, ſubſtirure «a — 
| iÞifo ee, 3 $45 & + 5618 80 G95 &c. accord⸗ 
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2 it by I know not what Method, tho' in the reſt 
of his Table he follows Oaghtrred. 
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ing Mr. Newton's Rule for giving the Sine from 3 
the Arch: And if à be no more than a Degree, 
a very few Steps will ſuffice for all the accuracy * 


that can be delired. | 2 


And if @ be commenſurable to a, that is, if 
it be a certain number of thoſe Arches with 
which you make your Integer, then will — be * 
that number: which if we call 2, the Parts of 


the Meridional Line will be found to be, 


Ian f [52 5, Kc. 
Eefer Pres, a: 


fa. 1 orr 675 67 1 
if... 00 6 
* 12074. 380 - 
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1 | 5040 * 


I 


In this, the firſt two Steps are generally ſuffici- | d 
ent for Nautical uſes, eſpecially when neither of 
the Latitudes exceed 60 degrees, and the difference 


of Latitudes doth not paſs 30 degrees. 


But I am ſenſible I have already ſaid too much | 

for the Learned, tho' too little for the Learner ; | 
to ſuch I can recommend no better Treatiſe, than 
Dr. Wallis's precedent Diſcourſe, wherein he has 
with his uſual brevity, and that Perſpecuity pecu- 
liar to himfelf, handled this Subject from the | 
firſt Principles, which here for the moſt part we | 


5 ſuppoſe known. 


I need not ſhew how, by regreſſive work, to 
find the Latitudes from the Meridional Parts, 
the Method being ſufficiently obvious. I hall 
only conclude with the propoſal of a Problem 


Which! 


4 939 
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and that is this. 


Longitude, by a given Angle, it is required to find 


the Courſe ſteared. The ſolution hereof would 
be very acceptable, if not to the Publick, at leaſt 
to the Author of this Tract, being likely to o- 
pen ſome further Light into the Myſteries of 


Sesmetr 7. . „55 
I 0o conclude, I ſhall only add, that Unity 
being Radius; the Co -ſine of the Arch 4, ac- 


* 


7” 


x JC 8 2 8 
5 12A + 72 —, As 403204 36258 . 


from which and the former Series exhibiting 


= the Sine by the Arch, by diviſion, it is eaſie 
to conclude, that the Natural Tangent of the 
Arch A, is ns | 


AH A+ A+ 54} £ + 3644 4 Kc. 
3 | and the Natural Secant to the fame Arch 


8 . 11 . N 70 : 
BY 1+} LO+ Af, As f ce As, ec. 


WE} ber of theſe Secants being the Arch A, it fol- 
\ lows, that the Sum Total of all the Infinite Se- 


cants on that Arch, is 
Ty | 1 


A AAT AT, A +3775 As,, &c. 


ich | 5 2 


D: z: ET the 


which remains to make this Doctrine compleat, 


A Ship fails from a given Latitude, and having 
run a certain number of Leagues, has altered her 


cording to the fame Rules of Mr. Newton, will 


and from the Arithmetick of Infinites, the Num- 
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the which, by what foregoes, is the Logarithm | þ 
Tangent of Napeir's form, for the Arch of 45gr. © 


42 A. as before. ; 
And collect 


ariſe. | 


ng the Infinite Sum of all the : 5 
| Natural Tangents on the ſaid Arch A, there will | 


MAAS ARR AH Ho Af, Aue. 


which will be found to be the I. 
Secant of the fame Arch A. 


ogarithm of tbe 


amine them; or to underſtand the extent of the 
5 = 
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A moſt compendious and facile Me- 


thod for conſtrucling the Liſha- 


rithms, exemplified and demonſtrated 


from the Nature of Numbers, 


wonthout an 97 regard to the Hyper- 
bola, with a ſpeedy Method for 
' » fmdimng the Number from the Lo— 


garithm given. B/ E. HALLE. 


\ 
1 


H E Invention of the Logarithms 1s 
juſtly eſteemed one of the moſt Uſe- 
CY. ful Diſcoverics in the Art of Num- 
bers, and accordingly has had an U- 
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the great Geometricians of this Age, have not 
been wanting to cultivate this Subject with all the 
Accuracy a Subtilty a matter of that conſequence 
ddoth requife; and they have demonſtrated ſeveral 


very admirable Properties of theſe Artificial Num- 
bers, which have rendred their Conſtruction much 
more facile than by thoſe opcroſe Methods at 


' firſt uſed by their truly Noble Inventor, the 


Lord Napeir, and our worthy Country-man Mr. 


Briggs. 


find very few of thoſe who make conſtant uſe 


of Logarithms, to have attained an adequate 
Notion of them; to know how to make or ex- 


>D 3” 


I. 


=D niverſal Reception and Applauſe; and 


But notwithſtanding all their Endeavours, 1 


A = eee 
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Za ” 
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uſe of them: Contenting themſelves with the Ta- 
bles of them as they find them, without daring to 
queſtion them, or caring to know how to recti- 
fy them, ſhould they be found amiſs; being! 
ſuppoſe under the Apprehenſion of ſome great Dif-. 
ficuky therein. For the fake of ſuch the follow- 
ing Tract is principally intended, but not with- © 
out Hopes however to produce ſomething that 
may be acceptable to the moſt knowing in theſe 
_ Matters. j Eo 

hut firſt, it may be requiſite to premiſe a de- 

finition of Logarithms, in order to render the 
enſuing Diſcourſe more clear, the rather becauſe _ 
the old one Numerorum proportionalium equi dif- 


ferentes comites, ſeems too ſcanty to define them 


fully. They may more properly be faid to 
be Numeri Rationum Exponentes: Wherein we 

conſider ratio as a Quantitas ſui generis, begin- 
ning from the ratio of Equality, or 1 to 1=0; _ 

being Affirmative when the ratio is increaſing, 
as of Unity to a greater Number, but Nega- 
tive when decreaſing; and theſe rationes we 
ſuppoſe to be meaſured by the Number o 


ratiunculæ contained in each. Now theſe ratinn- 


culæ are fo to be underſtood as in a continued 


Scale of Proportionals infinite in Number be- 
tween the two Terms of the ratio, which in- 
finite Number of mean Proportionals is to that 
infinite Number of the like and equal ratinncule = 
between any other two Terms, as the Loga- 
rithm of the one ratio is to the Logarithm of 
the other. Thus, if there be ſuppoſed between 
1 and 10 an infinite Scale of mean Proporti- 
onals, whoſe Number is looooo, &c. in 
infinium; between 1 and 2 there ſhall be} ; 
- $0102, Cc. of ſuch Proportionals, and er | 

1 and | 


— * 


, 


5 "FJ 3 
Pe, r . 
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2 


2 . 


Ws p ” bo 


1 and 3 there will be 47712, &c. of them; bl 
which Numbers therefore are the 3 SY of „ 
the rationes of 1 to 10, I to 2, and 1 to 3; \ 
and not ſo properly to be called the Logarithms 0 
of 10, 2 and 3. FFP | 
But if inſtead of ſuppoſing the Logarithms ll 
compoſed of a number of equal Ratinncule, ki 
proportional to each ratio, we ſhall take the 
ratio of Unity to any number to conſiſt al- 
ways of the ſame infinite number of Ratiunculeæ, 


their Magnitude, in this cafe, will be as their 
: Number in the former; wherefore if between 


Dnity and any Number propoſed, there be 
talen any Infinity of mean Proportionals, the 
infinitely little Augment or Decrement of the 
flirſt of thoſe Means from Unity, will be a 


© ratiuncula, that is the momentum or Fluxion of 
5 the ratio of Unity to the ſame Number: And 
9 


ſeeing that in theſe continual Proportionals all 
> the ratinncule are equal, their Sum, or the whole 


i ratio will be as the ſaid momentum is directly; 

e. that is, the Logarithm of each ratio will be as 

ol the Fluxion thereof. Wherefore if the Root 

ol any infinite Power be extracted out of any 

d Number, the differentiola of the ſaid Root from I 
Unity, ſhall be as the Logarithm of that Num- ll 
der. So that Logarithms thus produced may 1 
t be of as many Forms as you pleaſe to aſſume _ = 
e infinite Indices of the Power whoſe Root you i 
4 ſeek: as if the Index be ſuppoſed 100000, &c, ſ 
of infinitely, the Roots ſhall be the Logarithms * 
- invented by the Lord Napeir; but if the ſaid # 
Index were 2302585, Cc. Mr. Briggs's Loga- i 
"| rithms would immediately be produced. And bl 


if you pleaſe to ſtop at any number of Fi- 
nd gures, and not to continue them on, it will 


. D 4 En, ſuffice 
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ſuffice to aſſume an Index of a Figure or two ⁵ 
more than your intended Logarithm is to have, 
as Mr. Briggs did, who to have his Logarithms 
true to 14 places, by "continual extraction 
the Square Root, at laſt came to have the Root 


of the 1407374883 55328 Power; but how 


operoſe that Extraction was, will be eaſily judg- * 
ed by whoſo ſhall undertake to examine h: 
Calculus. | VVA | 


Now, though the Notion of an Ihfinite Pow- 


er may ſeem very ſtrange, and to thoſe that 
know the difficulty of the Extraction of the 
Roots of High Powers, perhaps impracticable; 
yet by the help of that admirable Invention of 
Mr. Newton, whereby he determines the Uncie _ 


I—” -zu 2mm -C- 1 Im- 


—— ... 
Pp, 5 T Tor 14+ n inſtead of 15+ Tt 


7 y 


zu Am | 


mn being infinite infinite, and conſequently 
whatever is divided thereby vaniſhing, Hence 


1 
n 


q% F T , &c. is the augment of the firſt 
of out mean Proportionals between Unity and 

14 4, and is therefore the Logarithm of the 
re of 1 to 17 25 and whereas the Infinite in- 


/ 


c. (which is the Root when » is finite) becomes 


1+—9——9+ —f += 1 SC - 


it follows that „ multiplied into 2 — % 
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den n may be taken at pos the ſeveral 
_ of Logarithms to ſuch Indices will be as 


— Or reciprocally as the Indices. And if the 


m 
Index be tiken 10006, c. s in the caſe x 


Napeir's Logarirams, they will be ſimply 75 
1 b 107 J Kc. 


Again, if the Logarithm of a decreaſing . 
tio be ſought, the infinite Root of 1—4 or 


I 
7— =o &C. whence the Decrement of the 


firſt of our infinite Number of Proportional 


L will be „ into q+ 299+? 34 +1439 +25 dec. 


which therefore will be as the Logarithm of 


the Ratio of Unity to 1 4. But if be 


put 10000, &c. then the ſaid Logarithm will be 


9+:91 +39 +59 T % Kc. 
Hence the Terms of any Ratio being a and b, 


Dom 4 


q becomes off the Difference divided by 


the leſſer Term, when 'tis an increaſing Ratio 3 
; 1 Þ b. £ 


Whence the Logarithm of the fame Ratio may 


be doubly expreſt; for putting x for the Diffe- 


rence of the Terms a and b, it will be either 


1 * 


* y into Te 155 7 Et ot þs & c. or 


* ** x3 


vi t IE ha 


6 7 But 


CR 


* 4 when *tis decreaſing, or as b to = 
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But if the ratio of a 10 b be ſuppoſ a yy ; | ; 


ded into two parts, viz. into the ratio of a to 


the Arithmetical Mean between the Terms, 
and the rio of the ſaid Arithmetical Mean 


to the other Term &, then will the Sum of the 


Logarithms of thoſe two rariones be the Loga- 


rithm of the ratio of 4 to 6; and ſubſtituting 


2 K inſtead of £ 4 b the faid Arithmetic! 


by the foregoing Rule, 


I. K*. A a. 3 5 
in ee e e e n 


Mean, the Logarithms of thoſe rationes will be 


T7 Xx ir e m * * 


* 24 30 an 58 6 ls 


the Sum. 22 2x” „ 

whereof n 38 5 7 
be the Logarithm of the ratio of a to b, whoſe 
difference is x, and Sum z. And this Series 
converges twice as ſwift as the former, and 


making Logarithms: Which it performs with 


that expedition, that where x the difference 
is but the hundredth part of the Sum, the 


. firſt ſtep — ſuffices to ſeven places of the Lo- 
4 3 


garithm, and the ſecond ſtep to twelve : But 


if Briggs's firſt Twenty Chiliads of Logarithms 

be ſuppoſed made, as he has very carefull 
- computed them, to fourteen places, the fir 
ſtep alone, is capable to give the Logarithm of 


any intermediate Number true to all tlie places 


of thoſe Tables. 5 | | 
Aſter the fame manner may the difference 
of the faid two Logarithms be very fitly ip; 
5 . 


— in N &c. will 


oP 
— 


{nj A Verl T2. 3 2. 0 


Y & VF I I * r 


hed S *» 
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rs, havi the Lo 5 of 4 two next 


N hors above and below them: For the Dif- 
ference of the Ratio of a to 2 and of = ⁊ to b 
is the Ratio of ab to = wy and the half of that 
Ratio, is that of / a z ⁊, or of the Geo- 
. — Mean to the . And conſe- 


quently the Logarithm thereof will be the half 
Difference of the hs ak thoſe Rationess | 


© Vas 
by OE 7 „ 5 
3 =; into > 2 4 625 5 7 


© Which 3 is a Theorem of good Diſpatch to find 
the Logarithm of + z. But the ſame is yet much 
more advantageouſly performed by a Rule de- 
el from the foregoing, and beyond which, in 
3 my Opinion, nothing better can be hoped. For 
the Ratio of à b to 4 X or 4 44 ＋ 2 ab + 4 
6 b, has the Difference of its Terms 4 1 — tab * 


« bb, or the Square of 1 4— 4 bt x x» which 


b ; in the preſent caſe of finding the Logarithms of 
Prime Numbers, is always Unity, and calling the 


Sum of the Terms 4 zz +4 b—yy, the Logarithm 


of the Ratio of * ab tO 2 a+zb or 2 K will be 


found 
Es f 1 — 1 
* 7 N . 


which converges very much faſter than any The- 
orem hitherto . for this purpoſe. 


Nere note = is all along applicd to addpt theſe 
„ Rules 


F. 
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Rules to all ſorts of Logarithms. If m be 10006 _ 
&c. it may be neglected, and you will have Na. 


peirs Logarithms, as we hinted before; but if 


you deſire Briggs's Logarithms, which are now _ 
generally received, you muſt divide your Serie? 


by es 


2,302585092994045684017991454684364207 | 


60110148862877297603 3328 7 
or multiply it by the reciprocal thereof, wiz. 


0,434294481903251827651128918916605082 3 


294397005803666566114454 


But to fave fo operoſe a Multiplication (which | 


is more than all the reſt of the Work) it is 


expedient to divide this Multiplicator by the 


Powers of z or y continually, according to the 
Direction of the Theorem, eſpecially where * 
is fmall and Integer, reſerving the proper Quotes 
to be added together, when you have pro- 


duced your Logarithm to as many Figures as 
you deſire: Of which Method I will give a 


Speeimen 5 
I the Curioſity of any Gentleman that has 
leiſure, would prompt him to undertake to do 
the Logarithms of all Prime Numbers under 
- TOOOOO, to 25 or 30 Figures, I dare aſſure 


him, that the facility of this Method will invite f 


him thereto; nor can any thing more eaſie be 


deſired. And to encourage him, I here give the 
Logarithms of the firſt Prime Numbers under 


20 to 60 places, computed by the accurate Pen 


of Mr. Abraham Sharp, (from whoſe Induſtry | 


and Capacity the World may in time expect 
great Performances) as they were communi- 
cated to me by our common Friend Mr. Euclid 


* 


Speidall. 2 
es Numb. 


K 


N > 


: 3 3 0,4771212547196624372950279032551k 
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Numb. Logarithm. 


2 0,30 102999566398 119521373889472449 
1 3026768 189887462 1085413104 


5309200128864 190695 864829866 
5 o, 8450980400 142568307 1221625859263 
= 6193483572396323965406503835 
11 1,04139265515822504075019997124303 
| 4241706702 19046645 3094596539 


z 1,11394335230683776920654189502624 


; 625456118900505367328859808; 
17 1, 230448921 3782730285401698943 2833 
0095; 7842 50463973808 
19 1,2787536 528289615363 3347575692 
93179511293373 944975989068 19 


I The next Prime Number is 23, which I will 
take for an Example of the foregoing Doctrine; 
and by the firſt Rules, the Logarithm of the ra- 
350 of 22 to 23, will be found to be either, 


1 ik ©-4 G 


Z => — — — — 


22 568 37944 537024 f 2568160 c. ot 
5 1 
& c. 


23 1058736501 "1119364 32187715 
As likewiſe that of the ratio of 23 to 24 by a 


8 like Process. 


5 | : 


„e. 
9 
- 


VE 
ä 2 8558 cer 1119365 32181715 a 


Or- 
1 


1 


3 PE Tarn 
A. 11 4147 17 


bh 
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And 
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And this is the Reſult of the Doctrine of A Þ 
cator, as improved by the Learned Dr. Malu. 


But by the ſecond Theorem, wiz. 
2x 2 24" 
3 


—+,—+75 &, The ſame Logarithms are 


& 3233 5 


obtained by fewer ſteps. To wit, 


J 273375 © 922640035 7 2615686171875 
_*# we LC 


8 Be + 5 
47 311469 | 1146735035 | 3546361843247; 


which was invented and demonſtrated in the 
 Hyperbolick Spaces Analogous to the Loga= _ 
rithms, by the Excellent Mr. James Gregory, 
in his Exercitationes Geometrice, and ſince fur- 
ther proſecuted by the aforeſaid Mr. Speidall. 
in a late Treatiſe, in Eghſh, by him publiſhed | 


on this Subject. But the Demonſtration as | 
J conceive, was never till now perfe&ted> with- 

out the conſideration of the Hyperbola, which | 
in a matter purely Arithmetical as this is, can- 


not be fo properly applied. But what follows 
I think I may more juſtly claim as my own, 


_ viz, That the Logarithm of the ratio of the | | 
Geometrical Mean to the Arithmetical between 
22 and 24, or of / 528 to 23 will be found 


to be either. 


oY os Res 
1058 "1119369 88821554 626487882248 
8 „„ 
5 1 3 


105% 354279657 * 6596765 58485285. Vo 


Al 


All cheſe Series being to be multiplied into 
o, 43429448 19, Ge. if you defign to make the 
Logarithm of Briggs. But with great Advantage 
n reſpe& of the Work, the ſaid 4342944819, 


Cc. is divided by 1057, and the Quotient 
thereof again divided by three times the Square 
of 1057, and that Quotient again by 5 of that 
Square, and that Quotient by 4 thereof, and ſo 


forth, till you have as many Figures of your 


© Logarithm as you deſire. As for Example; the 


'F ws PO of the Geometrical Mean, between 22 
an 


24, is found by the Logarithms of 2, 3 


I and 11 to be 55 | 8 
Es 1057) 43429 &c. 
in 1115249) 41087 &c. 
in 1117249) 12258 &c. 
in 1117249)65832 &c. 
in 1117249) 42088 &Cc. 


18e 


1. 3613 1696 1266906 12945009 17266980 


(410874628 101468 143473 15886368 
WE: 1225852 f544181829460074 
1 5583235184376 175 
fs Os 4208829765 

=, = 


Summa 


1-361727836017592878867777 11225117 


| Which is the Logarithm of 23 to thirty two 


places, and obtained by five Diviſions with very 
{mall Diviſors; all which is much leſs Work than 
F fimply multiplying the Series into the ſaid Multi- 
plicator 43429, Kc. . 
Before J paſs on to the converſe of this Pro- 
blem, or to ſhew how to find the Number ap- 


pertaining 
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pertaining to a Logarithm aſſigned, it will de 


requiſite to advertiſe the reader, that there 
is a ſmall miſtake in the aforeſaid Mr. 


Gregory's Vera Quadratura Circuli & Hyperbole, * 
| publiſhed at Padua Anno 1667. wherein he ap- 
plies his Quadrarure of the Hyperbola to the 
making the Logarithms; In page 48. he gives 
the Computation of the Lord Napeirs Loga- 
rithm of 10, to five and twenty places, and 
finds it 2302 58 509 2994045624017870 inſtead 
of 230258 50929940456840 17991, erring in the 
eighteenth Figure, as I was aſſured upon my 
own Examination of the Number I here give 
you, and by compariſon thereof with the fame 
' wrought . by another hand,“ agreeing therewith _ 
the 


to 57 0 60 places: Being deſirous to be 


ſatisfied how this difference aroſe, I took the 
no ſmall trouble of Examining Mr. Gregory's | 
Work, and at length found, that in the infcri- | | . 
in the eighteenth | 
Figure, was a © inffead of 9, which being re- 
ctified, and the ſubſequent Work corre&ted | 
© therefrom, the reſult did agree to a Unite 


bed Polygon of 512 Sides, 


with our Number. And this I propoſe not to 
Cavil at an eaſie miſtake in managing of ſo vaſt 
Numbers, eſpecially by a Hand that has ſo 
Well 3 of the Mathematical Sciences, 
But to ſhew the exact coincidence of two ſo 
very differing Methods to make Logarithms, 


which might otherwiſe have been queſtion- 


From the Logarithm given to find what 


ratio it gxpreſſes, is a Problem that has not 


been ſo much conſidered as the former, but 
which is ſolved with the like eaſe, and gr ne 
i» > Itrated 


1 rate 
1 
Fames . 

kithn 


4 rated by a like Proceſs, from the ſame gene- 
1 a Theorem of Mr. Newton : For as the Loga- 


fithm of the Ratio of 1 to 1 +q was proved to 1 


2 
8 


Fatt; and chat of che Ratio of I tO t—q tc to 


—— — 


1 1 old So the Logwithm, which we 
3 yy from henceforth mY L. being given, 1 L 


= + —L will be equal to obe in th other: Con- 


115 to I—q 3 that is, according to Mr. 


: Meuron 8 ſaid Rule, 9 TL mL +: mL 4 


L 2,005 &c. will be=1 +9, and 1— 
Vl. I mL. — L I. mL cc. 

; wall be equal to 1—4, 1 being any 5 In. 
dex whatſoever, which is a full and general Pro- 


3 poſition from the Logarithm given to find the 
Number, be the Species of Logarithm what it will; 


- plication by mz is ſaved (which Multiplication i 1 in- 

deed no other than the reducing the other Species 

to his) and the Series will be more ſimple, vic. 
i TLTzLLTZLTAL “T1 L &, or r—L+ 

LF ELL—L3+, £L+%—,+,L5 &c. This Series, e- 
ſpecially 1n great Numbers converges ſo flowly, 
, that It it were to be wiſhed it could be Contracted; 


j 1 
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q * be equal to Tel in the one Caſe ; 3 and 


ſequently ITIL.“ will be equal to 1 + 4, and 


But if Napier's Logarithm be given, the Multi- 


1 
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If one Term of the Ratio, whereof L is thei zs tl 
Logarithm, be given, the other Term will be eat. ceiv 
ly had by the fame Rule: For if L were Napier; xa 
Logarithm of the Ratio of à the leſſer to ô the Plac 
greater Term, & would be the Product of à into 
1+L+{LL+:LLL &c. =a+aL+;j4aLL+;aUD!' 3 
&c. But if þ were given, a would be -=. 
T LLL &c. Whence, by the help of the 
Chiliach, the Number appertaining to any Logarithm* * | 
| will be exactly had to the utmoſt Extent of the will 
Tables. If you ſeek the neareſt next Logarithm, | ith! 
- Whether greater or leſſer, and call its Number a 1 one 
leffer, or b if greater than the given L, and the . 
difference thereof from the faid neareſt Loge-} pbk 
rithm you call /; it will follow, that the Num- Bie 
ber anſwering to the Logarithm L will be either) 
a into 1 I T AIT AULA ek &c. or elſe b the 
into 1—L+ FUL -HIL+,i3ÞF—, 3.6 &c. wherein 8 
is leſs, the Series will converge the ſwifter. And! 
if the firſt 20000 Logarithms be given to fourteen 
Placcs, there is rarely Occaſion for the three firſt} 1— 
Steps of this Series to find the Number to as many] : 
places. But for Vlacq's great Canon of ao0000f 
Logarithms, which is made bur to ten Plates, there , 
is ſcarce ever need for more than the firſt Step!“ 
4 ＋al or a+ mal in one Caſe, or elfe 6 ot t 
- m bl in the other, to have the Number true to 1 
as many Figures as thoſe Logarithms conſiſt ol. „ 
If future Induſtry ſhall ever produce Logarith- 
mick Tables to many more places than now we 
have them ; the aforeſaid Theorems will be of more] A 
uſe to reduce the correſpondent Natural Numbes 
to all the Places thereof. In order to make the firſt Þ or A 
Chiliad ſerve all Uſes, I was defirous to contract this 
Series, wherein all the Powers of J are preſent, into! 
one, wherein cach alternate Power might be want; 
ing; bur found it neither ſo Simple or Uniform 
.. 


q 


„ 1 

bb 
2 „ which are eaſily reſoly' d into Analo⸗ 
= 
1 


„ 3 ys I v 
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hs s the other. Yer the firſt Step thereof i is, T con- 
3 ceive, moſt commodious for Practice, and withal 
exact enough for Numbers not exceeding fourteen 
Places, ſuch as are Mr. Briggss large Table of Lo- 
* Þparithms; and therefore 1 recommend it to com- 
mon Uk. 


1 


ns 
It is lh: * — , 52 or "A 1757 


E will be the Number anſwering to hy Logas 
" rithm given, differing from the Truth by but 
one half of the third Step of the former Se- 
ri. But that which renders it yet more eli- 
Fible, is, that with equal Facility, it ſerves for 
Griggs „ or any other Sort of Logarithm, with - 


I 
| the only Variation of Wing gong Inſtead of 1. 


| that i 155 a4. 5 8 EE 


* 
OY 


| PICS, 21x. 


As 43429 Ke. 2170 4349 +37: To the 


So is 4 Num- 


. As 43429 &c. +31 to 43429—3 1: : ber 


80 b % . 8 


E 2 „„ 


on Miſcellanea Curioſa. 
If more Steps of this Series be deſired, 


will be found as follows, a+- at — 
1 1—4 


55 al 


1 &c. as may eaſt ty be demonſtrated by 


working out the. Diviſions in each Step, and col 

lecting the Quotes, whoſe Sum will be found t9 |} © 

q _ agree with our former Series. | 2 / 

Thus, I hope, I have cleared up the Doctrine 
of Logarithms, and ſhewn their Conſtruction and 

Uſe independant from the Hyperbola, whoſe Aﬀec- 

tions have hitherto been made Uſe of for this Pur- 
poſe, though this be a Matter purely Arithmetical, 

nor properly demonſtrable from the Principles of| * 

Geometry. Nor have I been obliged to have Re. 

* courſe tothe Method of Indiviſibles, or the Arith-| + | 

metick of Infinites, the whole being no other then | 

an eaſy Corollary to Mr. Newtos's General Theo- = © 

rem for forming Roots and Powers. T 


a % 


( ven by Mr. 


* 
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A Sol U I ION, 


a Chragraptical Problem, pr opoſed 
by RIchAnD TowxLEr, £5; 


nf 


The Diſtances of three Objects i in 


the ſame Plain being given, as 


FH A, B, C; the Angles made at a h 


four th Place in the ſame Plain as 
at S, are obſerved ; The Diſtan- 


ces from the Place of Obſervati- 
onto the reſpective Objects, are 


required. 


The Pronr.om hath fox Caſes, __ 


| Cl 7 © VBUR F the Scation be ken wats | 
A — TD! cout the Triangle made by the 


4 
N 8 7 
a, TE 


,, . 
. 


Angle AC B; then in the 


I Triangle 4 ACS all the Angles and the fide A C are 
known, whence either or both the Diſtances $ A or 
| SC may be found. 


Oo : 


Joun ColIIðs, of 


5 15 Objects but in one of the 
e Sides thereof produced, as at 
A CZ N S in the 9th Figure; find the 


E 3 Caſe 2. 


— 1 : „ * 8 2 — oY — 
S HOP RI. 9 — — 
. — 2 5 32 
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Cafe 2. If the Station be in one of the Sides d 
the Triangle, as in the 1oth Figure at S, then h. &* 
ving the three ſides AC, CB, BA given, find th 7 
Angle CAB; then again in the Triangle SAB, 1 
the Angles, and the fide AB, are known; when 
may be found either AS, or S B, Geometricalh, 


Fou make the Angle CAD equal to the obſerve ® 
Angle CS B, and draw BS parallel to DA, y 
determine the Point of Station s. 


Caſe z. If che che Objects lie in a right Line 
ACB (ſuppoſe it done) and that a Circle paſſet! 
through the Station 8, and the two exterior Objed) Sen 
AB, then is the Angle AB D equal to the obſervs ang 
Angle ASC (by 2 1 of the zd Book of Euclid) : obi 
inſiſting on the ſame Arch AD: And the Angl A 
BA in like manner equal to the obſerved Ang“ of 
CSB: By this means, the point D is determined“ A 
Join DC, and produce the ſame, than a Circle pas be 
{ing through Points ABD, interſects DC, produf 


ced at S, the place of Station. 1 
5 Calcalat ion. | | | | | thr 


In the Triangle ABD, all the Angles and th} ite 
| fide AB are known, whence may be found the fich 4 

Then in the Triangle CAD the two ſides C4 bo 
and AD are known and their contained Angle CA 
is known; whence may be found the Angles C DA 
and ACD, the Complement whereof to a Semi 
circle is the Angle S CA In which Triangle ti 
Angles are now all known and the fide AC: when 
may be found either of the Diſtances, SC or S4Þ 


Coſt if 


1 Caſe 4. 1 the Station be without the Tri- 
angle, made by the Objects, the Sum of the 
Angbes obſerved is leſs hs four right Angles. 


make one Operation more, having the three Sides, 
A CB, BA, thereby find the Angle CAB, 


. Sides, viz. AC, being one of the Diſtances, 
and AD, (found as in the former Caſe) with their 


ett c DA. and ACD, the Complement whereof to a 
Semi- circle, is the Angle S CA: Now in the Tri- 
vel angle SCA, the Angle at C being found, and at & 
obſerved, and given "by Suppoſition, the other at 
e olf the two former to a Semi- circle, and the Side 
"al E be found. 


Cue 5 If the place of Station be at ſome Point 


f three Objects, the Conſtruction and Calculation 


is the ſame as in the laſt, ſaving only that in- 


th ſtead of the obſerved Angle A 5 C the Angle 

10 AB is equal to the Complement thereof to a 
Semi- circle, to wir, it is equal to the Angle ASD; 
both of them inſiſting on the fame Arch AD - 
And in like manner the Angle B A D is equal to 

- the Angle DSB, which is the Complement of the 


| - obſerved CSB; and in this Caſe, the Sum of 


04 


ncF 


the three Angles obſerved, Is equal to four right 
: Angles, | 


4 | 
7 OL Es In 


5 Miſcellanea, Curioſa. | 55 


The Conſtructien is the ſame as in the laſt Caſe, 
and the Calculation likewiſe ; ſaving that you mult 


2 


2which add to the Angle E A D, then you have the 


i doaciined Angle CAD, given to find the Angles 


* 2 is likewiſe known, as being the Complement 


ed AC given; hence the Diſtance C D or AS may 


within FA plain of the Triangle, made by the 


= — "nr amd 0 
r 
* 
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In theſe three latter Cafes no uſc is made of the 


Angle obſerved between tlie two Object A and g, 
that are made the Baſe-line of tho Sone 
yet the ſame is of ready Uſe for finding third 


Diſtance, or laſt Side ſought, as in the tourth 


Scheme, in the Triangle SAB, there is given the 
Diſtance AB, its oppalite Angle equal to the Sum 
of the two obſerved Angles, and the Angle SAB 


attained, as in the fourth Caſe: Hence the third 


Side or laſt Diſtance SB may be found. 


And here it may be noted, that the three Angles 
CAS, ASB, SBC, are together equal to the 


Angle ACB, for the two Anolcs CSB, and CBS, 


are equal to ECB, as being the Complement of 


Sch to two right Angles ; and the like in the Tri 
angle on the other Side, Ergo, &c. 8 


Caf 6. if the three Ol: jects be 4, B. C. and he 
Station at S, as before, it may happen, according 


to the former Conſtructions, that the Points C and ) 
may Jalt cloſe together, and fo a right Line joining 
them” may be produced with Uncertainty ; in ſuch 
Caſe the Circle may be conceived to pals through 
the place of Seation at S, and any two of the Ob. 
jects (as in the ſixth Scheme) through B and C1 
e making the Angle DBC equal to the ob- 
erved Angle ASC, and. BCD cqual to the Com- 
bn Sq 180 Degrees of both the obſerved An- | 


in DS thereby the Point D is determined, 


through which, and the Points CB, the Circle is to 
» deſcribed, and joining DA, (produced, When 


eed requireth) where it Interſects the Circle, as at 
8 15 the place of Station ſought. 


This Problem may be of good Uſe for the due 
Situation of Sands or Rocks, that are within 
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Sight of three Places upon Land, whoſe Diſtances 


arc well known; or for Chorographical Uſes, & c. 


Epecially now there is a Method of ablerving 


Angles nicely accurate | by Aid of the Teleſcope ; 


d 5 therefore thought fit to be now publiſh'd, 


though it be a competent Time ſince it was deli- 
bet in Writing. 


a @ 7 


The 


3 Miſcellanea Curioſa. 


Hlems, by a Member of the Philo- 
ſophical Society of Oxford. 


H three following Problems may oc- 
A cur at Sea, in finding the Diſtance and 
Fl Poſition of Rocks; Sands, &c. from the | 
dea Shoar ; or h the Surveying of the | 
Sea Coaſt ; when only two Objects, 
Whoſe Diſtance from each other is known, can be 
ſeeen at one Station; but eſpecially they may be uſe- | 
ful to one that would make a Map of a Country | 
by a Series of Triangles derived from one or more | 
meaſured Baſes ; which is the moſt exact Way of | 
finding the Bearing and Diſtance of Places from | 
each other, and thence their true Longitude and La- | 
titude ; and may conſequently occur to one that | 
would in that manner meaſure a Degree on the | 


Earth, | 
The firſt Problem (Fig, 3 and 4.) 


There are two Objects, B and C, whoſe Diſtance 
BC 1s known; and there are two Stations at A 
and E, where the Objects BC being viſible, and 
the Stations one from another, the Angles BAC, 
BAE, AEB, AEC, are known by Obſervation, 
(Which may be made with an ordinary Surveying 
Semi- circle, or Croſtaff; or if the Objects be beyond 
the View of the naked Eye, with a Teleſcopick Qua- 
drant) to find the Diſtances or Lines AB, AC, 
ME EC. | | | 


Cu- 


S ee e D ee ee eee eee: 


T be Solutions of three Chorogra hic Pro- | 


n 
- 2 K 


r rere 
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Conſtruction. 


In each of the Triangles BAE, AE, two An- 


gles at A, E, being known, the third s alſo known; 
then take any Line a t at Pleaſure, on which conſti- 


tute the Triangles e, de reſpectively Equian- 


gular to the Triangles B AE, AEC, join 9. 
Then upon B C conſtitute the Triangles B CA. 


BCE, Equiangular to the correſpondent Triangles 
e, e, join AE, ay the Tg 1 is manifeſtly 


done, | 
The Calculation. | 
Aſſuming oe of any Number of Parts, in Tri ri- 


angles be, « yt, the Angles being given, the 
cn <P, &ys *Þ, e may be found by Trignome- 


Then in the Triangle 665 „having the An- 
905 920 4, and the Legs c ν⏑ we may find 


Ye Then g. B:: G. 245 Gt E 
YE. CA: tt CF, 


T he ſecond Problem (rig. 5 and 6. ) 


Three Objects B, C, D, are given, or (which 


is the ſame) the Sides, and conſequently Angles of 


the Triangle BCD are given; alſo there are two 
Points or Stations A, E, ſuch, that at A may be 
ſeen the three Points B CE, but not D; and at the 
Station E may be ſeen A, C, D, but not B, that is 


the Angles BAG, BAE, AEG AE D, (and 


conſequently EAC, AE C, are known by Obſer- 


vation: To find the Lines AB, AC, AE, EC, 
E D. 


. 
A 4 


Con- 


bo au iſcellanca Curioſa. 


Coftrlon 


Take any Lins & © at Pleaſure, and at its Extre. 


mities make the Angles £«&y, eapp,oty, N, 


equal to the correſpondent obſerved Angles EA C, 
EAB3, AEC, AED. Produce >&, d , till they 


meet in , join Þy ; then upon C deſcribe (ac. 


cording to 33. 3. Eucl.) a Segment of a Circle that J 


may contain an Angle=y@þ ; and upon CD de- 


| ſcribe a Segment of a Circle capable of an Angle 


yd ; ſuppoſe F the common Section of theſe two 
Circles; join FB, FC, FD; then from the point 
C, x 56 forth the Lines C.4, CE, fo that the An- 


wy be =o'va, and FCE S, fo 


FE, the common Sections of CA, CE, with 


77 D, will be the Points required, from whence 
che reſt 15 — deduced. 


The Calculation, 


CG : 


{ide & £ aſlum d. the ſides xv, C ,; will 
be known; then in the Tr jangle 0 « © , the Angle 
„, with the Legs x), &, being known, the 
Angles «my, «&v@, with the fide dy will be 
Low. Then as for the reſt of the Work in the 


other Figure, the Triangle BCD having all its . 


Sides and Angles known, and the Angles B F 6 
B FD, being equal to the found © yy „ bod; 
how to find FB, FC, FD by Calculation (and T's 
Protraction) is ſhewn by Mr. Collins in the prece- 
dent Diſcourſe, as to all its Caſes, which may there 
fore ſuperſede my ſhewing any other way. 


Bur 


Aſſuming « * of any Number, in the Triangles 
& ys, &Þ', all the Angles being g given, with the 
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Baut here it muſt be noted, that if the Sum of 


. 1 8 
1 

7 

7 

1 

188 


1 they arc Parallel, and conſequently the given Solu- 


the obſerved Angles, BAE, AED, 1s 180 De- 


rees: Then AB and E D cannot meet, becauſe 


tion cannot take place; for which Reaſon I here 


of a Circle, ſo that the Angle of the Segment may 


© ſubjoin another. 


Another Solution. 


Upon BC (Fig. 7.) deſcribe a Segment BAC 


be equal to the obſerved L >» y , (which as above 


quoted is ſhewn 33. 3. Euclid.) and upon CD de- 


ſcribe a Segment CE D of a Circle capable of an 


Angle equal to the obſerved CE D,; from C draw 


the Diameters of theſe. Circles CG, CH; then up- 
on CG deſcribe a Segment of a Circle G FC, capa- 


light, becauſe each exiſts in a Semi-circle : There- 
fore a Circle being deſcribed upon CF as a Diame- 
ter, will paſs through E, A; therefore the Angle 
CAE=LCFE=CFH=: (by Conſtruction) to 
the obſerved Angle y «++ In like manner the 


ble of an Angle equal to the obſerved AEC; like- 

wiſe upon CH deſcribe a Circle's Segment CFH, 
capable of an Angle equal to the obſerved CA E: 
Suppoſe F the common Section of the two laſt Cir- 
cles HFC, GFC, join FH, cutting the Circle 


HEC in E, join allo FG, cutting the Circle 


GAC in A: I fay that A, E, are the Points re- 
quired. „ . 


Demonſtration. 


For the (BAC is g by Conſtruction of 
the Segment, allo the Angles CE H, CA G, are 


a CEA=ZCFA=CFG= obſerv'd Angle Y eO. 


In 
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In the Stations A. E, fall in a right Line with © 
the point C; the Lines G A. HE being Parallel, 
cannot meet: But in this Caſe the Problem is inde. 

terminate and capable of infinite Solutions. For az =! 
before upon CG deſcribe a Segment of a Circle ca- 
pable of the obſerved Lye , and upon CH, de- 
ſcribe a Segment capable of the obſerved yas: 
Then through C, draw a Line any way cutting the 


= Circles in A, E, theſe Points will anſwer the Que - 
tion. 5 5 | 
The third Problem. 


— 


Pour Points B, C, D, F. (Fig. 8.) or the 4 
Sides of a Quadrilateral, with the Angles compre- 
hended are given; alſo there are two Stations 4 
and E ſuch, that at A, only BCE are viſible, and ple 
at E only ADE, that is, the Angles BAC, BAE, g 


gin 
AE, DEF are given: To find the places of thge Pl 
two Points AE, and conſequently, the Lengths of | ma 
the Lines AB, AC, AE, ED, EF. | 135 30 

: ps | 01 
Conſtruction. 5 \ | > kr 

Upon BC (by 33. 3. Eucl.) deſcribe a Segment | P 

_ of a Circle, that may contain an Angle equal to the | D 
obſerved Angle BAC, then from C draw the Chord (. 
C21, or a Line cutting the Circle in A; fo that F = 
the Angle BC may be equal to the Supplement | fe 

of the obſerved Angle BAE, i. e. its Reſidue to | m 
180 Degrees. In like manner on DF deſcribe a | F 
Segment of a Circle, capable of an Angle equal to | A 
the obſerv'd DEF, and from D draw the Chord | B 
DM fo that the Angle FDM may be equal tothe | K 
Supplement of the obſerv'd Angle AE F, join MN, | L 
cutting the two Circles in A, E : I ſay A, E, ve t 
the two Points requir'd. 1 5 


Demon- 


3 I 
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| 2» Demonſtration: 5 
Join 4B, AC, ED, EF, then 1 IS the * 


D IBC (by 217 3. Eucl.) = ſupplement of 
T1 obſery'd / B AE by conctruction, therefore 
tte conſtructed 45. AE, is equal to that which 


Was obſerved. Alſo the (BAC of the ſeg- 


ment is the conſtruction of the Segment, * : 

qual to the obſerved (BAC. In like manner 
the conſtructed angles AEF, and DEF, are 

qual to the correſpondent obſerved angles 
. AED DEF, therefore AE are the Points re- 


The Calculating; 
In the Triangle B CM. the LBCM (= = ſup= 


[3 plement of BAE) and LBMC (=B AC) are 

given, with the fide BC; thence AC may be 
„ fund; in kke manner DN in the ADN#F 

may be found. But the ACD) =BCD— 
Fi BCM) is known, with its legs MAC, CD, there- 
fore its Baſe AD, and L ADC, may be 
| known. Therefore the L DMN (= CDF — 
CDN — FDV) is known with its 47D, 
DM; thence MM with the angles DN, 
DMV. will be known. Then the (CA (= 
(DAC + DAMN) is known, with the £ 21 AC 


= MAB + BAC) and IC before found; there- 


fore MA and AC will be known. In like 
manner in the Triangle EDN, the angles E, N, 
ED, will be known; therefore AE (= MN — 
MMA EN) is known. Alſo in the W A 
| BC, the (A with its ſides B C, CA. 

known, the fide AB, will be known, with the 
(ICA; ſo in the triangle EFD, the LE with 
the 3 0 ED, DF being known, "EF will be 
found, with the LE DF. Laſtly, in the trian- 


ge 


— —— — " 1 
— þ gt — x w — <= _— 
„ „ 
8 4 wa © — 4 + © Sag 


eing 


— 
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ole Ac D, the L ACD (= BCD—BCA) v 
its Legs AC, C being known, the Side AD, 


will be known; and in like manner E C in the Tri. 


angle EDC. 


Note, That in this Problem, as alſo in the firſt z 
and ſecond, if the two Stations fall in a right Line! 
with either of the given Objects: The locus of A, 


or E, __ Circle, the particular Point of A, or | © 


E, cannot be determined from the Things given. 


As to the other Caſes of this third Problem, | i x 
wherein A and E, may ſhift places, i. e. only DFE, | 


may be viſible at A, and only A, B, C, at E; or 4 


wherein B, D, E, may be viſible at A and only 


C, F, A, at E; or wherein A may be of one ſide xz Al 
of the Quadrilateral, and E on the other; or one of | || 


the Stations within the Quadrilateral, and the other“ 
without it: I ſhall for brevity Sake omit the Fi- Þ © 

gures, and Diverſity of the Sines + and — in the! 

Calculation, and preſume that the Surveyor will ca- Þ «&..; 


ſald. 


ſuppos d the ſame Points with DF, by proceeding 
r in the laſt, you may directly ſolve the firſt Pro- 


I 


e 
ee 


\ 


ſily direct himſelf in thoſe Caſes, by what has been | 


The Solution of this third Problem is general, 
and ſerves alſo for both the Precedent. For ſuppoſe Þ 

CD, the fame Point in the laſt Figure, and it gives 
the Solution of the ſecond Problem: But if BC be 


1 


An Arithmetical Paradox, concerning 


| the Chances of Loiteries ; by the 
' Honourable Francis Roberts, i; 


1 Fello d of the R. 8. 


at the firſt View, ſo there are others no 


and careful Examination, rather ſeem repugnant. 


We may find Inſtances of this kind in moſt 


—. ↄ˙ Os „ 

In Geometry, That a Body of an Infinite Length; 

may yet have but a finite Magnitule. 
In Geo raphy, That if Antwerp be due Eaſt to 

London, 0 

Ido Ainverp. „ . 

In Afronomy; that at the Barbadoes tand other 


Places between the Line and Tropick) the Sun, 


part of the Year, comes twice in a Morning to 
ſome Points of the Compaſs By 
In Zhdroftaticks, that a hollow Cone (ſtanding 
upon its Baſis) being filled with Water, the Wa- 


ter ſhall preſs the bottom with three times the- 
| Weight, as if the ſame Water was frozen to Ice; 


end the Figures might be contrived to make it 
breſs a hundred times as much. 
3 


E ---— 
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824 6. K 


Is ſome Truths (like the Arioms of Geo- 
WI retry and Zdetaphy/icks) are ſelf-evident 


13 leſs certain in their Foundation, that 
| have a very different Aſpect, and without a ſtrict 


or that reaſon London cannot be Weſt 2 
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| Theſe Speculations, as they are generally ple. 
fant, ſo they may Wy of fred , uſe to wann 
us of the Miſtakes we are liable to, by carele“ ad 
and ſuperficial Reaſoning. I 
T ſhall add one Inſtance in Arithmerick , whicl Kin 
perhaps may ſeem as great_a Paradox as any « 
the former. 33% 
There are two Lotteries, at either of which ! 
a Gameſter paying a Shilling for a Lot or Throyþ +- 
the firſt Lottery upon a juſt Computation “ 
the Odds, has 3 to 1 of the Gameſter ; thÞ 
ſecond Lottery, but 2 to one; Neverthelkþ | 
the Gameſter has the very fame diſadvantage (andÞ 
no more) in playing at the firſt Lottery, as th. 
oO CF | # 
It looks very like a Contradiction, that ch“ 
Diſadvantage ſhould be no greater in playing again 
3 to 1, than 2 to 1, but it may thus be reſolvdg 


2 C SS (39% (335 FropmceygÞ * 
n); 045... Hs 
conf! 


In the firſt Lottery the Gameſter hazards Þ 
Shilling to win a Groat, and the chances beim the 
_ equal, it is evident there is 3 to one againſt hin. E 
In the ſecond Lottery, the Gameſter ventus the $ 
2 Shilling againſt a Shilling, and the Lots beim the 
4 to : Tis Difadvantage is 2 to 1. | ſent 
And a Lot at either of them being truly wort 1b—: 
juſt 8 Pence, (viz. the 6th part of 3 times 10 Lotte 
Pence, or twice two Shillings) the Diſadvantage of a 
muſt be the very fame in both Caſes, that 5Þ by th 

the Gameſter pays a Shilling for a Lot that in boy 
worth but 8 Pence. VU; | 


Tb 


5 . | 4 ; | | 
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4 The Method of finding this Anſwer being 


* Tomewhar out of the common Road, I ſhall here 


Add it, and thereby infinite Solutions of the ſame 


kind may be diſcovered. | 10 


Loet a the number of Blanks -.—— 


1 the number of Prizes. Wl 
| 4 ng - | | | ; S Wi | 
3 7=the Value of a Prize. vi 
3 2d. Lottery. # 
1 . 


Let m=the number of Blanks. 
1 n the number of Prizes. 
1 the value of a Prize. 


Sto what you pay for a Lot, viz. a Shilling. 


So the Lottery has its Chances for 1, and 
the Gameſter his for 1 1. Now the true Odds 
| conſiſting of the compounded Proportion of 
"| the Chances and the Values, Fiz. g and on 1 
ne the Share of the Lottery will be a, and that of 1 


ug the Gameſter 2. Therefore as the pre- 1 
ſent caſe ſtands, the firſt Lottery muſt be a=3 "i 
r 6 — z, and by the like reaſoning, the ſecond i 


i6Þ Lottery will be »= 2 e 23. Now the Value 
ae of a Lot being the Sum of the Prizes divided 

v8 by the number of Lots, (which muſt be equal 
t ö 1n both Lotteries) it yields | 


7 b | 7 SX 


TB a+6 © mn 


3 
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Werne. 


11, 12 I 2HIf a=o to avoid negative Numbers | 2 Z 
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12, 14 14% =I . 
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29]If »=0 


Let Moni 4 


15 


that #410» 1 bs + maſt > {Et 


69 


6 


Ez bee ix g/ 


—— 


7 


Let therefore g= 
rb 2 
abSb=3 3 
3rb=2a+ 26=4- +36 


=p 


22 
1 f= 3 
1 
6 m TA 
6 = 32+ 61 


qmb4n = es 


mM = 2N 


2 


ar Y: 


3 —3 
23” 21. | 
= 2—2 


N 


23 


1 
"a 
11 
4 
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my 
: 
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4.4/4.4 
: 
: 
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1 
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454 
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+ 23% 
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4. ; Neva, : Exact, | and Eaſe Method | | 
- of andi g the Roots of any Fu, ſev 
| tions . Generally, . and that U Han taker 


trons Generally, and Dll. 
an) previous Reduction. By EDM find 
Air.. 1 

And 

IE principal uſe of the Anahtick Au 85 

11 | is to bring Mathematical Problems .tyÞ Ito f 
Equations, and to exhibit thoſe EquationÞ 


in the moſt ſimple Terms that can be. But thi 
Art would juſtly ſeem in ſome degree deſective "iſh 
and not ſufficiently Analytical, if Tere were noi] uf] 
ſome Methods, by the help of which, the Rog! 
(be they Lines or Nies ) might be gotten ! 
from the Equations that are found, and fo the! 
Problems in that reſpect be ſolved. The Andi. 
ents ſcarce knew any thing in theſe Matters, be. g.q 
yond Ouaaratick Equations. And what they wn 


of the Geometrick, Conftruttion of ſolid Problems Þ 5 
| by the help of the Parabola, Ciſſoid, or any other! of 
Curve, were only particular things deſign'd for 5 

ſome particular Cafes. But as to Numerical Ex- m. 
traction, there is every where a profound Silence; I gti 

ſo that whatever we perform now in this king Þ R 
a entirely owing to the Inventions of the Mo- , 
erns. i | = 
And firſt of all, that great Diſcoverer and 8 
Reſtorer of the Modern Algebra, Francis Viet, 


3 about 
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bout 100 Years ſince, ſhew'd a general Me- 
thod for extracting the Roots of any Equati- 
on, which he publiſhed under the Title of, 4 
' Numerical Reſolution of Powers, &c. Harriot, 
* Oxghtred, and others, as well of our own Coun- 
d ' try, as Foreigners, ought to acknowledge what- 
ſoever they have written upon this Subject, as 


| 

: | taken from Vieta. But what the Sagacity of 4 

wi Mr. Newton's Genius has performed in this bu- Fi 

. ſineſs, we may rather conjecture (than be fully _ 1 
aſſurd of) from that ſhort Specimen given —— oo 


Dr. Wallis in the 94th Chapter of his Algebra. 
And we muſt be forc'd to expect it, till his 
great Modeſty ſhall yield to «2a Intreaties of 
5 pi Friends, and ſuffer thoſe curious Diſcoveries _ 
„223% oo 
Not long ſince (viz. A. D. 1690) that ex- 
3Þ cellent Perſon M. Foſeph Raphſon, F. R. S. pub- 
„ liſh'd his Univerſal Analyſis of Equations, and il- 
"F luſtrated his Method by plenty of Examples; by 
all which he has given Indications of a Mathe- 


"| matical Genius, from which the greateſt things 418 
> may; be expected. „ 0 10 
"| By his Example, M. de Lagney, an ingenious Pro- =_ 
| fefor of Mathematicks at Paris, was encouraged 1 
do attempt the ſame Argument; but he being 1 
"| almoſt altogether taken up in extracting the Roots it 
of pure Powers (eſpecially the Cubick) adds but | 0 
"F little about affected Equations, and that pretty Eh b 
much perplexed too, and not ſufficiently demon- bl 
1 ſtrated. Yet he gives two very compendious bl 
'F Rules for the Approximation of a Cubical Root; Ma 
one a Rational, and the other an Irrational one. .- 
| Ex. gr. that the fide of the Cube aaa -, is 1 
between ß on, j 
3} i | * 1 
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— — 


a 
1 


makes 


a+ 8 . 


— —— — 


22 
2 


8 tis 4 aa, not 2 
in the French Book.) Theſe Rules were com. 
municated to me by a Friend, I having ne 


ſeen the Book; but having by Trial found th: 
; goodneſs of then and admiring the Compen- 
dium, I was willing to Bon out the Demon. 


tration. Which having done, I preſenth) 


found that the fame Method might be accom. 
ma dated to the Reſolution of all forts of Equz| 
And I was the rather inclin'd to im. 
I ſaw that th 
whole ing might be Explain'd in a Sao 
this means, at every repeated 
ſtep of Sy Calculus, the Figures already found. | 
in the Root, w ould be at leaſt Trebled, which“ 
all other ways, are encreaſed but in an equal 


Now, the fore. | 


tions. 


prove theſe Rules, hecauſe 


that 


and 


Number with the given ones. 


Ard the root of the I Power &+ b, kh 


/ Ia 4 I (ober note, the 


ad, as *tis erroneouſly Printe! 


mentioned Rules are eaſily demonſtrated fron} 
rhe Geneſis of the Cube, and the 5th Power. 
For, ſuppoſing the fide of any Cube = a+ef 
zaath 
| And conſequently, if we ſuppoſe 
aaa the next leſs Cube, to any given Non-cu- 
bick Number, then eee will be lefs than Uni-! 


the other 
z aae ＋ z ace I ce. 


the Cube ariſing from thence, is aaa+ 
zare I ece. 


ty, and the remainder 6, will = 
Members of the Cube, 


Whence rejecting eee upon the account of its] 
And ſince I 
Wl 3 


fmallneſs, we have b = zaue + z ace. 


210 

. 

N — 1 27 
I. 

5 
250 


= 


I ” is much greater than are, the quantity 


3 vill not much exceed e; ſo that bag 
E 


b 
= ar then the quantity 1 


„is nearly * will be found 


1 ah 


| 


greater Cubick Number to that given, the ſide 
15. E the Cube a, will after the ſame man- 


. in point of defect, the quantity e, the remain- 
der of the Root thus found, coming ſomething 


jeſs than really *tis. 


= 4 As for the Irrational Formula, tis deriv d from 


o Z £2 
11 Ta 3 4 
e 7 


| 2 4 E +4 4 1 the Root fought. Allo 
"| the fide If the Cube aaa b, after the fame 


r „ —— 
manner will be found to be 2 4 4a 


J•öͤ˖ĩrã 13 34. 


1 DR And 


— Curuoſa, 73 


1 Wh 
f3 * 
4 

iq 
14 

1 
"I. 
14 7 * 
—— 
7 
FS 
Ag 
137 :Y 
4 : 

oF 
3. 


=— which 


he 1 Aud fo | the ide of the Cube aaa +5 will be 


"IT which is the Rational Formula of 
ly j M. de Lapney. But now, if aaa were the next 


ab 
ben | ne be found to be a—— 3 . And this eaſy 


4 and expeditious Approximation to the Cubick 
; : Root, is only (a very ſmall matter) erroneous 


the ſame Principle, viz. b = zaue 3a, or 


* b 
= ac hee, and ſo V 2 aa a + 3. e and 


— . nn TT ITT 
—— RIC 2 —— TS — 
— ES TOY 34a 197 ee - . 


— 


— 
— 1 
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And this Formula comes ſomething nearer to 1 
the Scope, being erroneous in point of exceſs, 
as the other was in defect, and is more accom- 


— —_ 
* 2 5 F RAT I = 
: * 5 * * 8 — CI 
2 _ N * 3 —— J 1 — — ps BF 
a AE, 2 4 ; pas, ly. — — * —- — —— 


4 ; 
j 
'B 
1 
3 
* 
£ 


modated to the ends of Practice, ſince the Re- 


ſtitution of the Calculus, is nothing elſe but 
the continual addition or ſubſtraction of the | 


acc 


join an Example or two. Let it be propos'd to 


find the fide of the double Cube, or a 2. 


be found to be the true ſide nearly. Now, the 
Cube of 1, 26, is 2, 000376, and ſo o, 63 + 


| 1/ 5396910000376, or ©, 63 NV. 39680052 


„„ 


91005291 = 1,259921049895— which in 13 


Figures, gives the ſide of the double Cube, 


viſion, and the extraction of the ſquare Root; 
when as by the common way of working, how 


much | 


Quantity = according as the quantity e can 
de known. So that we ſhould rather - write | 
JC oo Wl 
JV 2 a+-—— +24, in the former caſe, and in 
e . | e I g 
1 E 11 | 1 aa eee — b. 5 : 5 
the latter, 2 4 ＋ VE 1 But by either | 
of the two Formula's, the Figures already known | 
in the Root to be extracted, are at leaſt Tri- 


pled; which I conclude will be very grateful | 
to all the Students in Arithmetick ; and I con- 


gratulate the Inventor upon the account of his Dil- | 

nay : — 
But that the uſe of theſe Rules may be | 
the better perceiv'd, I think it proper to ſub- 


with very little trouble, vizz By one only di- | 


had © 
1 


„ ee 2 


ms „ Ad 
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| Yeinch pains it would have coſt, the Skilful 
very well know. This Calculus a Man may 


, . 
14 
11 
? &# 
i? by 
TY 
4" 
—— 
1 
1 
1 
19 
1 A 
| 4 
» 
: 


Continue as far as he pleaſes, by increaſing the 


Square by the addition of the quantity 775 5 mW 
which Correction, in this caſe will give, but the =—_ 
1 | encreaſe of Unity in the 14th Figure of the | 
E xemp. 2d. Let it be propos'd to find the "1 
ſides of a Cube equal to that Engliſh Meaſure, 9 
commonly called a Gallon, which contains 23x _ - mi 
ſolid Ounces. The next leſs Cube is 216, 1 
r | | whoſe fide 6 a, and the remainder 15 2 6 | 
and ſo for the firſt Approximation, we have 10 


| | iT 7 9 +2-=the Root. And ſince 9,8 333. 
x Fa is 31358... *tis plain that 6,358= 4e. 1 th 
Nov, let 6, 13 58 a; and we ſhall then have for 0 5 
its Cube 23 1, 00853 894712, & according to the 
* | Rule, z, 0679 +v/9441201041 —,000858394712 


— 


E 


© . 18,4070 
is moſt accurately equal to the fide of the gi- 
Iven Cube, which within the Space of an Hour, 
> | TI determin'd by Calculation to be 6. 1357924 
. | 3966195897, which is exact in the 18th Figure, 
| defective in the 19th. And this Formula is de- 
ſervedly preferable to the Rationale, upon the ac- 
| count of the great Diviſor, which is not to be 
| manag'd without a great deal of Labour; where- 
FF the extraction of the ſquare Root, proceeds 
much more eaſily, as manifold Experience has 
taught me. 3 
But the Rule for the Root of a pure Surſo- 
ld, or the 5th Power, is of ſomething a higher 
Enquiry, and does much more perfectly Se 
I 


* — 


7 ————— 
5 ho A OO 2 


2 - . TL ke N 
* 5 — bw rye — 

r 4D ' 
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do the buſineſs; for it does at leaſt Quintuple 
the given Figures in the Root, neither is the 
| Calculus very large or operoſe. Though the Au- 
thor no where Thews his Method of Invention, 
or any Demonſtration, although it ſeems to be 
very much wanting; eſpecially ſince all things 


are not right in the printed Book, which ma 
ceaſily deceive the Unskilful. Now the 5t 


power of the fide a+e is compos'd of theſe 
Members, & + 54% + 104% + 104 ＋ 54 + | 

e&=4@+6; from whence b= 54% +104 + 10 © 
Fe +548, rejecting e* becauſe of its ſmallneſs. 


Whence — = Fe ＋ 280 + 246? Te, and ad- 
ding on both ſides 2%, we ſhall have cr 5, | 
= VA + ae T ＋ 24 + n aa ＋ ae + ee. | a 
Then ſubſtracting 4 aa from both ſides, ja+e | 


— — —ͤ—ñ—ÿꝓ4 — — com am 


„%% ᷑ Ö³flk! Go Ws „„ 
vill VV, Lui which if 3 #be i 


— 


3 A 3 I 
added, then will A 1a + 77 on | 


== the root of the Power 45 ＋. But if it had | 5 
a (the quantity @ being too great) the Rule 


— — — — — — 


1 7 
would have becn thus, 24 + 7 2 4 5 5 * | 7 
And this Rule approaches wonderfully, ſo that 


there is hardly any need of Reſtitution. 
But while I conſidered theſe things with my 
ſelf, I light upon a General Method tor the For- 
mula's of all Powers whatſoever, and (which being 
handſome and conciſe enough) I thought I Would 
not conceal from the Publick, 
| 8 Thi: 


h=ns > 


fas JI 


P 
bg 


2 
0 


"Irrational ones) are thus. 


1 


8 


if à were aſſumed bigger, than the Root ſought 


the Power to be Reſolved, is much nearer the 
Power of the next greater whole Number, than 
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Theſe Formula's, as well the Rational, as the 


yl 
! 
1 
1 * 
3 
4 
1 
1 
- is 
S 
1 
47 * 
| y 
7 : 
7% 4 
\ Be | 
k 12 4 
1 
0 
: : 


OF 


ab 


b 


MTA eee 


And ſo alſo of the other higher Powers. Bur 


(which is done with ſome advantage, as often as 


of the next leſi) in this caſe, Mutatis Mutandis, 
we ſhall have the fame Expreſſions of the Roots, 


Ve 


Miſcellanca Curioſa, 


| 3. 8 4 —3 of Bi == | 
V #—h=; S243 Via — — — I 

V 71 5 ab Y 
» BER 2 3 | Vf 2 So. . 
A at I aa 10 I a 5 $ _ 26 

5 GS. 0 
„ e Or 4— 6a%— 20 

* 1 . N 4 


And within theſe two Terms, the true Root | 


is ever found, being ſomething nearer to the 
Irrational than the Rational Expreſſion. But the 
quantity e found by the Irrational Formula, is 
always too great, as the Quotient Reſulting from 
the Rational Formula, 1s always too little. And 
conſequently, if we have + b, the Irrational 
Formula gives the Root ſomething greater than 


it ſhould be, and the Rational Rang ks. But || 


contrary-wiſe if 1 it be | 6. 


And 


T 
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And thus much may ſuffice to be ſaid, con- 
concerning the extraction of the Roots of pure 
Powers; which notwithſtanding, for common 
Ubdſſes, may be had much more eaſily by the 
belp of the Logarithms. But when a Root is 
to be determin'd very accurately, and the Lo- 

garithmick Tables will not reach fo far, then 
we muſt neccſſarily have recourſe to theſe, or 
ſuch like Methods. Farther ; the Invention 
and Contemplation of theſe Formulz, leading 
me to a certain Univerſal Rule, for adfected 
Equations (which I hope will be of Uſe to all 
the Students in. Algebra and Geometry) I was 
willing here to give ſome account of this Diſ- 


covery, which I will do with all the perſpe- 
cuity I can. I had given at Nꝰ 188. of the 


Tranſactions, a very ealy and general Conſtru- 


ction of all adfected Equations, not exceeding 
the Biquadratick Power; from which time I 
had a very great deſire of doing the ſame in 


Numbers. But quickly after, Mr. Raphſon 
| ſeem'd in great meaſure to have fatisfy'd this 


Deſire, till Mr. Lagney, by what he had per- 
form'd in his Book, intimated that the thing 


might be done more compendiouſſy yet. Now, 


8 


8. my Method is chus 3 
Let x the root of any Equation, be imagin'd 


to be compos'd of the parts a + or — e, of 
which, let a be aſſum'd as near X as is poſſible, 


which is notwithſtanding not neceſſary, but only 


commodious. Then from the Quantity 4e or 


ae, let there be form'd all the Powers of z, 
ſound in the Equation, and the Numerical 
Co- efficients be reſpectively affix d to them: 


Then let the Power to be reſolv' d, be ſub- 


ſtracted from the ſum of the given Parts (in 


g 5 the 
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the firſt Column where e is not found) whic} þ 
they call the Homogeneumm Comparationis, and“ 
let the difference be + 6. In the next placeþ | 
take the ſum of all the Co-efficients of e in th & 
ſecond Column, to which put = s. Laſtly, in] ak 
the third Column let there be put down the!“ 
ſum of all the Co- efficients of ee, which ſum! 
call r. Then will the Root 2 ſtand thus in! 


— 

i 
— 
— 


— — . 7˙—%ð« — 


3 | 5 . 46 - 
and thus in the Vrrational Formula, vi. wg 
att 5+ Vis For; lich patop | , 
| 1 5 = 


may be worth while to illuſtrate by ſome Þ Fes 
Examples. And inſtead of an Inſtrument, let! = 
this Table ſerve, which ſhews the Geneſis of! 


the ſeveral Powers of a+e, and if need be, 
may eaſily be continued farther; which for | - 
its uſe I might rightly call a General Analytical! — 
Speculum. The forementioned Powers ariſing Þ 14 
from a continual Multiplication by a+e (=z) Þ 
come out thus with their adjoined Co-effici- Þ Thi 
ents. See the Table. But now, if it be a—e=z, Þ Qui 
the Table is compos'd of the fame Members, Þ R 7 
only the odd Powers of e, as e, e, e, el are . 
Negative, and the even Powers, as e“, es, , Þ - 
Affirmative. Alſo let the ſum of the Co- effi- he 
cients of the ſide e, be = s; the ſum of the | * 
Co- efficients of the Square ee = t, the ſum of i 
the Co- efficient of & uA of ef=w; of e=x; Þ 5 
of e, &c. But now, ſince e is ſuppoſed As 
only a ſmall part of the Root that is to 50 en- * 
; ork all the Powers of, e, will be much less "= 
than the correſpondent powers of a, and fo far | 


the 
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pie firſt Hypotheſis; all the ſuperior ones may be . 

Fejc&ed; and forming a new Equation, by ſubſti- 
| turing 4e ⁊, we ſhall have (as was ſaid) 
I= e tee. The following Example will 
© Inake this more clear. 1 | 


Example I. 


Loet the Equation . — 3z*-þ 75 210000, be 
| propos'd. For the firſt Hypotheſis, let a=10 = 
and fo we have this. Equation, © on | 


„ 5 n. So | 
E 4% tap, qu +0 
Ad =- da dae de 

er A ca ce 
| ——+ 10000 40008 A Goore 40e | ef 


_ 00 f/ 1 
. = | hh 
— 10000 OE. 45 
4450 — gorge ＋ 59% e- 40e 440 
AF | . 2 3 


The Signs + and — with reſpect to the 
Quantities e and es, are left as Doubtful, till 
it be known whether e be Negative or Affir- 
mative; which thing creates ſome difficulty, 
| ſince that in Equations that have ſeveral Roots, 
the Homogenea Comparationis (as they term them) 
| are often times encreaſed by the minute quantity 
, and on the contrary, that being eſe 
| they are diminiſhed. But the Sign of e is de- 
termin'd from the Sign of the Quantity &. For 
| taking away the Reſolvend from the Homogeneal 
| formed of 4; the Sign of ge (and conſequently 
| of the prevailing Parts 2 the compoſition of it) 
* 5 ( will 
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written with the contrary Sign. 
band, if it be e (let . forementional 
Powers be made Affi mative in the Affirmat it! 
and Negative in the Negative Members of ch. 


will always be contrary to the Sign of the dit) 
ference b. Whence *twill be plain, whether » 


nn CEN 


Now the e e 18226 1 15s - br, when i 


EE 


fernt, 7 1 == EV aa ets But alter It | | 


— ́——ͤů 


found that it will bee „ det the Powers e, e 
ard e, Cc. in the affi: wative Members of th: 5 
Equation be made Negative, and in the Negs| 
tive be made Affrmative *> that is, let them b. 


muſt be + e, or- e; and conſequently wheth} 
a be taken greater or leſs than the True Roi, 


5 te for att ad att egen 


and t have che fire Sign, but when the Signs m 


Equation. 


Now we have in this Exomple af ours, 10.450 
inſtead of the Reſolvend 10000. or b= + 450 
whence 1r 8 plain, that 4 15 taken greater thar I curat 
the Truth, and conſequently, that tis —e, Henc 
the Equation comes to be, 10450 — 401564 
Foyee— 4e +e'=10000. That is, 450-401 


+597&e=0; and fo 450 = 4o15 e — 597% 


4 


On the oth 


or b= 5 e — tee, whoſe Root e=! 5 — V : 55—kiþ 


= es} that 15 in the preſent cad 


at b da "#3 
20072 ee 


597 
the Root ſought, 9, $86, which is near ti 
' Trutl 3 


from whence we b i 


1 hog (if it be + e) the qu N 
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4} ruth. But then ſubſtituting this for a ſe- 
Xond Suppoſition, there comes a+e=z, moſt 
5 eccurarely 9,8862603936495 ...+ ſcarce ex- 
ceeding the Truth by 2 in the laſt Figure, viz. 


pen 9 4. .— ggg e. And this (if need be) 
OS 


may be yet much farther 1 by ſubſtract- 


22 


__ 7 5 +tb, 


from the Root before found ; or if it be 


. ue e+ 


by adding - == to that Root. Which 


* tb 


Ez Compendium is ſo much the more Valuable, 
in that ſometimes from the firſt Suppoſition 
| alone, but always from the ſecond, a Man may 
continue the Calculus (keeping the fame Coet- 


ficients) as far as he pleaſes. It may be noted, 


| that the forementioned Equation, has alſo a 
Negative Root, viz. X = 10, 26.... which any 


| one that has a mind, may determine more ac- 
purately. 


Sam TE; 


Suppoſe x? - 172 454T = 350, and let a= 
AH Then wording to the Peter of the 
F Rule, | 


Yo | +3a%e + za + ee 
— d = da* — 2dae—de* 


r ca ce 


. That 


| 
| 
l 
| 


—— rr e 
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72 5 „%% ---Þþ 
That is, +1000 ＋ 300e+ 308 +6 
1700 340-176 
+ 549+ 54e 
490.5 


„ —510+ 14e+ 130+ &=0. Now, fince Þ 
we 5 510, it is plain, that a is aſſumed 
leſs than the Truth, and conſequently that. e! 
is Affirmative. And from (the Equation) 2 


510= 4+ 130, „ comes e Mule s 
t 1 
6679— 7 .- 
v 9 5 Whence 2b 15, 75 Which ö 


too much, dec of 4 taken wide; therefore | 


Secondly, let a= 15. and of the like way of 


Reaſoning». we ſhall find 645 5 1 — * 8 — 4 EZ 


* * ee 3 8 
7 - 7 


T 


10 V1 10. 
= yy e and conſequently = * = 


14954068, If the Operation were to be n re- 


peared the third time, the Root will be found 
_ conformable to the Truth as far as the 25th þ 
Figure; but he that is contented with fewer 
by vriting th te? inſtead of tb, or ſubſtN 


cting or adding = 


found, will preſently obtain his end. Note 


the Equation propoſed, is not explicable by 


any other Root, becauſe the Reforms 350, Þ 


greater than the Cube a= 


5 


E np 


ch to the Root befor: | 


W000 Se; oct WT a> 
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Example 111. 


; Let us take the Equation =. 80 z3 + 1998 


3 14937 & 5 5000 o, which Dr. Wallis 
uſes Cap. 62 of his Algebra, in the Reſolution 
of a very difficult Arithmerical Problem, where 
by Vietas Method he has obtained the root moſt 


accurately; and Mr. Raphſon brings it alſo as an 


T 


| Example of his Method, Page 25, 26. Now 
this Equation is of the form, which may have 
| ſeveral Affirmative Roots, and (which increa- 
| {es the difficulty) the Coefficients are very great 
in reſpect of the Reſolvend given. 


But that it may be the eaſier managed, 


let it be divided, and according to the known 
Rules of Pointing, let — . 8$23—20 2 + 
[2154 o, 5 (where the quantity z is % of & 


in the Equation propoſed) and for the firſt 


Suppoſition, let 4 = 1. Then +* — ße — 26 


— . — — 


7 4 


| hence e 4 K 5=4/ 37—5, and fo 


21, 27; Whence 'tis manifeſt that 12, 7 is 
| near the true Root of the Equation propoſed. 
| Now Secondly, let us ſuppoſe z= 12, 7, and 
then according to the directions of the Table of 
| Powers, there ariſcs 


b 5 | t 


226514, 4541—8193, 5328-967, 74e.— je, 887 —es 
7163870, 640 + 38709, 60e 43-48 eo e 
232225), 42 — 30749, 2 1998 e 
7.185699, 9 14937, % 


Je 


G 3 | That 


4 . I , 4 __ = — 
— — — — — 
— —L—— uc — 
4 6 "NEXT — — 
K _ 4 3 — 
- 
- «ll 
Wye - * ” 1 4 17 - 4 (1 5 « — 


n 


gy 


— el 9 — — 
5 8 2 1 . LT» E 
s CITE — 
— 8 


mm = % 204" . * _— * 1 = nn — 
„% 5 3 8 > 6 . * 
: 4 Ss - . _ A ” 
* , 6 Aga. F OT, 
3 —— 


2 3 
* 2 6 
* 
— — 
— — —-—-— 
— 8 3 
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That is, +298, 6559 - 5296 132 e +82, 265 ö 
+ 29, 26 — 4 o; And ſo— 298, 6559= -= 
5296, 132e+82, 26ee, whoſe Root e (accord. 


—— 
jv} 


ing to the Rule) = © « 


2648, 066—4/6987686, 106022 


Cn 
pore ( 2 


82, 26 5 


205644080331 ....=e leſs than the Truth. Bu Þ P 
that it may be corrected; tis to be conſidered Þ 


4214 
Luc - C 


— —— . — — 


Oo 26201 


that Vau-bi 0] 26434230 


and conſequently e corrected, is = 0564470445. ö | 
And if you defire more Figures of the Root, | 


from the e corrected let there be made 
tue tes = 0, 43105602423 «.., and 


2 * -bt--tuc te or which is all ond, Þþ « 


— — — — 


2648, 066 6987685, 67496597577 
82, 26 3 8 


05644179 448074402 =e; whence 44 =z 
the Root is moſt accurately 12, 7564417944 


074402 . as Dr. Wallis found in the for | 


mentioned Place; where it may be obſerved, 
that the repetition of the Calculus does eve 

triple the true Figures in the aſſumed «4 

3 q 4e — 1 of 

which the firſt correction, or O05 
5 : v 55 $5—bt ? 5 | 

_  quintuple; which is alſo commodiouſly don: 
by the Logarithms, But the other Correctio! 


alte 


+ bt comes toÞ | 


is. 00000099, Þ 


cern 
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2 yn 
: ; 


| after the firſt, does allo double the number of 1 
ö Feet ſo that it renders the aſſumed altogether 14 
Seyen-ſold; yet the firſt Correction is abundant- 

y ſufficient for Arithmerical uſes, for the moſt ; 

part. „ | Ng 5 | | 100 

But to what is ſaid concerning the number 110 

of Places rightly taken in the Root, I would FM 

| have underſtood fo, that when a is but 7. part ' | 
diſtant from the true Root, then the firſt Fi- | 

| pure is rightly aſſumed ; if it be within „, 

pat, then the two, firſt Figures are rightly af 1 0 
ſumed: if within „o, and then the three firſt 114 

| are ſo; which conſequently manag'd according to = 

our Rule, do preſently become nine Figures. 7 4 


. 

| | | | . | i 
It remains now that I add ſomething con- 10 
eening our Rational Formula, viz. e ——- 1. ih 
7 1 N ö 8 ö | 333] 
0 ö | 


which ſeems expeditious enough, and is not 
much Inferior to the former, ſince it will triple 
the given Number of Places. Now having form- il 
ed an Equation from a-++e= =, as before, it will bf 
preſently appear, whether a be taken greater or 14 
es than the Truth; ſince 52 ought always to bi! 
| laye a Sign contrary to the Sign of the diffe- "i 
- Þ zcnce of the Reſolvend, and its Homogencal produ- | 9 
ced from 4. Then ſuppoſing + 6+ e A lee 
o, the Diviſor is 55—zb, as often as 7 and 6 
| live the ſame Signs; but it is 5s + bt, when they 
we different ones. But it ſcems moſt commo- 
, dious for Practice, to write tae Theorem thus, 
u 5 5 5 
r ſince this way the thing is done by 


C 


« | © Multiplication and two Diviſions, which 
| itherwiſe would require three Multiplications, and 
e Diviſion, 


—__ DO. - L p * Pen” . 
— | - 8 * hg * K ** 
E ˖ „ — * ov RG NOS * 2 "Sa 
J „ 222 — : 3 IS 
. * 3 - __— CO ne geo l 
b — 1 — —— cv 


* 8 — — 37 2.aqpomts.-< — 
8 — — — 
—— — — 


1 G4 Let 


— Aa 
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% — tf +4 
20—& , and fo ae; that is, let it 
th 


6559 into 82, 26 (4, 63 875 5 wherefore the E 
Diviſor is 5 — 8 5291, 49325 ‚ 298, | 


92 q 
Let us take now one Example of this Method, 43 
from the Root (of the foremention'd Equation) } 


12, 7. . . „ Where TO — 
298, 6559 - 5296, 132e+82, 286 2 


6559 (0, 56441... . . e, that is, to five trieÞ \f= 


Figures, added to the Root that was taken. But] 
this Formula cannot be corrected, as the forego: 


ing Jrratiozal one was; and fo if more Figures of þ "ot 


the Root are deſired, tis the beſt ro make a new 
Suppoſition, and repeat the Calculus again: And 
then a new Quotient, tripling the known Figures Þ 
of the Root, will abundantly fatisfie even tl Þ 
moſt Scrupulous. | N 


Tet 
LF 


— — 
J 


—"WC 
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of the third or fourth Power, by the 


Circle, 


OW all Equations (that involve the 


W\ known Quantity) may be conſtruct- 


3 — [a and a Circle, the Famous M. Des 
Cartes has ſhewn and clearly demonſtrated in the 


orders the ſecond Term of the Equation (if it be 
there) to be thrown out, and then by the Rule there 


| delivered, to find the Roots of the Equation ſo 


reduced. 


And ſince that Operation ſeems too Laborious, 
ſome thought fit to invent a like Conſtruction, 


vithout any previous Reduction. Amongſt whom 
Francis a Schooten has offered a Method (for con- 


ſtructing Cubical Equations howſoever affected) 


| which might have been called very eaſie and ſim- 


ples if (by unfolding the Principle from whence 
e deduced his Rule) he had better conſulted his 


Reader's Memory, which he burdens with ver 
many and perplexed Cautions. But lately our 
Famous Countryman, Mr. Thomas Baker, in a 
whole Treatiſe written upon theſe Conſtrudti- 
ons, 
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| A Diſſertation concerning the Conſt rucli- 
on of Solid Problems, or Equations 


| hdp of one (given) Parabola and a 
By EpmunD HALLETI. 

third or fourth Power of the un- 

ed by the help of any given Parabo- 


Third Book of his Geometry. But he firſt of all 


. 7 93 
he En 88 . 


— n59 2<Y 5 
— E = IE I Ig, 7 


i 
[ 
i 
| 


— 
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ons, has comprehended not only all Cubic, 
but alſo Biquadratical Equations of every kind, 
under one general Rule, which he has demon. | 
ſtrated, and abundantly Illuſtrated with Example 
through all Caſes; and moreover at the Cloſe, ! 
propos d a way, by which that general Rule 
might be Inveſtigated. But he does not ſhey 
the very Method, by the help of which (as ! 
ſuſpect) he obtain'd his Oniverſal Geometrical 
Clavis, or at leaſt might have obtain'd it with 
much more eaſe. And ſince this Rule of Bakey's 
is no lefs perplexed with Cautions about the 
Signs + and — than Schooten's is, ſo that a Per- 
ſon can hardly perform thoſe Conſtructions 4. 
right, without he has the Book by him; 


— — — — * 


thought that it would not be either Unpleaſant 
or Unprofitable to young Students, to explain 


the Foundation of both Rules, and by ſom: 


emendation of the Method once more, to afford 


as much light as I could in fo difficult a Mat 
ter. Carteſms's Conſtruction (which does very 
eaſily diſcover the Root of all Cubick or Biqui- 


dratick Equations, where the fecond Term 1: 
wanting) may be ſuppoſed as known, Yet finc: 
*tis the main bottom, on which all that follow: 
does depend; that this Diſſertation may not ſec! 
to want a principal Parr, I'll here add the Ruk 
taken out of his Geometry, altering ſome few 


things (as I think) for the better. 8 ö 
Ihe ſecond Term being out of the Equati- 
on; all cubical Equations, are reduced te 


this Form, L. aps aaqzzo; and Biquadta- 


tical ones to this Form, . . r. 4%. 
ar =0; Where 4 denotes the Laus Retlum vi 


any given Parabola, which is uſed in 1. 
RY 35 Lan- 
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F onſtruction. Or elſe taking a for Unity, 
thoſe Equations are reduced to theſe Forms, 


N p L. To. rs 0. Now the Parabola FAG, Fig. 95 be- 
ing given, whoſe Axis is ACD KL, and Para- 


meter =4 or 1; let AC be taken a, and 


2 


be ſet off always from the Vertex A, towards 


the inner parts of the Figure. Then take CD 


5 5, in that Line AC, continued towards C, if 


it be ---p in the Equation, or towards the 
| contrary Point, if it be - p. Farther, from the 


| point D (or from the point C if the quantity 


| p be not in the Equation) Let DE (erected 
perpendicular to the Axis) be made = 


which is to be ſet to the right hand, if ir be 


- bur to the other ſide of the Axis, if it be 


| +94. And then a Circle deſcribed on the 
Center E, which the Radius AE (if rhe Equa- 

tion be but a Cubical one) will interſect the 
|. Parabola in as many Points (viz. P, G, G,) as 
| the Equation has True Roots, of which the 


Affirmative ones, as GK, ſhall on the right 
fide of the Axis, and the Negative ones as 


FL, on the Left. But if the Equation be a 


Biquadratical one, then the Radius of the Cir- 
che AE, by adding (if it be -r) or Subſtract- 
| ing (if it be r) from the Square of it, the 
| Reft-angle ax7, or the content under the Pa- 


rameter, and the given Quantity 7; which is 
very caſily done Gceometrically. And the In- 
terſections of this Circle with the Parabola, 


will give (letting fall Perpendiculars from 
thence to the Axis) all the true Roots of 


the Biquadrarical Equation; the Afirma- 


tive ones heing on the Right fide of the Axis, 


and the Negative ones, on the Left. The de- 
f . monſtra- 


viz. Cub. . % . q= 0 and Biquadr. ,. pzz. 


ro. lth — 8 . r 
2 * — * - n — 
8 3 A ac rote 
: þ —— — — _ - 
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monſtration of all which I leave to Carteſus ti 
Inventor. Let it be Noted, that I endeavou þ 
here that the Affirmative Roots, may always be 
had on the Right fide of the Axis, to avoid the 
Confuſion that will neceſſarily ariſe from a mul. Þ * 
titude of Cautions, where the reaſon of them i; Þ * 


not evident. 


Having premiſed theſe things in order to | 
make way for the conſtruction of theſe Equ- Þ | 


tions, even when the ſecond Term is found in Þ 
them, we are to conſider the Rule it ſelf for Þ 
taking away the ſecond Term, and reducing the Þ 
Equation to another, ſuch as might be con-! 
ſtructed by the foregoing Method. Now all Þ 
Cubick Equations of this Claſſis, are reduced 


to this form, x? bzz. apz. aaqqzo, or to this, 


2. bz*, . aaqzo. Biquadratick ones may be 


reduced to this, 3%. bz3. abr. ads. air o, Or 
this, z*. or this 2% bz3.y. aagz. ar =0, or 
this, . 625 APY". . AY = o, Or laſtly, to this 
Form, 24. bz* . . Aro. From all which 
there ariſes a great Variety, according as the 
Signs + or — are diverſly connected together: 
and hence the General Rule ſerving all theſe ca- 
ſes, 1s rendered very obſcure and difficult, un- 
leſs (managed by the help of the following Me- 
thod) it be cleared up and deliver'd from tholc 
e,, 3 
The ſecond Term in Biquadratical Equat!- 
ons, is taken away by putting x=z+46, it it 
bet m the Equation; or x=z—: 6, if it b. 


6. Hence x—* b in the firſt caſe, and x | 


+6 in the ſecond, is S; and fo in any Equs 
tion propoſed, ſubſtituting inſtead of z, it: 
Equal, there will come forth a new Equation. 
wanting the ſecond Term, all whoſe Roots 


£4 
K 
, 


d 
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J0 exceed, or come ſhort of the ſought Root ⁊, 
by the given difference 4 6. But ſince in things 


| of this kind, Examples do more than Precepts, 
kt us propoſe one or two Equations to be con- 


| ſtructed. „ 


= Example I. 


| 24+ b23 —ap3R-onatghe + Ar o. 

put x---56=z, and then will 

*I bx T= N 
*.* Kb. and 
* ++ N *, £0 = 28 


Hence it follows, that 


ib ba fee, 6K 6b K. 
br -A +4 Oxon b 
-r Ta pb — b apb* = Apr 
4 qu +54 -A qu, 


Ia v 


The ſum of all theſe is a new Fquation 


wanting the ſecond Term, and which conſe- 
| quently may be conſtructed by Cartes's Rule, 
by taking inſtead of 5 p, half the Coefficient 
of the third Term, divided by 4 or the Para- 


meter, that is — 1 „ 2 p; and inſtead of 34, 


half the Coefficient of che fourth Term, divi- 

1 | 5 55 P56 | 
ded by aa, that is, + 7; += 44. The 

Mem- 


8 
"nt 
as. 
© 0 
60 
0 

0 
1 
14 
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quired for Conſtruction, whoſe 


draw1n 


Perpendiculars terminated on this 


gative ones on the Left. 


Members of which that have the Sign + a: | 
to be ſet off at the left Haud from the AI 
and thoſe that have the Sign —to the Rig; 
in order to find the Center of the Circle . 1. 
Interſection; Þ 1 
with the Parabola (letting fall perpendicub Þ 
to the Axis) may give all the true Roots „ 
namely, the Afirmatide ones on the RighÞ 
ſide of the Axis, and the Negative ones on 
the Left. But now, when * — 4 . then 
a Line Parrallel to the Axis on the! 
right {ide of it, and at the diſtance of + b, the! 
Parralle), Þ 
will denote all the enquired Roots , the A 
firmative ones on the right ſide, and the M. 
As for what relate 
to the Radius of the Circle, it is had, by ad- 
ding the Negative, or taking away the Af. 
firmative parts of the fifth Term divided by 


aa, from the Square of the Line AF, drawn i 
from the Center E found, to A the Vortex of 


the Parabola; which is moſtly 


the Square of EO be encreaſed, if it be ---7 
in the Equation, or diminiſh'd, if it be þ r, by 
the addition or ſubſtraction of the Rectangle 
ar; from whence the Radius of the Circle de- 
fired, is compos'd. This Method of inveſtigz- 
ting Mr. Baker's central Rule, is eaſie and fies 
from all Cautions; and the difference ariſes on- 

e | Iv 


done, by t- 
king inſtead of AE, the Line EO which s Þ 
terminated at O the Interſection of the Para- 
bola, and the fore-mentioned Parallel; for the 
Square of this comprehends all the parts of Þ 
the fifth Term, brought into the new Equa- |þÞ 
tion upon the caſting out of the ſecond Term, Þ 
as is eaſily proved: And it remains only, that 


fict 


41 72 ce 52 — — = ha 


s * wo 


from hence, that I determine the center of the Cir- 


1 ahvays have ſome Affirmative Roots on the 


Ti br fide the Aris, which he has ſometimes on the 
; 1 bh fide, and ſometimes on the left. 

15 "ks for the Cubical Equations, they are to be > 
Þ jeduc'd to Biquadratical ones, before they can be 
| conſtruded by the ſame General Rule; which 


3s done by multiplying Equation propos'd by its 


| Root ⁊, whence ariſes a Biquadratick Equation, 
in which the laſt Term or r, is wanting. 
| Wherefore taking away the ſecond Term, and 
| finding the Center E, the line EO is the Ra- 
dius of the Circle; viz. When ar iso, and 
the whole fifth Term in the new Equation, 
ariſes from the taking away of the ſecond 
Term. Let this W be propos d to be 
N conſtructed. 


E IL. 


L — bz,? + aps + aagz=o, 


| which multiply'd into =, becomes 


U + ape? +adge= o. 


To take away the ſecond Term, pur 


x+2 b==z, and then will 


| xt +bx® PE bbx*+ 86 b*x+ 25 gb = at 


—bx* AN K- === 
tapx* + WI ＋ pu 3 — + ape” 
1 15 +aaqux + 4 aaqb=+ aaq. 


| Now in this new Equation, the half Coef- 
| ficient (of the third Term) divided by a, wiz. 
| —=36b 
| = „ +3Þ> is to be uſed inſtead of + p; ; and 


the 
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, by the Axis, and he by a Parallel to the Avis, and 
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the half Coefficient of the (fourth Term) d f 


vided by a a, the Square of the Laus Ketlum Ma 


„ 777... 0 nl 
OT: 4a ＋ 2 4» is inſtead of + , CT 


in Carteſiuss Conſtruction, from whence the Cen- © 


ter E is determin'd. Then drawing a Pari. 


jel to the Axis, at the diſtance * 6, to the I ; 


4 


ſide (becauſe of X + + b) whoſe Interſecti. f x 
on with the Parabola, let be O; a Circle de. 8 
ſcribed on the Center E with the Radius EO, . 


will cut or touch the Parabola in as mam 
Points as the Equation has true Roots, which! 


Roots, or , are the Perpendiculars let fall fron 
thoſe Points upon the Parallel to the Axis 
the Affirmative ones to the Right fide, and 
the Negatives to the Left. If the third or 
fourth Term, or both, be wanting in the Equs- * 
tion, there's no difference at all (of the Me. . 


thod of Inveſtigating the Central Rule) to be | 


obſerv d. But the quantity p or 4 being want- Þ' 
ing, thoſe parts of the Lines CD and DE (n 
ſome manner deduced from that Quantity) 


will be wanting too, and we are to proceed 
with the other Co-cfhcients of the third and 


fourth Term in the new Equation, according 


to the way preſcrib d in the foregoing Exam. 
ples. 15 8 


Hitherto we have conſider'd Mr. Baker's ö . 


General Method, than which none more Eafie 


and Expeditious is to be expected, uſing cither 
a Parabola, or any other Curve for a Conſtru- 
_ Etion, viz. when the Equation riſes to the Bi- 
quadratick Power. For while T am writing 
of this, *tis my good luck to hit upon a cer- 
tain Geometrick Effettion of the central Rule, 
which is Expeditious beyond Hope, Nate 
abun-. 
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Pundantly ſatisfy thoſe that are curious in theſe 
Matters. | | | | | 
(Eg. 10.) Having deſcrib'd the Parabola NAM, 
E whoſe Vertex is 4, Axis ABC, and Parameter a; 
kt the Equation be reduced to this Form, &. G. 
. aaf. Ar. = o; or if it be only a Cubical one, 
] to this, 23, Hr. ap⁊. aaq = 0. Then at the Di- 
ſtence BD 2b, let DH be drawn parallel to the 
Axis (to the Left Hand if it be— 6, and to the 
ö Right if it be + 6) meeting the Parabola in the 
point D, from whence let fall BD perpendicular to 
the Axis. In the Line AB continued towards B, 14 
make BK = 2 4, and draw the Line D K inte mi- e 
nate on either fide. Farther, take KC = 2 AB, li 
always in the Axis produced beyond X; and if the 
| Quantity p has the Sign —, take towards the ſame 1 
Parts, C E = = Þ» but towards the contrary Part, it; | ; | 
Þ itbe + p. Then at the point E (bur at the point I 
Jcif the Quantity be wanting) erect E F perpendi n 
| cular to the Axis, meeting (if need be) the Line _— 
D E produced, in the point F, which Point is the v1 
Center of the Circle required, if the Quantity be .. 
| wanting. But if q be in the Equation, then we 4 
muſt rake in the Line FE (if need be) produced 
the Length of FG=2 q, which place to the Left 
| Hand if it be 4- 4, but to the Right if it be — 3; 
and then the point G will be the Center of the Cir- 
| cle required for the Conſtruction, and the Radius of 
it, will be the Line GD, if the Quantity 7 be 
| wanting, that is, if the Equation be only a Cubical 
one; the Square of which ſame Line (in Biqua- 
dratick Equations) is to be increaſed by the Ad- 
, © dition of the Rectangle under 1 and the Latus 
Kectum, if it be — v, or to be diminiſhed by the 
| fame Rectangle, if it be + r. The Circle thus de- 
|| ſcrib d, and Perpendiculars let fall from its Inter- 
J {tions with the Parabola, to the Line D H, thoſe 
3 „%%ͤͤũU i 
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that are at the Left Hand as NO will always | . 


the Negative Roots of the Equation, and thoſe x 
the Right, the Affirmative. 


Cubick Equations are otherwiſe (and ſomethin | 


more ſi imply) conſtructed according to Schooten 


Kule, in which alſo the Roots reſpect the Axi; 5 


But becauſe the Inventor himſelf does neither c. 


plain the Inveſtigation nor Demoyſtration, it vi 
not be amiſs to ſhew the Foundation of it her e, and 


at the ſame time render the Geometrick Conſtrudi. 


on more Elegant, and rid it of thoſe. Cantions u 


which” tis involv'd. _ 
This Rule is deriv'd from hence, that every Cu- 


bick Equation may be reduced to a Biquadratiq 
one, in wich the ſecond Term is wanting. Which 


is done, by multiplying the Equation propoſed in 


to - ho, if it be +6 in the Equation, o | FR 


into & + þ= o, if it be — 5; and the new Equz- 


the Cubical one, and moreover another equal to 
—b6, if it be — b, in the N or contra: 
wiſe. 

Let the . — + aps + ang =, 
be propoſed to be conſtrudted ; N this in 
to x + b, and it makes . 


* — 2b I-45 * + A | 
—+ 2/b — bbz* + abpz + ab 


Here now the ſecond Term is wanting, and 


gives — 2 55 in the room of tp or CD 


nn Cartefo as's Conſt uction; 3 and from half the C0. 


een of the fourth Tem 1s made ; 27 +5 ; 


inte 


tion thus form'd will have the ſame Roots wit _ 
| equal 
Arch 
| thoſe 
Line 
in tl 
the A 
| 1] ward 
Ward 
point 
the Coefficient of the third Term — bb +4 ae 
Rig 
to tl 
bent 
| Circ] 
hrs t 
Parab 


1 OE] of £ q or DE, and fo the Center of the Cir- 


1 ; [ie ſought is determin'd. Alſo becauſe one of the 
| Roots of the new Equation, viz. +b is given, 


a point in the Circumſerence will be given too, and 
1 | conſequently the Radius. Laſtly, Having deſcrib'd | 


the Circle, Perpendiculars let fall from its Inter- 

ſections with the Parabola, to the Axis, will give 

dhe Roots of the Equation, both Affirmative and 
Negative, in the ſame manner as before. 


* Now the Center of the Circle is ſound by a 
KF moſt eaſy Conſtruction, and which is to be preferr d 


to all others, in Cubick Equations. 
Hg. 11. Let A be the Vertex, and AF the 
Axis of the deſcrib'd Parabola A M D; at a Di- 
ſtance equal to h let D K be drawn Parallel to 


he Axis, to the Right Hand if it be in 
dhe Equation, and to the Left, if it be — 4; 
V»hich Line ſuppoſe to meet the Parabola in the 


point D, Upon the Centers D and A, and with 
| Arches, interſecting one another, and through 


| thoſe Points of Interſection draw the interminate 


the Axis in E. From E ſet off EF = p, down- 
JVorde, if it be —p in the Equation, but up- 


wards towards A if it be E y; then at the 


a point F (or E, if p be wanting) erect the Per- 


my pendicular FG, meeting the Line BC in 6, 
"Wind in G produced take GH = 9, to the 


7 Right Hand, if it be — q in the Equation, but 


to the Left, if + 9. Then will the Point 77 
de the Center, By HD the Radius of the 


Circle ſought, which (letting fall Perpendicu- 
— will ſhew all the Roots (as L M) 
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equal Radij, deſcribe on both ſides two occult 


Line B C which cuts the imaginary Line AD 
in the middle and at right Angles, and meets 


this to the Axis from its Interſections with the 


+ WE. 


8 & Þ of 
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of the Equation. And how this Conne Te 
on follows from what went before, is evidei fg 
, enough of it ſelf, ſo that there is no need 9 


: ENDED. 


inſiſting any farther upon the Dcmonſtration 0% 
It. 


: £20 
E 3 
* 
N 2 
* * uh 
6 "6 * 
x i 
F 
N 
+ 


eee 0060006006036 


| A Diſcourſe concern Ng the Number 


| of Roots, in Solid and Biquadrati- | 
cal Equations, as alſo of the Li- 


nuts of them. 


By E. HALLEx. 


DH gl a Method, by which ſolid Problems 


| wards the latter end a certain pleaſant Speculation 
offer'd it ſelf, namely, that from theſe Con- 
ſtructions, the Number of Roots in any Equa- 
| tion, with their Limits and Sizes, would eaſi- 
| ly follow and be determin'd, Upon which ac- 
count, I promis'd that I would quickly write 
2 ſhort Diſſertation concerning this Subject, in 
which I was perſuaded I ſhould perform ſome- 
thing got unprofitable nor ungrateful (if not 
to the Geometers of the firſt, yer at leaſt) to 
| thoſe of the ſecond Rank. : | 
But coming to look nearer into the Buſi- 
neſs, 1 found I was imprudently fallen in 
| among ſome of the profound Dithcultics of 


Geometry, and deſtin'd to handle the fame _ 


| Things , that formerly employ'd the Pains 
ef two IIluſtrious Men, Harrios and Cartes; 
| | H 3 Th 
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D Auing in the precedent Diſcourſe ſhewn 
ue 


however affected, might be conſtructed 
after a moſt ſimple and eaſie manner, by 
tze help of one given Parabola and a Circle; to- 


yy 77770 
2 . — 
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in which they either of them (by a like Fate! 
tho” in a different way) committed a Pars Þ F 
logiſm, perhaps the only one in all ther i 
Geometrical Writings; as ſhall be afterward; 
Wherefore being ſenſible, as well of! 
the Difficulty, as the Excellency of the Sub. 
ject, I refolv'd to apply to it ſtrenuouſſy, Þ 
that I might not be thought unable to per-! 

form my Promiſes, and that fo noble part f 
Geometry, and ſo little cultivated, might i 


prov'd. 


not lie any longer wrapt up in Darkneſs, bur 


be. render d plain and intelligible by the | 


few Lucubrations of - mine. But firſt the 
Reader muſt take notice, that while he ſetz 
to the Reading of this, he ought to have 
the foremention'd Diſſertation (. 188.) at 
hand by him, and to underſtand the Con- 


ſtructions there delivered. very well; becauſe 


thoſe. things that follow do chiefly depend up- 


on them, neither are they to be here repeated 


again. . . 
b It is plain from Carteſius, and what ws 
there ſaid, that both in Cubic and Biqua- 
dratick Equations, the Roots may be expour- 
ded by Perpendiculars let fall, upon the Axis 
or given Diameter of the given Paraboh, 
from the Interſections of that Curve with 4 
Circle. And whereas when a Circle inter- 
ſets a Parabola, it muſt neceſſarily do ſo, 
either in four or in two points; it's manifeſt, 
that in Biquaaraticks there muſt always be, 
either two or four true Roots, Affirmative or 
Negative; as alſo if the Circle happens to 


touch it, in which caſe the equality of two 


Roots of the ſame Sign, is concluded. But 
in Cubic Equations, becauſe one of the Inter- 
| ſectioas 
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Fore either but one, or the three remaining 
"Roots, do denote one or three; as in the 
Ec of Contact; whence its plain, that there 


re found two equal Roots, and that the Pro- 


blem from whence the Equation reſults, is real- 
| Jy Plain. 


Therefore all Cale Equations however * 


ſeed); are explicable by one, or by three 
| Roots, which are always poſt ible, that is, if 
Ewe admit Negalive Roots for trac ones. 80 


| Biquadraticks whoſe laſt Term r is affected 


1 four ; ; bur 1 


it be o great chat V G D 7 — ar (See Fig. 10.) 


be leſs than that the Circle deſcrib'd with that 


Radius and on the Center G, can touch the Pa- 
anabole in any point; the given Equation is al- 
together impoſſible, nor is it explicable by any 
| Affirmative or Negative Root; but more of this 
in the following Pages. 


„ Now ſince there is ſo great a difference be- 


„ teen the Caſes of Cubick and Biquadratick 
Equations, that they cannot be comprehend- 
ed together, we will firſt of all handle the 
Cubicks, and then the others. The Cubicks 


Circles in a given Parabola; but the Biqua- 


o Cubick Equation is reduced to a Biquadratick 


o having the fame Roots with the Cubick, and 


it beſides that, another Root equal to e; whence 


In comes to paſs that the Cubick Equation 


s i H 4 may 


Ections is requir'd to the Conſtruction, there 


with the Sign —z are explicablc by two. or 
it be +r in the Equation, and 


are conſtructed by an infinite Number of 


E draticks by one alone (at leaſt by theſe. 
| Methods ) and that becauſe, putting z---e (or 
any Indeterminate J equal to nothing the 
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may be conſtructed by as many different Cir.þ © 
cles, as you can imagine Quantities e, tha 
is, an infinite Number. But among all the þ * 
that which I gave before, is the eaſieſt. Ya © 
there is another not much inferior to the! 
which ſeems better accommodated to the d. 
ſigns of determining the Wumber of th}. 
Roots and their Limits; and which aig 
from the taking away of the ſecond Tem, 
by putting after the common way x- 21 
+ or — 45 of the Coefficient of the ſecond Þ 
Term. Now this way is thus: The Parabok Þ | 
ABY (Hg. 12.) being given, whoſe Vertex b 
A, its Axis AE, and Latus Rectum a, kt the! 
Equation be reduced to the uſual Form, vx. 
. bz*, ap. ang. o. Then at the diſtane Þ- 
of + 6 let there be drawn BK (parallel to 
the Axis, to the Right Hand if it + 6, other. 
wiſe to the Left) which meets the Paraboh 


in B; and let the Line DP interminate on 


both ſides, be erected perpendicular to the 


ſuppos'd Line AB, meeting the Axis in the 
point G. From the point B, let fall the 
Perpendicular B C, and let GE be always made 
equal to AC, and be ſet off towards the 
lower parts. From E ſet off EH = z p, up- 
wards if it be ＋ p in the Equation, but 
downwards if —p; and from the point V. 
(or E, if the quantity p be wanting) let the 
Perpendicular H Q be drawn out, meeting 
the interminate Line NP in O. Laſtly, in 
the interminate Line HQ, make ORS + 4, 
from O to the Right Hand, if it be — 9, but 
to the Left, if + 7. Then a Circle deſcrib'd 
on the Center R with the Radius RA, wil 
cut the Parabola in as many goints, as the 


Equacion 
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J Equation propos d has Roots, and they will 
be the Perpendiculars Z V, let fall from the 


Inte ſections T, to the Line BK parallel to 


the Axis; of which thoſe that are to the 


? Right Hand of the Line BK, are the Afir-, 
nume ones, and thoſe to the Left, the Ne- 


IT gal ive. 


he conveniency of this Conſtruction, lies 

ii this, that 'tis perform'd by a Circle paſ- 
| ſing thro the Vertex, in the fame manner as 

if the ſecond Term had been wanting, And 
therefore to determine the Number of the 
; 
: 


Roots, tis ſufficient to know the Properties 


of the Place, or that Curve Line which di- 


ſtinguiſhes the Spaces, in which if the Cen- 
eder of the Circle (that paſſes thro' the Ver- 


1 | 8 
e of the Parabola) be placed, the Circum- 


| ference of it ſhall interſect the Parabola ei- 


ther in one or in three other points: That is, 


to define the Nature of that Curve, in which, 
e fall the Centers of all rhe Circles paſling 


e thro' the Vertex, and then touching the Pa- 
e rabola, Now this Locus, is that very Para- 


e boloid, which the celebrated Dr. Wallis calls 
e the Semicubical, in which the Cubes of the 
>» | Ordinates are as the Squares of the corre- 


| which, is £3 of the Latus Rectum of the gi- 
ven Parabola, and its Vertex the point U 
| Retlom of the ſame Parabola. That is, if 
ve put unity for the Latus Rectum of the gi- 
ren Parabola, then *. of the Cube of the 


| intercepted Diameter; or the Cube of + 
e VH = the Square of AR, viz. if R | 
3 Center 


ſpondent Abſciſſes. The Laus Rectum of 


(Fg. 12.) the Line AU being half the Latus 


| ordinate applicate, will = the Square of the 


| 3 q 
be the 
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Center of the Citcle that paſſes thro' the Ver. 
tex of the Parabola, and touches the fame af. þ 


mim Mr. Nell (the firſt of all Mortals) de. 
monſtrated to be equal to a given right Line, 
and by that means obtain'd a Reputation 


perties have been curiouſly | enquir'd into, by 
Pr. Mali, (at the end of his Book of te 


Tract of the Evolaion of Curve Lines) and 
_ ethers, whofe Writings the Reader may con- 


the Axis of the Parabola (viz. VNL, VPX) 
comprehends à Space, in which if the Cen- 


tex A) be placed, it will cut the Parabola in 
mote fröm the Axis, do afford Centers for | 


pany. 8etidet the” Vets, ' '  -- 
Theſe things, well underſtood, we are now | dif 


This is that Curve which our Country. 


among the principal Gegmetricians. Its pro- 
Cifſoid) and Hugtnius Prop. 8. & 9. of his 


file, This Curve deſcrib'd on either ſide of 


” 


ter of the Circle (which paſſes thro' the Ver- 
three other points. But the Spaces more re- 


Circles thar will cut the Parbola but in one 


* 


* 
* 


prepard to determine the Number of the 1 E. 


Roots. And firſt' of all, let the ſecond Term fill 


be wanting, and let the Latus Reltum r 1, or 1 + 
AV = 2. In the Conſtruction VH is , HR Þ 


22 93 and ſince if it be y in the Equation, the 
2 p is to be {et of from Y towards the upper i 3 


parts; the Center of the Circle is always J it 
found without the Space LVX, and therefore Þ dif 
15 explicable by one Root only, which is Ai- Ce 
firmative if it be — , Negative if + ; and N 


theſe Roots may be inveſtigated by Cardar's U 


Rules. But if it be — 5, then UH = p, v f ® 
ſet off towards the lower parts; and it is ih 


poſſibl 


B ͤ⅛Ä—B ̃ —ylÄ | HOTTL. 8 


5 uz 
1 ee. 
v7 

£43 

+ 
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doſlible that HR may fall between the Axis and 


the Curve UX or UL, viz. if the Cube of 3 
Ul or of p, be greater than the Square of 153 


that is, if 2. P be greater than 4 / in which 


caſe there are three Roots, two Negative, if 
it be — , and one Affirmative equal to the 
ſum of the others; but if it be + 75 then 


| there are two Affirmative ones, and one Nega- 
tive. But if 2 p? be leſs than = , then 
| there is but one Root, Affirmative if it be 
2, Negative, if + J. All which things are 


5 taught by thoſe that have handled this part of 


: Geometry. 


| there be propoſed, as an Example, this Equa- 


Now let all the Terms be in, and firſt let 


tion 2 — 2 b + zp—q=0, to which Fig. 12. 


ſerves. In the Conſtruction of this, we have 
BCS , UG = AC SAU, UE =I, , 
WO H=z# Ef- 3b — p. rf 


2 


„ K. Hence HO=2.Þ — 3 by or * 4 


„ b, and HR (that is the diſtance of the Cen- 
ter of the Circle & from the Axis) is ever the” 
difference between g Gp and , b + z 4, which 

| Expreſſions if they are equal, then the Center 

| falls in the Axis: If + bp be greater than 2, 6 


2 4, then it falls to the left hand of the 


Axis, if leſs, then to the Right. If therefore 
the Square Root of the Cube of UH (that 
is of 2 þ*—Z p, or putting + D = d, 
if 4/ddd) be greater than H R, that is the 
difference between * B +29 
Center R will be found within the Space 


and + bp; the 


NP U circumſcrib'd by the Paraboloids UPX 


 UNL, and the interminate right Line DNP; 


and fo the Circle will cut the Parabola in 
| three points Y, Y, Y, poſited ro the Right 


TR 


F 
F; 
3 


_ 
— —— HAAS om) — - 
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Hand of the Line BK, and fo the Equation wil! 

have three Roots. But the Center being with. | 
out the Space NUP, it is explicable but by | I 
| one Affirmative Root. Here it may be noted 1 


by the by, that the right Line DP may touch | 7 


the Paraboloid VPX in the point P, EP being 


2 ; but will cut the other Parabolod Þ © 
UN in the point A, fo that letting fall NE 
perpendicular to the Axis, UF is + EU, or Þ 
„ 6, and NF 1% . But UW (which be. Þ 
ing perpendicularly applied to the Axis at. 
the point V, meets DP in ) is = „ ., or 


2 EP, 

Hence we may fafely conclude, that if in 
the Equation either p be greater than + 6, 
or 4 greater than , 6, that there will be 
found but one Root, and that an Affirmative 
one. Cartes s Rule therefore (Page 70. Edit. 
Amſterd. 1659.) is not true, in which he de- 


termines that there are always as many true 


Roots, as there are changes of the Sines + 
and — in the Equation: Schooten in his Com- 


mentaries vainly endeavouring the defence Þ 
a of this Miſtake. Alſo Prop. 5. Sect 5. of 


our Country- man Harriot's Ars Analytice (3 
alſo. Prob. 18. of Vietas Numer. Poteſt. Rerol.) 
is hardly ſound; fince from the Limitations 
which they have there fet down, that muſt 
agree to the whole Parallelogram PIUW, which 
we have prov'd does agree only to the Space 
_ NUP; that is to afford a Center to the 
Circle interſecting the Parabolain three other 
„%% / ends 
But the quantity 7 or the laſt Term (6 
and p being giyen, fo that p the leſs On 
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5 Þ) is exactly limitted from the foregoing 


| T-quation a add = 2 * ＋2 240 6b, wie 


when the Circle touches the Parabola. There- 
fore 1 q ought to be leſs than 3 bp — = 4 
d:; but if p be greater than 3 U, alſo £ 4 


| fought to be bigger than g bp —, 463) — 1/4, 


that the Center may not fall in the little 


Space NUW. And with theſe Conditions 


the Equation will always be explicable by 


'Þ three Roots; otherwiſe but by one. But 
| whether there be three or one, they are al- 
ways Affirmative ones, becauſe of the poſi- 
tion of the Center R to the right Hand of 


| the Line DP. 


And this is the moſt difficult Caſe; that ſo 
| thoſe that well underſtand what has gone be- 
| fore, will without any trouble take what 
comes after. Now let the Equation & — b 
T= o, be given. Here (that there 
may be three Roots had) the Center of the 
Circle ought to be found ſomewhere within 


| the Space PN. determin'd by the right 
Lines PN, Pa, and the Curve of the Para- 
bol Na; wherefore ſince EF s 3 bb, p 


8 


| ought 0 be leſs than 2 bb. | Now for the de- 


termination of the quantity 9, 4 being = £ 
- p as before, Vd. + 2 b6— 6 bp ought 


| than 3 bb, or 4 q greater than d + ,+ 65 — 


; Þ Negative) Root. 


Let 


| always to be greater than 2 q, that fo the 
| Center of the Circle may be poſited in the 

| forementioned Space PN; which when 'tis 

| fo, ſuch an Equation has two Affirmative 

| Roots, and one Negative. But if p be greater 


| + bp; it is explicable but by one (and that a 
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Let the Equation & = — pz—q =o, vþ * 
propoſed in the next place. That this Equi bv 
on may have three Roots, the Center of h put 
Circle muſt, be found ſomewhere in the ind dh 
finite Space between the right Line DPD ace | 
and the Curve of the Paraboloid PX. Th | 
quantity p is not here liable to Limitation; Þ - 
but + 4 ought always to be leſs than d- ++ p 
„ b — 7 bp, ſuppoſing 4 to be=# 6 +: 
By this means, there are two Negative Ro² 
| aforded, and one Affirmative ; but otherwiſe ſ 1: 
if 2 q be greater than d — , Þ 2h 
the Equation is explicable by one only (Affi. I 
b e 
Fourthly, let the Equation 23 — bz -N one 
+q=0, be propoſed, which has two Affi. I. 
matiye Roots, and one Negative. If the Cen- 
ter of the Circle be found in the indef.· Neg 
nite Space between the right Lines P 4, PD, tivi 
and the Curve of ＋ 1 | 6h tha 1 — 
15> (putti = 3 ; p) if 3 be [kh 
than £ d vg 2,63 ++ bp; bu if 2 7 great · © 
er than this quantity, there is but one (Neg. 
tive) A „ „„ 3 
But the four remaining Equations in which 
we have + , do not Tor from thoſe that 
| have been mention'd already, as to the Lim. K.. 
tation of the Number of the Roots, if the Sign Aff 
of the laſt Term be changed, keeping the But 
Sign of the third Term. But then them that 1. — 
were the Affirmative Roots in the former, I one 
will be the Negative ones here, and contra- mati 
U „„ — 
Thus in the Equation & — 6&7 + pz—q , 
= the Affirmative Roots are either one Nit b. 
or three; but in the Equations & + bz* + In t 
ene eee eee 
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F% =o, there is either one or three Nega- 


| vc Roots, under the very ſame Conditions; 


bot no Affirmative Root at all. So alſo in 
de Equation ＋ = p , there 


e two Negatives and one Affirmative, if p 
be les than 3 bb, and 3 4 leſs than Vd. + 2 


6 


$ 


one Negative only. 


z 


. Laſtly, For the fame reaſons in the Equati- 
. on 2 + bz* — pz. —q=0, there are two 
Negatives and one Affirmative, or one Affirma- 
„ tive only, for which, in the Equation & = 
r o, there were two Affirmatives and 
6 one Negative, or one Negative alone; vi. as 


| : q is SENT greater or leſs than d. + ,+ 
* * . | : RES, | 


II the third Term (or pz) be wanting, the 


center R always fall in the Line IPE, 


t wherefore if it be * — bz* 4 —q or 3 + 


. +9, there can be but one Root, 
Affirmative if it be — 6, Negative, if + 6. 
But if 1t be 2 — bz? xX · ＋ 7 or 23 os bz, 


Lone Negative in the former, or one Affir- 


- 


Center falling in the Line P between P and 


it be greater, there can be but one Negative 


F. de former, or one Aﬀfimative in the ht 


5 ter. OKs 5 


; even as in the Equation . 8 

Jr o, there were two Affirmatives 

und one Negative: But the quantities p and 

| g exceeding thoſe preſcrib d Meaſures, there 
| ſ here only one Affirmative Root, which there 

| was a Negative one. In like manner, in the 

J Equation L + bz* — pr + q = 0, there are 


either two Affirmatives and 2 Negative, or 


. 4, there may be two Affirmatives and 
mative and” two Negatives in the latter, the 


bo ws be i thin e 


_ Hitherto 
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Hitherto we have obtain'd the Number | © 
the Roots in Cubick Equations, it remain ! 
that we add ſomewhat concerning the quan. Þ Ste 
tity of the Roots. And here it is firſt of I 
to be noted, that 5 Equation having thre Þ © 
Roots, may be expeditiouſly enough reſolv4Þ 
by the help of the Table of Sines, that is by 
the Triſection of an Angle, by putting 


V $0*— 3p Vat the Radius of the Cir "08 
de if it be in the Equation, aff, 


Virus, if —p; and the Angle to be 4 
Triſected, that which has its Sine (in th 
Table of Sines) 4, Þ +; bp + 56 Thi 


om — —— — 


Angle being found, the Sine of its thid 
part, as allo the Sine of the third part of 
its Complement to a Semi- circle, and their 
Sum, will be given from the Table of Sine. 
Now theſe Sines are to be multiplied into 


the Radius V + b* + £p, and thus will be ob- 
tain'd the quantities (& y& y& in the Fg) i 
the Sum or Difference of which and 4 6, 3 
the caſe requires, will give the true Roots d 
the Epuation. All theſe things are deduced Þ 
from Cartes's Diſcoveries. But that I my 
comprehend all the Cafes, with as much Bre. 
vity as is poſſible; I ſay, that the Center & 
in the firſt Formula of Equations, falling in 
the Space UGP, the two Interſections 7, 1 
fall between A and B, and conſequently «| 
ther of the leſſer Roots is leſs 8 5 : „ the 
but the third and greater always exceeds 3 h Noe 
but is exceeded by 6. But if the Cent li 


* Affirmatives is greater than 3 
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9 als in the Space GNU, there are two 
Ierenter than + 6, but leſs than 3 6, but the 
| © ny is 6— the two others, and conſequent- 
i leſs than 3 6: but uſing the Limitation of 
che Quantity 5, the Roots are included in 
4 {narrower Bounds. | For the greateſt Root 1s 


— —— — 5 


I I than V ab: 7 hb — z2p+ 3b, but PvE: than 


1a "7 +3 6; but when LF bb is lefs than 
„ 


— — 


| 1 that Li become oY FP me PKI. b. The 
| ; mea Root 15 always leſs than V —p +} 


but greater than 2 15 7 17. Ip; but the 
leaſt Root never exceeds this Limit, but vaniſhes 
with the Quantity 4. 


In the ſecond 8 according to the 


preſcribed Laws, there are two Affirmative 
and one Negative Root; and the Center fal- 
lag in the Space GP E, one of the Affirma- 
tives is greater, and the other leſs than 4 b, 


but the greater exceeds not 6; but the Ne- 


3 


eve cannot be greate ter Fs bbc I b, 
and it is the difference of 6 and the Sum of 
. Affirmative Roots. But the Center be- 


poſited in the Space ENG A, either of 
b, but leſs 


than Vs; bb +3 b; but the Nene is ever 
; ks than * 3 6. But the nearer Limits (from 


Lt Quantity P given) 22 ẽ + 161 =p +4 : by 


of the ; F n Root; than 


which it is always leſs, as alſo greater 


1 than 


. r 


— Heer x. 


. n 1 
— — —— een en get Fre 
r SET ——— RY 
— — 
2 
4 8 _ — 


A 
—— 
E — 


— —U— EO en eogOg 
— 


—_— _— —— A Wwe W 
_ 5 
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Quantity % is leſs than this Limit. bu f 
the Negative Root is always leſs th! 


Vet #P—}3 b, and the Quantity q bein | 


wanting, vaniſhes. 


bo 
. 
J 


| In the third Formula, there are two Ne. | ; 
gatives and one Affirmative. In this, as in ,, 


the fourth, the Roots are not limitted by 


the Quantity 6. But the Affirmative Root uÞ 


ever leſs than V3 6 TF DT, yet oi Fy 


ter than V; + 266+ 1b; and the oreatel . 
of the Negatives is always greater tha 


V +14 + p— b, but leſs than V p +2 U 
3 6. But the leſs of the Negatives is always 


leſſen'd with the leſſen'd Quantity 4. 


— — — | 1 


In the fourth Formula, the Center falling | | 


within the Space LAP D; if there be two 


Affirmative and one Negative Root, tb of 
greateſt of the Affirmative Roots cannot be 


greater than 7 2 +4% +36, nor leſs tha 


Viunu+tp +236. But the I Negnie 


is leſs than 3 


— 


than * + 4 66— z b. But 'tis to be noted 
here, that the Negative Roots are every where 
mark'd with the Affirmative Sine, becauſe Þ 
theſe are the Affirmative Roots of thoſe four 
Equations, in which is found + 6, and ! 2 | 
affect: 


3 


* bb + + p—+5 b, and greater 


bo” 

: 4 
* 

b 


” 


G 


© above 
. 0 3 
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iffected with the contrary Sine; as I intimated 


The Demonſtration of all theſe things fol- 


N [ lows from hence, that where-ever the Cen- 
ter of the Circle & falls upon the Curve 


Lines U PX or UL, the Circumference 
of it touches the Parabola in a point whoſe 
| diſtance from the Axis is / VI, and cuts 


it on the other ſide the Axis at the diſtance 


of 23 UH; but when the Center falls on 
the Line DPD, one of the Roots is=0, 
and conſequently the Cubick Equation is re- 


duced to a Quadratick one, or to z*— bz 


5 ＋ p So, the Roots of which give the Limits 


when the Quantity q vaniſhes; and by how 


pe b, but the Negative 3 66 


ve 


much the leſs q becomes, by fo much the 
| nearer do the Roots approach to theſe Li- 
mits. The Equation is alſo Quadratical, 
| when the Center falls in the Axis; that is, 
when £ = bp—+, bz, in the firſt Formula; 
or 2 J =, bz — 3 bp; in the ſecond; in the 
third *tis impoſſible; but in the fourth, when 
2% 2 b + + by; in which caſe the leſs 


2 


| of the Affirmative Roots is 3 6, and the greater 


| + p — 56, In the firſt Formula, the Roots 


| are g b, and 2 b 7 + bb — p. But in the ſou | 


cond, the Affirmatives are + b, and // 3 66 


: — — 


0, but the Negative / 3. — p— 3b. 


And theſe things may eem to ſuffice in Cu- 
bicks; but becauſe of the excellent uſe of the 


Mcthod, by which, by the help of the 275 
| ps ER of 


e 6 
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of Sine, the Roots of theſe Equations ar: 
found; I thought convenient to add an E 
| ample Or TWO, by which the Compendium f 1 
that Practice may be rendred manifeſt. Let 
the Equation & — 39 + 479% — 1881 =0, an 
be propos d; and the Roots & are fought, Þ. 


Here V, vb 5 1 3 = V d, whoſe dou | | 
: bez is the Radius of the Circle; alb | | 
17 bz + 24 — + 9 2197 + 9402 — 311324, 


— 


or —.— is the Tabular Sine of the Angle; i 


——— 
— — 


that is, making a Diviſion by the help of the 
Logarithms, Log. 9.9251560, to which cor- Aff 
reſponds an Angle of 579.19/.115”, The thid 8 2 
part of this is 199. 6. 24“. and of the Com- the 
plement, is 40%. 53/. 36”. The Sines give 525 
the Logs, 9.5 4983 and 9.816011; Which Roc 


multiplied into the Radius V 37 , produce they 
Y& and Y&, Log. 0.301030=2, and Log. the 
o. Co 1059 = 4, but the third Y8& is equal to the ſee 

Sum of them, or 6. And therefore the Root Calc 
are 13—4=9; 13-—2=I1, 13 16 = 15 B 
of which ſevcral ones the foremenrion'd Equati- N in t 
on is compos'd. Where 'tis to be noted that HY t 
the two leſſer Roots, do not exceed + 6 or 13, tic © 
| becauſe the Center & in the Conſtruction tals 

on the right hand of the Axis; that is, 3 Up b Nof 


* 


leſs than 2, bz + 27. E 
| | | Fot 1 
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For another Example, let us enquire out 


the Roots of the Equation *. 15 — 229 


3 525 e There V iu TIS Wees 3 =V4, 


| and the Radius of the Circle = 5 z, Alo 
Wir” He +1125 T 572 3 +262 3 


. Va re ol 1% 261 4 


the Tabular Sine of an Arch, whoſe Log. 
99736426, and the Arch it ſelf 70. 14“. 22“. 
The third part of it, is 239. 24.47/ 2, and 
of the Complement, is 369. 35. 12+, whoſe 
| Log. Sines are 9.599183, and 9.775275, to 


ks © 


— 
0 
KI 


| which adding the Log. Va we have the 

Log, o. 903089 = 8, and Log. 1.079181= 12, 
the Sum of which is equal to 20. Hence we 
conclude that 20 + 4 6 or 25, is equal to the 
Affirmative Root, and 8 and 12 — 3 , that is 
8 and 7 equal to the Negative Roots. But if 
the Equation had been * + 1597 — 229: 
525 , then 8 and 7 had been che Affirmative 
| Roots., and 25 the Negative. As for the other 
| Cubicks which are explicable by one only Root, 
they are to be reſolv'd by Cardan's Nules, after 
the ſecond Term is taken away; neither do I 
ee how the buſineſs can be done with leſs 
Calculation. 5 5 

hut if this Root be deſired to be expreſſed 
in the Terms of the Quentitics 6, p, 4, I 
hey that in the firſt Formula it is, + 6 + or — 


the Sum or Difference of the Cubick Roots 


* : 


—— 


— — —— - 
— ug — F 


of % — 1% r h 63% — % f 753 


63 T2 — 6% (vis + 2, 63 L be 
OO: greater 
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greater than + bp, otherwiſe—) the Sum, When! 


+ bb is greater than p, the difference wha Þþ 
leſs. And in the other Formula, the Root i Þ 
always compos'd of the fame parts, only the 
ines + and -- being varied, as Nay will eaſily 


perceive that are willing to make the Tryals. 


But theſe are readily enough found by the 
help of the Log. Table of werſed Sines; viz, 
if the Coefficients are ſurd or broken Number, Þ- 
and the Roots not to be expreſſed in Number, 


as moſt commonly it happens. 


Now this is the Rule. In the firſt and { | | 
cond Formula, if + bb be leſs than p, let 
 —+ 6 d, and putting the difference between 


> ty, and 27 bz + 6 q (that is H R) in the | 


firſt Formula, and the difference between * h 


+3 9 and 2, 53 (in the ſecond Formula) A. #0! 


fins, let the Angle, whoſe Tangent is d J 41 
be found. Then, as the Co ſe of this An i 
gle, to the verſed Sine of the ſame, fo the D/. 
ference made Radius, to a fourth Quantity, the 


Cube Root of which will be had by taking N 


the + of its Log. Then dividing + p— £ U 


by this Cube Root, let the Diviſor be ſub- Eve 


ſtrated from the Quotient, the Remainder wil J 
be the Quantity Y & at Fig. 1, The Sum of i 
this Remainder and + þ will be the Roa 


ſought, if the Center falls on the Right Hand Di 
of the Axis; otherwiſe their Difference will be I 7.8 
the Root, But if 3 bb be greater than p, m. 


king HR Radius, let 4 7 d (or the diſtance © 1 


dhe Paraboloid from the Axis) be the Sine of ſome N kt 
Arch; let the verſed Sine of this be multiplied I le 
| | —_— 
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| Sno Radius or * p — 2, bz +9, and taking 
Fill be obtained, by which let + &bþ 3 p be 


| divided. I fay, that the Sum of the Quotient 
and Diviſor, after the ſame manner added to or 


taken from 4 b, will give the Root ſought. 


And the like for the third and fourth Formula, 
wales that 2, 53 +2 % +2 % is to be taken 


be Radius, and 3 C T 5 RAY 4 1 . 


12 ia for the Sine. But theſe Rules will 
be perhaps better underſtood by Examples. 

,F Suppoſe the Cubick Equation z* — 17z* + 
zoo, and let the Root be 


„ fought. Here 4 b is greater than p, but 


| q is bigger than the Cube of 3 b, and there- 


b e licable by one Affirmative Root 
. | | 
l 


- W only. Now 32 — 34 is d, and wan V ay is 


- 


eto be taken for the Sine, to the Radius 4254 
E+ 175—153, that is £522; and the Arch 
agreeing thereto is 159. 301.49“. The Log. 
verſed Sine of this 8.5362376, added to the 
Log. of the Radius 2.30959 13, makes o. 8457889, 


of the Cube Root 1.91394, by which, as a 
Diviſor, dividing 232 or d, the Quotient is 
7.37281. The Sum of the Quotient and Di- 
Voor encreaſed by the addition of ; b, is the 
Root ſought, viz, 14.9534, &c. 
Having thus diſpatch'd Cubic“ Equations, 
let us proceed to Biquadratical ones. Theſe 
ed have always either none, or 2, or 4, true 
170 I I4 | Roots 


2 of the Log. of the Product, its Cubick Root 


Ethe third part of which 0.2819276, is the Log. 
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Roots, the determination of which depend; 
partly on the Coefficients, partly on the Six 
and Magnitude of the Abſolute Number 
given. A pond Conſtruction for all theſe 
(and that caſie I conceive enough) I have de. 
livered at Nꝰ 188, which I ſuppoſe the Re. 
der to be acquainted with; but yet the 
Figure relating to that Matter, I think pro- 
per to bring hither, (Fig. 2.) In the Con. 
ſtruction of the Equation 2* — H + pat-— gz 
Tro, let BDA, -AB=*, bb, BK 
or = the Parameter, KC 2 AB bb, KE 
en bb ., AE „ b FEE 
+, U bp, and EGI 2 1-44 
Which done, a Circle on the Center G with 
the Radius Y GD, will interſe& the P.. 
raboh, either in none, or 2 or 4 Points 
from whence Perpendiculars let fall on DH, 
will give all the Roots z. But that there 


may be. 4, *tis evident that the Center of the 


Circle ought to be be found ſomewhere within 
a ſpace from any point of which, three Per- 
pendiculars may be let fall upon the Curve 
of the Parabola; and alſo that the Radius 
iz Jeſs than the greateſt of thoſe Perpcndi- 
Culars, and greater than the middle one. 
Bur that if the Center be poſited- without 
chis ſpace, ſo that there can be but one 
Perp-ndicular let fall upon the Parabola, and 
the Radius greater than it, or if it be le 
than the middle one of the three Perpendicu- 
Jars, but greater than the leaſt of them; then 
there can be but two Roots only. But there 
's no Root at all, when the Radius G D! 

”_ __ 
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3s leſs chan the leaſt of the three, or than the 


one as often as there is but one. Now it 
| vemzins for us to enquire of hat kind this 
| Space is, by what Limits it 1s diſtinguiſhed, 
and under what conditions the Radius of 
| the Circle is Jeſs or greater than the fore- 
P Perpendiculars. And firſt of all, 
ve muſt ſhew now a Perpendicular is to be 
| ct fall upon the Parabola. Let (Fg. 5. 55 
ABC be a Parabola, AE its Axis, AV 2 


the Paremeter, G the point from whence 


| the Perpendicular is to be let fall. Let GE 
be drawn perpendicular to the Axis, and 


VE be biſected in F, and er {Qing the Per- 


pendicular FH on the ſame ſide of the Axis, 
4 E. FH== GE; I fay that à Circle de- 
ſcrib'd on "the Center IJ, with the Radius 
HA, will interſect the Parabola in three 
points, or one, 25 the right Lines GJ. drawn 
to which, will be perpendicular to the Curve 
of the Parabola. But now that there may be 
three ſuch Interſections, the Center H ought 
to be ſo poſited, as that it may be within 
| the ſpace included by the Paraboloids (in Fig. 1.) 


| that is, that FH may be Jeſs than TE FV, 
or FH* leſs than the Cube of; VF; and 


ſo GE = 4 FH will be leſs than 4 Vs „ 
ö un is, the Square of GE will 8 ſel than 
2 VE?, . Therefore theſe Limits coincide 
N an two Paraboloids of the ſame kind with 
| thoſe which are uſed in Cubical Equati- 
4 ons, but whoſe Paremeter is twice leſs, vis. 
| T: of the Parameter of the Parabola, that is 


22 of AV. And therefore it is that very 
Curve 
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Curve Line, by the Evolution of which the! 

Parabola is deſcrib'd (as Hugenius has demon- thin, 
ſtrated) and which, the Line DF (Fig. z.) t 

which is perpendicular to the Parabola in the w. 
point D, is wg a Tangent to. But the 
point P (that is, that in which the right Line 
DF touches the Paraboloid) is the Center of 
a Circle, which (being deſcrib'd with the Ra. 
dius DP) coincides with the Parabola in the 
point D, or has the ſame Curvature with it, 
as is manifeſt. „ 7 


Having therefore deſcribed ſuch Parabo- 
loids UXP, VNA (Fg. 2.) on either fide 
the Axis, tis clear, that unleſs the Center 
of the Circle be placed within theſe Limits, 
it cannot interſect the Parabola in more than 
two points. From whence we may deter- 
mine, under what Conditions, the Coeffici- +. 
ents of the intermediate Terms are reſtrain- V 
ed, in Biquadratick Equations, that ſo there 1 A 
may be four Roots. And at firſt fight it is 
plain that p cannot be greater than 3 bb, 1 B. 
(viz. in thoſe Forms where it is + p) nor 4 1 * 
than +, 6%. But in the General, +, 6 FL ob + ö fi 
2 % that is EG the diſtance of the Center I © 
from the Axis, ought to be lefs than EH = th 


Wa, VE, that is (becauſe VET 


. 


> p) than + bb + *p Vs, b + or p, the of 
Sines + and — being left doubtful, that fo : 
they may be varied according to the. nature 
of an Equation; as was ſhewn above in 
Cubicks. Neither would I be offenſively te- 5 
dious to the Learned on the one hand, nor 1 *® 
_ deprive Learners on the other, of the E 
„ erciſe 


N D Mw”. w 
menen AI 


TW 


"© » Ss Fra Wor », , 
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| 15 and Pleaſure, of ſending out theſe 


things by themſelves. As for the Limita- 


tion of the leaſt Term r, it cannot be found 
with the ſame eaſineſs, and that becauſe, to 
et fall a Perpendicular upon the Curve of 
2 Parabola, is a ſolid Probleme, and which 
cannot be refolv'd without the ſolution of a 
Cubick Equation. Therefore firſt of all let 
the ſecond Term be wanting, or if there, 
E* - it be taken away, ſo that the Equation 


have this Form . . pz*. *. 7 2.0 


z And it be-, it i "always explicable by 

| two or four Roots; but that there may be 

| four, the Center of the Circle ought to 

| be poſited within the coherent Parabo- 
boids, or that it may be—p, and % may 

be leſs than £. pz or the Cube of 3 p. Then E 
| kt the Roots of this Equation ry yo 1 py. 


4 o, be gotten, the Quantitics p and 1 ha- 


; ing the ſame Sines as in the ein e 
And theſe Roots are found expeditiouſly e- 

nough by the help of the Table of Sincs. 
But having found thoſe three 9 (which are or- 
nately applyed to the Axis of the Parabola 
| fiom the points, where the Perpendiculars 
to the Curve of it do fall, viz. YZ in (Fig. z.) 
| than p 9 30555 of the leſer y will denote the 


greateſft Quantity of r, if it be—r, than 


Which if + be FE the Equation will have 
| four Roots, otherwiſe but two. But if it 
be + r, it ought to be leſs than 394—py 
of the middle y, for if it be greater, it can 
| have but two Roots; at leaſt if 1 be leſs 
than 3 — y of the ęreateſt ). But 
if it be greater than this, the Equation 
| js not explicable by any true Root at all. 


Theſe 


8 ——— 
| . 
oy 


S — 2 1 . 4 8 


= . 
— — Oe Incn groan ens On ON > 3G IT" II — — r 
> — — - 


2 — ä • 4 


— : 5 r * 
= 2 —— 2 6s — p ” — — 
TC . —— . S A e „„ 
— 
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Theſe fame Limits, are otherwiſe expreſſyÞ ; 
by the Quantity 7 viz. 2 9qy—4 in the fu Þ 


caſe, y4— 2 ) in the ſecond, and y4 +, ® 
in 1 ur it may be, that AY 1 1 
leſſer Quantities y may not be far different fron 
one another, whence it comes to paſs tha! 
both of the Perpendiculars are greater tha|f 

the right Line GA. viz. when 4% is great 
than > Py but leſs than Fo Þ Pp; the Cento 8 
falling within the Space contain d betwen!! 
the Paraboloids of Fig. 1. and 2. In thi? 
\. cafe, if it be r, there can be but wolf 
| Roots, y4 + 3 of the greateſt y being gra}? 


ter than y; otherwiſe none. But if + gy -=}d 


of the leaſt ) be greater than 7 marked with 


the Sine—, but r be greater than 2 gy — 14 


of the mean y, then there will be four Roots; 
but two only, if » be found greater than tht 
| former, or leſs than the latter. But if in 


the Equation it be + p, or if it be— p and 


gg be greater than . ps, the Equation )., 
2 y. 5 J. is explicable by only one Root q; 


that is, there can be but one Perpendiculxr 
only let fall from the Center of the Circle 
Whence it may be certainly concluded that 
there can be but two Roots only in the 
given Equation, the Sum of which, if it be 
r, is increasd with the Quantity 7 ; but 


if it be Ty, the Quantity y being obtain'd, 


that Quantity r ought to be leſs than *. 


gy, for if it be greater, the Equation pro- 


pos'd is abſurd and impoſſible. 
It would be both tedious and needleſs to 
run over ali Equations of this kind, ſince tis 
evident (from what has been already faid) 
to thoſe that are attentive, which are Nc- 

= gative 
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ue and which Affirmative, and that the 
hk Limits of theſe Roots are derived from the 
0 bund Quantities y. But for an Example 
'F Gyhich any one may imitate in the reſt of =. 1 
; | 1 Caſes) let it be propos d to diſcover —. 
de Limits or Conditions, under which, there || 
p day be four Affirmative Roots in a Biqua- "| 
4 Egratical Equation. Now this will be as of- = 
k | ten as the Center of the Circle G is polited 5 
uin the > = UPK (Fig. 2.) and allo ＋ 1 or | 
he Radius of the Circle is Iſs thn GD. _ Wl 
„ Whence tis plain, that the Equation here MW 
| concern'd is of this Form, e — e +pat— bl 
i R 2 03 and that P cannot be greater e . 1 
4 | than + bb, nor 5 pb (in this caſe) than is þ3 li 
„ , gan, 08 neceſſary that 4 66—3 p | 
: In / 4, 66 — 2 p ſhould be greater than „, Þ _ 
2-1; and from theſe Limits, it wil! 
be manifeſt that the Center is contain'd 4 
within the Space UP K. But in order to 3 
the determination of the Quantity , this Hi 
| Cubick Equation muſt be firſt ſolv'd, y3. [7 
| = 50 * — 2 59 = 5"; 63 T . — bb; and ſo | 
vill be obtain'd the Points npon which fall |þ 
the Perpendiculars from the Center to the 1 
Curve of the Parabola. Now having found Fi 
the three Values of this ); the Quantity r mm 01 
: W ought to be leſs than 241 4 bq & —bbp I. 
-T —3 = 7 + py of the middle y, but | We 
| greater than 3 6 +4 bq— . bbp +394 — i! 
to 7 57 * 79 of the leaſt J- But it 7 exceed 6 
is theſe Limits there can be but two Roots | 
) FF ovtain'd. Laſtly, if % 64 +4 bp— bp + ö 
ih + py of the greateſt 3, be gre . 
eier than , then the Equation propos d is i 
| Im- | uf 
li 
— 


— 5 — — 
22 e +. x 5 


2 RTS perpendicular upon the mid 


comes to paſs when p is greater than 55 6 


pb 163 — 2 J. In which caſe always tuo 


the greateſt of the three Perpendiculars greate 


Limit preſcrib'd, by the middle y. But the de. 
fſect of a Limit from the leaſt y, ſhews hoy 


impolitble; It happens alſo that there 4 z 


four Affirmative Roots, when the Center (| 3 
is poſited in the little ſpace UTS, «i 


dle of the ſuppoled Line AD. But th 


and 1 bh. — + * 16 bb— = p greater than 
ſometimes three of the Roots are greater thu 
But *'tis to be noted here that that Lin 
produced from the /eaſt y, is ſometimes Negs 
tive, or leſs than nothing; 2 2. as often « 


than GD (Fig. 2.) If this happens, the Quan 
tity + 7 may be diminiſh'd to nothing from th: 


great — 1 may be in the Equation, if there be 


three Affirmative Roots and one; which if it 


exceeds, there can be but two, one Afﬀirms 
tive and the other Negative. And all thc 
things are demonſtrated from hence, that ½ 
forementioned Limits of the Quantity r, are tit 
differences of the Squares of the Line GD, «aid 


the Perpendiculars to the Curve of the Parabola. 


But becauſe of the perplexing Cautions ari- 


- ſing from the diverſity of Sines with theſe E. 


quations, tis better always to take away the I 
ſecond Term, and then to inquire out the 


number of Roots and the Sines, according to 
the Rules already deliver'd ; eſpecially if thoſe 
Quantities y are not much different from one 
another. But of theſe four Affirmative Roots, 


tWO 


* 
* . 
— EEG nt U Ü — — — — — 


— — 


Page. 11:74 late 4 


EE emma... A 


— 
—— — * 


| 


—— — —— —ͤ— ———ů —— — —ͤ—— 


. 


, vis. if DG be leſs than AG, or 4 pb thar 


; +4- But three are always leſs than + 6. 


Ir % greater than 3y33z—yy of the ſame 
ln ). The fourth and greateſt Root is 
eater than the greateſt y+ 4 6; and it is 


But *tis now time to have done with this 
Natter. Perhaps thoſe that more perfectly un- 
derſtand the Nature of the Parabola, may be a- 
dle to do all theſe things after a more compen- 
dious manner. But there is ſome cauſe to 
doubt, whether all theſe Quantities b. p. 4. 7. 


bf 2 Cubick Equation, . or no. For whatſoe- 
ver is done in plain Equations in this Matter, 
Fexhibits, not the true Limits, but ſome Approxi- 
mations only. 


„ | | | Some 
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o are always leſs than * b, and two grea- 


Le often as the mean Perpendicular (or that 
bund from the mean y) is greater than AG, 


pu to the difference of 6 and the Sum o ec 
the other three Roots, and therefore is leſs 


tein be rightly. determin'd without the Reſoluti- 
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5 FD 


Sue Tuſtrious Specimens of 1 
Doctrine of Fluclious; or Exa"lf 
ples by which is clearly [cm 
the Uk and Excellency of 11d © 


Method in ſelving Geometric We | 
Probleme. . . 


By 7 Ab. De Moir ) 


BY © 258 my, oOU lire here ao the Ml 
1 82 > 8 which I promis'd concerning te 
A "Fo Quadratures of Curvilineal Figur, 0 
4. 8 the Dimenſion of the Solids gene-. 
e rated by the Relation of a Plane 
(and of the Surfaces) the Rediifi 
cation of the Curve Lines, and the Calculation 
of the Center of Gravity. I know theſe Points 
have been already handled by ſeveral very learn. 
ed Men — But I hope this Attempt off 
mine will nevertheleſs not altogether diſplcak 
if (eſpecially) I have had the | 50 Luck to 
find a ſhorter and more expeditious way to 
theſe things, than what is commonly known. 
But before 1 proceed further I would 
have it obſerv'd, that I make uſe here, off 
what the celebrated Mr. MNewton has de- 
monſtrared, Page 251, 252, 253. Princ. Phil. 


concerning the Moment ancous Jucrements 0 


| Decrementsy | of Quantities that Increaſe or De 
| c reaſt t 
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a 4% by a continual Flax; PTL _ 


—1 


ö ; Am 15 Farther 5 the Fluction mn 4 4m 
; : | TT ol — . 
eng given, the flowing Quantity A may 
| be found ; Firſt, By ſtriking 4 out of the 
union; Secondly, by encreaſing the Index of 
be Fluction by Unity ; Thirdly, By dividing 
the Fluction by the Index thus encreaſed by 


Unity. In the following Diſcourſe, we ſhall 
12 Abſciſe of any Curve by x, its Fluction 

55 *, the ordinate by „ and its Fluction by 5 | 

Theſe things ſuppos'd ; that we may come to 


be Quadrature of Curves, Firlt, Take the value 


by 
D 
= 


Wecondly, Let this Value be multiplied by 
the Fluction of the Abſciſſe; for the Pro- 
duct ariſing is the Fluction of the Area. 
Thirdly, Having the Fluction of the Area, 
&t the flowing Quantity be found, and fo 


preſſes the Nature of all ſ.rts of Paraboloids. 


of he Value of 7 is * 


die Momentane of any Power, as 4 is „ 


bf the ordinate applicate, by the help of the 
Equation expreſſing the Nature of the Curve, 


je ſhall have the Area ſought. Ex. gr. Let 
the Equation = y be propos'd, which ex- 


Which multiplied by 
Jt, K 5 1 
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7 


x, gives x * for the Fluction of the Are 


= 


and conſequently the 


x" „or ( ſubſtituting y inſtead of & 
— 
LES 


is ** 


Excellent Mr. 


— — — 


— 


— — 


A lard Quantity, kr us ſuppoſe V 
_ wi. xx +aa =2", __ conlocieny 


ä—mu— . —— — 


: 0 OY 4. aa, the Fluction thus freed from 
Surds, will be =; which reduced to its Ori 


"Sax + YE E as for the Area 8 

But to ſhew more effectuall 
theſe Quadratures are performd, I ſhall add 
_ one Example more. 
** x 
Gate be m—_— 


* a 


Area fought is 
Area ught is „ 


el 2 


ml ts = 
— . 


Again, ſuppoſe a Curve, whoſe: End and 


I aaxx=yy (which is the firſt of t 
Craig's Examples) putting = 
for: 
Ns Xx 25 aa, the Flution of the Area will be bn 
5 x + aa. Which Expreſſion involving MW 
tl 
** 4 i 
Fluc 
Kr and aue N and * fo rent 
f ther 
bit 
3s 
bed t 
| ginal * and bag Verf 2 we have A 
their 
bof t 


how eaſily tte 


Circ 
Let the FRE of the! 
Nati 


therefore J==——D . 


Vox E 


and | 


lore 


IS the Fluftion of "a 


uind therefore 


» - , 5 
. Fg s ; * — % 
| * * V 


RR. — 
n a 


"Ta 
Lo 8 22 — za or 48 a 


K Wee will be the Area ms | 
= But it often happens that we meet with 


ſome Curves (ſuch as the Circle and Hyperbola) 
* which are of ſuch a Nature, that 'tis in vain 
to attempt the freeing the Fluctions of them 


FW from Surds. And then reducing the Value of 

the Ordinate into an infinite Series, and multi- 
Eplying the ſeveral Terms of the Series into the 
EFlucion of the Abſciſſe (as before) let the Flu- 


bit the Quadrature of the Curve. 


by the Rotation of a Plane; vix. taking for 
their Fluctions, the Product of the Fluction 
of the Abſciſſe into the circular Bs. Let 


| Nature of a _Circle 15 „d xx ; there- | 


" 


Wy — 
$ — 


and 1 2 1 A 


| Gans —_ 


= $682 
4 | 1 


Arca. put 2 *. hence - = 5 8 


= 2. Therefore — 285 * — aa, 5 


ent of each of thoſe Terms be found, and fo 
there will ariſe a new Series, which will exhi- 


This Method is with the ſame eaſe appli- 
ed to the Menſuratiun of the Solids generated 


the 8 june of a Square to the Inſcrib'd 


(Circle be =." The Equation expreſſing the 


; lore 4 Aer r is the Fluction of a Portion 
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of che ** and conſequently the Portion it ( 
| ſelf 1 is 4 34x — 1 xi, and the — 2 


2 


| = 4 
Cylinder is 4 2—— — x". " Therefore the 5 Portia x 
Nu | | 

of the Sphere is to the circumſerib d Cylinde, | 15 


28 24 — 3 K* to dx. | . 
The Ret ification of curve Lines will be cb. be 1 
tain'd, if we conſider the Fluction of the I Una 
Curve as a Hypothenuſe of a Rectangulr ſent 
Triangle, whoſe ſides are the Fluctions of W bunt 
the Ordinate and Abſciſſe. But in the Ex {Acct 
pireſſion of this Hypothenuſe, care muſt e 
taken that only one of the Fluftions be re. I Nut 
maining, as alſo only one of the indetermi 1 
nate Quantities, viz. that whoſe Fluction i; (Þ*®' 
retain'd, Some Examples | wall render this i 
clear. 
(Fig. 1.) The right Sine CB being give IÞ. 
to Gn the Arch AC. Let AB D x, CB * 
OAS r. CE the Fluction of the Abſciſe, I 
ED the Fluction of the Ordinate, CD the 
Fluction of the Arch CA, From the Pro- Wyrxx 
pry. of the Circle 2rx—xx = 7, whence i 


are = * = 2 and therefore x= =p. 


—— 
c 


| — Y 
cb 5 =I Hy ES _=14 


7 ” „ ; therefore W 


e DE Va" . 


way 


1 Fn 


— — —Uäü—A — | 


=— rn JYr-y HOES, Ay And | 
8 


V Fo 


| conſequently if rr —yy be thrown into an in- 
finite Series, and the ſeveral Members of it 


be multiplied into y, „ 


2 


Quantity of each be taken, we ſhall have the 
| Fogth of the Arch AC. Aſter the ſame 


banner, giving the verſed Sine, the fame 
Ich may be found. For reſuming the E- 


| quation found above 2rx — 2xx = 2), we 


BY 13 
* 


2 8 N — unn. 


1 
rrxx — zx xx + * 1 a8 
| JJ 128 


Ir —2rxxx TX 


— 


2VX — XX. 


VINX 


27X — XX 
» and confequently the 


N 2X - 


CD= ox 


1. = 11 


am What is ſaid already. 
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ne ) = rx — xx, but CD1= xx + yj = xx 


[tb the fame Denominator, and expunging 


contradictory Terms) —— —, whence 


Nad of the Arch AC may be eaſily found 


.K 3 — 


134 -Maiſcellanca Curioſa. z 
The Fluction of the Curve Line is fone 
times more eafily found by comparing ! 
two fimilar Triangles CED, CBO, 1. . 
Proportion ariſes, CB : CO: : CD, that: 


for the Circle 21 — &: 7: * rx 


be 
3 ; | L 1 ir A - ; 7 
The Curve of the Cycloid may be dete. ; . 
min'd by the fame Method too. Let (Fg. 
AL K be a Semicycloid, whoſe generati id 
Eircle is ADL. Having any Point as B hl 
the Diameter AL, draw BI parallel to duc' 
Baſe LK meeting the Peripheus of the G 
cle in the Point D; compleat the Recta 
AEIB, and draw F H parallel to EI and in 
nitely near to it, as alſo BI cutting FH 
G, and the Curve AK in H. Put AL=i 


 AB(=ED =x. GH=x. It is known th 
the right Line BG is every where equal 
the Sum of the Arch AD and the right Si 
BD; whence *cis manifeſt, that the Fluid 
. IG is alſo the Aggregat of the Fluction qq 
the Arch AD and the right Sine BD. Bui 
the Fluction of the Arch AD was fou 


— 
— — 


1 de and the Fluction of the righ : 


\ K — — 


* 


Arx, 


Sine BD will be found to be de— 1 


e 5 NV aca | 
therefore IG = dx — xx and there | 


_ * d- xx, 


Miſcellanca Curioſa. 135 
| 7 (=1G1+ GH1) = ddxx dxxx; : from 


VV 


| hence [HE — —— d 


1 Aer  o/s 


d conſequently AT= 2d x =24/ . 
This Concluſion may alſo very cafily be de- 
duc'd from the known Property of the Tan- 
gent. For ſince the little part of it, as IH, 
Ws always parallel to the Chord AD, the 
= Triangles IGH, ABD are the ſimilar, whence 


az: AD:: GH: IH, that is x: dvr x; 


mv therefore IH=xvVdsx 1x i By 
V 
zu the help of the Fluction IH alſo, we may 
Wonveſtigate the Area of the Cycloid. The 
| Fluction of the Area AEI, is the Rectangle 
IG = dex — * x V dx-—xx. But the 


— —— 


8 


therefore the Area AEI and the correſpon— 
dent Portion (of the Circle) ABD, are al- 
[Ways equal. 1 8 5 


Wh Let 


& Xy 


Elution: of the Portion ABD is the fame : 
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Let AB (Fig, 


"= Mow iv 2 ＋ 4 44 be thrown into an infini 


2 4 


Series, the Curve AB will eaſily be 13 ; 


It appears farther, that giving an Hhperbo- 


cal Space, this. Curve 1s allo: een, and vi 


verſe. For 1 48 . +2 ans and conſ- 


z-) be the Curve of the 2, | 


rabola, whole Arb is A P, Parameter a; E 4 ] 
e 
AE = ES) EB AB Ty. BD= * DC = | lind 
BC=z. The Equation expreſſing the Nr — 
ture of the Parabola, SONY: ax=y), We hav lp 
= 2%, whence &= 2) but BCI BDI 4 
„ 93 8 : Fu 
XY + „ of 
+ CD, that is 1 xx A — — 55 z 
_ | 
oh 4 gay, 3 4 hs + alk 
N * . 
; TOO 1 1 5 v thi | 'xpref | is | 
=) +44 If now by this Expreh 
_— HA ON Cir 


| fou 

_ quently 2 4. is the re whoſe Huction 5 N it 

* „„ | the 

24.734 But ſuch a Space is no other N t0 

than the Exterior ( Equilateral ) Hyperbol rab 
AB EG, whoſe Scmiaxis AB = a, its Abſcile 
AE = * and its Ordinate EG = x, 
Fo! Þ 


fror the Menſuration of a furfuce deſcrib d 
b the Converſion of. a Carue round its Axis : 
| Se are to aſſume for the Fluction of it, a Cy- 
E Jindrick Superficies, whoſe Altitude is t 


| Fluction of the Curve, and whoſe | diſtance _ 
| from the Axis is the Ordinate Applicate cor- 
geſponding to that Fluction. Ex. gr. Let AC 


be the Arch of a Circle, which turning round 


mm = . 


TX 


— — 


| = ————-_ which if we multiply by the 


| Periphery belonging to the Radius B C, that 


i i by; ar ux (putting , the Ratio of the 


| Circumference to the Radius) we fhall have 


lte 


Per. 
As for Centers of Gravity; having gotten 


| multiphed the fame into its diſtance from 
the Vertex, the flowing Quantity muſt be 
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the Axis AD, generates a ſpherical Superficies, 
which we would meaſure. Now DC the 
| Fluction of the Arch is already found to be 


er for the Fluction of the ſpherical Superficies, 
and conſequently that Superficies it ſelf, is 


ol the Fluction of the Solid or Surface, and 


dle. found, which divided by the Solid or Surface 
Fit ſelf, the Quotient will ſkew the diſtance of 
the Center of Gravity from the Vertex. Thus 
to find the Center of Gravity of all the Pa- 
00 Þ raboloids; their Fluction is thus generally 
ciſe . expreſſed 


5 , n þ tags Me. na EOS: 
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— 7 
— M 
creed * Which multiphed by *, tals ru 
| WY 45.4 the flowing Quantity of whid, | 5 
21. —— ** divided by the Area d 
mem ns 
2 oo SH m+27 1 
: he Paraboloid | | | 5 gives. x, T 
— 7 5 5 


the Diſtance of the Center of Gravity from ti 
Vertex. BK 
The Center of Gravity of a Portion of 9 
Sn is found after che ſame manner. Tor 


its Fluxion 4 ax x—x*x eukiplied. into x, | 


* 


makes 4 dx*x—x*x, whoſe flowing Quan: 


2 


y 43 e 4. I divided by the oli 


— — . 


Content of che Portion Viz. 43 dex _ ' 
* 


„„ ˖ | 
| gives — — — X, Or- ——— , the di- 
Len ix 64 — 4* 

ſtance of the Center of Gravity from the Ver- 


| dex. 
My 
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My 13 here was not to be large, and 


purſue all all 
ſufficient to have made a beginning, and led 


de Way to thoſe greater Things. 


A M. 


e difficulties that may occur. Tis 


"ES ; i 
— dv a IG” * 1 * — : — — 1 1 2 1 22 
= GELS Ra. — — oo... 3 2 —— June —MF 9 —— o 
p . 2 s 8 PN . . — - ba SEES tf $odine 5 
* "I 1 EO TEA g Nd ee hg Sat s at — cata 8 — e . hah * — rs 
- — — NE 
A 8 Ig - * 12 — ä - - : = 2 1 —— 


| 
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Se ee 
A Method of Szuaring ſome ſorts q 


Curves, or reducing them to more 


2 mple Curves. 
* A. De. Mole, R. S5. 


1 2 2 de —xx. Let B be the. Area af 3 
5 Curve whoſe Abſciſſe is the fame with the for- 


3 
- Mets EY its Ordimte x Ax. Put 


V — = 8. Then will A 2 „ * into | L If 


zm 1. 2m—I, 2m— 2m—5 _ | ing 
into —— into into &c.= 
2m +4 2m E 2 UND? zm 5 r | Quac 
| * MI 3 | * 
mb” NN... | Le 
d 2-1 n—3 . KR ; xs 
— FAA = — S 
m 1 zm 9 amp 
1 zm 1 2 —1 n— 3 end 
ind ino ef ns 
m 2m 4 wb: A 
e den lee 2 —3 2 
mae n N to 
n 1 2 4 . 2 ＋ 2 18 2m to 
TS 
x * ., &c. Or. 


Where we are to Note, 1. That » is ſup- Þ 

pos'd to be an Integer and Affirmative Þ — 

Number, 2. That the Quantity a*B, in the Þ 
Series, Þ 
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ries expreſſed by P, is to be multiplied in- 
| s as many Terms as there are Unities in , 
. That as many of the following Series ex- 
| ae by —Q,—R,—S,—T, &c. are to be 
Agen, as there are Unities in 2. Which to il- 


| 28 by an Example or two: If »=1, the 


2m I m—TL 


1% that Ad ee mTZX J5 


. 
| * if u 1 2, then A dB into 2514 into 
| „ * mn on P99) 


| n 
| +I 2 * 5 7 P zn + 4. 


1 7 4. That if y be put = * XXy 


then A CT S—T, &cc. +P. 
COKOL 


| If m be put =to any Term of the follows 


| ing Series — 2, 1 17 2 75. 22 &c. then the 
Qadrature of the Curve whoſe ordinate 13 


— — 


m, 7 „ 
yo or x dx+ xx will be ex- 
| Meſſe in finite Terms, and ; RY 
our Series. To illuſtrate which by an Ex- 
Lemple or two; Let it be required to 
find the Area of a Curve whoſe Ordinate 18 


* Vis ——- us imagine this Curve 
to be compar'd with another Curve whoſe 


„„ 


Ordinate is x V dx—xx. Now becauſe in 


[this caſe == 1, therefore will A=4B into 
E a... ML. 
1 fz * „ but i, there- 


fore 


found by 


— ootrocere LIN a ett to oe i hoe on 
b —— — * a . = 
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fore 2mm ＋ 1=0o, and therefore A= 1. 
m- 1 2955 4 i 


It is here to be obſerv'd, that the Au 

thus found, is ſometimes deficient from th Im 
true Area, by a given Quantity, or exceed 1 
it by the ſame given Quantity. And in «.ﬀ # 
der to find that Defect or Exceſs, let the Au 
found be ſuppos'd to be encreas d or diminiſh's i * 
by a given Quantity , and then putting x=« We 
let the Area increas d or diminiſh'd, be ſuppos'4 
So. Thus in the preſent caſe, we ſhall fil 
9 = 3 4% d, and conſequently A g d d- 


CO ROL. I. 


If „ be put equal to any Term of the fol 
lowing Series, z, 4, 5, 6, 7, &c. then thei 
Quadrature of the Curve whoſe Ordinate iſh 


x V dx—xx, or x dx T xx, is exp 
ſed in finite Terms, and is found by our Sf 
Let the Arca of the Curve be to be 


| —3 5 
found whoſe Ordinate is x V ax —. Av. 
Suppoſe it be compared with the Arca af 
a Circle, which call A. Then will = ν 
* 3s and ſo A=P—Q—R—S But 


ſince in the Denominator of the third Tem . 
by which 4"B is multiplied, there is found 


| 15 a Quantity infinitely ſmall, or rathes 
thing; the Quantity expreſs'd by P is In- 


Inite; and for the fame reaſon the Quan- 
Fry expreſs d by — S 1s Infinite, and fo the 
| Quantities A, — Q, — R, do vaniſh. There- 


C 1 N 
-» we have d'B into - 


Sz << —— 


5 | „„ : 2M — „ 4 
19 755 or aB into 2 =ddx 4 


the 4B into — 2 or B 2. 
1 qa wx 3x 


-COROL. Nt: 


i- be pur equal. ro any Tem of the fol: 


owing Series, — 2, — I, o, I, 2, 35 4, 5» &c. 


hose Ordinate is x V dx+xx, depends upon 
ion of that Curve to the Circle of the Hy- 


Terms. 
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5 


bre PS, and dividing the Equation by 
2 ag | zm—3 


F 


the Quadrature of the Curve, whoſe Ordinate | 


pr Var —xx, depends upon the Quadrature 
of the Circle. But the Area of the Curve, 


the Quadrature of the Hyperbola ; and the re- 


perbola, is exhibited by our Series in finite 


—. 2-7. 
1 


= n FP — 


— — _ -- 1 — A — 
22 3 ; £ 23 Hr wi * 29 
— 3 * 3 — ————K—— rv — R — — 2 AA . 
<7 = — — = .— — — = — mnt ne us — — — - s — — 
— tr FEE Ä 3 n I . A — — . * * 
* 9 En — wy —— — 9 "2 - _ 1 =y — _—_ * . 
> RY" TORE oe FE —— 3 — — 
— 
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* m 1 ee by an Se Ten 
different from them es 9 ay te the 


n 
Carre hls  Ordinae i ** ae 1 
1 
IE =” 
 de+ n, is Wy ech l no i 
; dees it depend upon the Circle or: Hyperbob, . 
but is reduced to a more — Curve by on * 
Series. e 


TH E O R. Th 


; Ler A be the Area of a. Curve | whoſe Ab. 


ſceiſſe is , and OrdinateV dr xx. Let B be 
the Area of a Curve. whoſe Abſciſſe is the 
fame with the e but che Odin 


l 
* 


— — 


a 
— 


8 f VS 22 — 8 =. | The wi 


; Im 


3 n 0 mm 
| -#B int 5 into 


2n— 1 2M}. 2-5 


2 am z into 2 1 4 into 


44 2ꝝu 2 zm—3  M—3 


＋— oO ff... ᷣͤ v 


zm A2 — 2 


d 2m 1 | 2m—3 8 22 5 


in e Bacohong © Pa EN 
© M—3 t 2.7 into 2m —2 2.4 


| The Obſervations to 3 ry Theorem, take 


| pc here oh as in what follows: ; 


COROL. 'L 


; { 


| if. m be put equal | to any Term of the 


Blowing. Series, =p. 22 12 25 =, &c. the Qua- 
Kerature of the Curve, Whoſe Ordinate is 
3 n = | M | 
VVV 


, is expreſſed in 


dx — xx Va 


ſnite Terms, and exhibited by this Series. 


L CORAL. 
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: . 1 es 
CO ROL. II. = * 


1 1 be put equal to any Tem of the fol | * 
bing Series, T, 2, 3» 4, 5 6, 75 Ae. Every Ti 


Curve whoſe Onnen is — the 


cool. il. 


if m be expounded by any Term of the | 
: following Series, o, 1, 2, 3» 4, * 6, 7, & 


„ I 
the Curve whoſe Ordinate 1 is =— 1 
3 bs = 

pends upon the Quadrature of the Circ 


But the Curve 1 Ordinate —— | 


| Vane 
depends upon the Quadrature of the Hype. 


For if on the Center C, (Ig. 20.) the Diame: 
ter AB a, the Circle AEB be deſcribed, and 
AD be taken x, alſo erecting the Perpendi· 
cular DE, the Line CE be drawn, Then te 


Y 


| 7 


4 
x 


LI de—xx 


N | the Center C, and the Tranſverſe Axis : 
ABZ a, the Equilateral Hyperboa AE be 


| deſcribed, and taking AD=x, and erecting 


DE at the right Angles, and joining CE, the 


Sector ACE divided by 4 4d is equal to the 
Lea of the Curve whoſe Ordinate is 


3 


co kol. w. 


If m be equal to any Term, that does not 
| [all into the foregoing Limitations, then the 


7 
1 


Curve whoſe Ordinate is — —, is nei- 


2 


ther exactly ſquar'd, nor does it depend upon 
the Circle or Hyperbola, but is reduced to a more 
simple Curve. 
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Fector AEC divided by 3 4d is equal to the 
Aea of the Curve whoſe Ordinate is 


6 = After the fame manner, if on. 


the L  THEOse 


, * ; 
* — — — — xk — a 8 A ti. — EY 82 DE PRE 2 1 
OC AG oO RE EE Tb —.— — 
* — 3 — — — q, pl . 1 1 
* 8 * — ted 8 „ , . ” * p : 93 
— An — 2 GENES mg - . — — N S — 
a 2 — 
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THEOR III. 


Let 5 'be the Are of a Curve, who: 
Abſciſſe is x, and its Ordinate Applica 


mz ; let B be the Area of a Curve, 
ok: Abſciſſe is allo. * and its . 


n.2, 
4 ; 425 xx. ' 


— 


— — 


Let 8 J. Then will A=r*B in. 


m—1 5 m 55 m— 
— io into into „cc. 5. 
to TE, an —2 1 — 4 


VVV 1 = 
5 0 ＋ 2 ; F 2 


| 7 + | W—z 1 M—} mj—5 


a DET os 
che nto into * — —8 
„ e * „ s 


&c. 


COROL. I. 


If m be nated by any Term of the 
following Series, 1, 3, 5, 7, 9, &c. the Qua- 
drature of the de whoſe Ordinate 5 


— — 


* 7 
* Vrr— ex, or x * rr x, is had in finite 


Terms, and that by the help of this Theorem. 


fol 
the 


CORO! 


Þ 
the 
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COROL. n. 


' If be expounded by any Term of the 
following Series, 2, 3, 4, 5, 6, &c. then the 

3 JJ „ 

Curve, whoſe Ordinate is x xx, of 


| Fl V is exactly ſquar'd by this 
Theorem. „„ 8 
COROL. II. 

| If n be expounded by any Term of the 


| the Quadrature of the Curve, whoſe Ordinate 


IE V rr—xx, depends upon the Circle, but 
| the Quadrature of the Curve, whoſe Ordinate 
| 8x Vrr+xx, depends upon the Hyperbola, 


COROL; Iv. 


I n be expounded by any Term diffe- 
| rent from thoſe already taken notice of; 
ben the Curve, whoſe Ordinate is x Vrr x, 
or * Vr Tæx, depends neither upon the 
Circle for the Hyperbola, but is reduced to 
more {imple Curve. 


— — 


L THEO- 
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THEOR Iv. 
Let A be the Area of a Curve whoſe Ah. 


W 
5 3 
ſciſſe is x, and whoſe Ordinate i — 


| rr xx 


let B be the Arca of a Curve bote | Abſci 


man 
"is alſo x, and its elne om, 


_—_ N 


* 
into „ mg 


Then 


: „ F - 
8 8 — 35 . | | 3 
will A=wB imo 7, into ,. 


into 3 


7 
7 xc. =P. 
1 wt 

— = 


+ 7-1 3 


‚ 5 — e e OT — — 
0 - * 2 R. 


— * 1 6s 

. Ren — — 1 Fw 
Ra 0 into . 

„ W . 


7 — 6 


— — T, xc. 


COROL 


n e e ny 11 3 —— 5 
1 0 8 Into Into x J 


 folle 


Miſcellanea Curioſa, 15 1 


COROL IL 


If m be expounded by any Term of the 
| following Series, 1, 3, 5, 7» 9, &c. the Qua- 


| erature of the Curve, whoſe Ordinate is 
; | bY | | | | | 


— is © 
TEE 


| Theorems 


COROL. 1. 


| | If » be expounded by any Term of the 
following Series, 1, 2, 3, 4» 5» 6, &c. the 


Curve, whoſe Ordinate is 


2 
* 


—— . is ſquard exactly by this Theo- 


Vrrr xXx 
rem. 


CoCl. III. 


If m be expounded by any Term of the 
following Series, o, 2, 4» 6, 8, 10, &c. the 


L. Quadrature of the Curve, whoſe Ordinate 
| tg : ' F 4 | 15 


— brained in finite Terms by this 


2 a au CE "wy 32 — 

8 : ND * 12 2 - ; = * — — Cy. 
3 — — 5 en a £ 8 r ² wu»—ᷣ T?•88 — - 2 

— ES" x * R r . — * 8 * 2 Fe . - — : F 

© 8 7 28 ner 0 — 2 — 2 5 Tu 4 4; ES - * 
_— w wt ——— OS It e as 
— * * — £ 
Coon: * — W 3 7 - 8 = 8 8 

. x Es Fo — 2 N 1 n 
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4 


. depends | upon the Quadratur E 


I 


of the Circle. For if on the Center C, au 


the Radius CA r, the Circle A E G be& 
ſcrib d, and taking CD = x, DE be erect 
perpendicular to CD, and CE be drawn; 


then the Sector CAE divided by 2 rr, i F 
equal to the Area of the Curve, whoſe 0. 


0 ? 
* 


dinate is . In like manner, (Fig. 21 
3 « 


if on the Center C, and the Semitranſverſe Ai 


is CA r, the Equilateral Hyperbola E A M «i 
deſcrib'd, then drawing CF perpendicular ro Ci 
equal to x, FE parallel to the Axis till it me, 
the Hyperbola in E, and join CE; then ti: 
Hyperbolical Sector ACE divided x 2 1, 


.2 
equal to the Area of the Curve, w 
* OE 
nate is —. 


V + xx 


CORDOLE.Tv.; 


55 Tt mn be expounded by any Term dif- 


rent from the foregoing, then the Cur fo 


mM 
x. 


* 


ur TN 


Wjuhoſe Ordinate is 


ole Orc ä 


, 15. neither e 


4 : 
Vu] 4 
* cf 


| 


15 


jW 
ay ſquar'd, nor does it depend upon the 

Circle or the Hyperbola, but is reduced to a 
more ſimple Curve. Fl. 


le A be the Arca of a Curve, whoſe Ab- 
=_— 4: 45 

Lſſe is x, and its Ordinate —— ; let B be 
the Area of a Curve, whoſe Abſciſſe alſo is 


1 | 8 
v, and its Ordinate ——. Then will A 
ö 2 


AGB —c—— ce 


Let the Ordinate be 


, and then the 
 d+4x 


„ „ n 


E Arm A will 


B. 
ES 


| If » be expounded by any Term of the 
following Series, 1, 2, 3, 4, 5, 6, &c. the 
| Quadrature of the Curve, whoſe Ordinate 
. * 
1 or —— , depends upon the Quadra- 
d -x a+ x 1 ; 


P41 


a V 3 
« on . 


ture 
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ture of the Hyperboka. For (See Fig. 210 


drawing DE, EF at right Angles, take EG 
=4, and draw GH at right Angles to EF, 
and equal to it. Within the Aſymptote 
DE, EF, let an Hyperbola be deſcribd, 
paſſing through the Point H; which dom. 
take GK x, towards E in the firſt Caſe, aud 
towards F in the ſecond; and draw the O.. 
dinate KL. Then the Area HGKL divide 
by ad, is equal to the Area of the Cury, 
whoſe Ordinate is or Hence the 
Solid generated by a Portion of the Ciſſid 
while it turns about the Diameter of the 
Generating Circle, is exhibited in finite 
Terms, ſuppoſing the Quadrature of the H. 
mm  ..- 5 


THEOR. VI. 


5 Let A be the Area of a Curve, whoſe Ab- 
ſciſſe is x, and Ordinate —— 
19 5 rr + xx 


let B be 


rhe Area of a Curve, whoſe Abſciſſe is alo 


mn 
„, and Ordinate 
„ r x 
t m- 3 m5 
J N 
Area A= — —— 4 —— &. 


8 m—I 3 m—5 
8 8 rin B. | 8 


Then will de 


Coo 


— — —¼. 
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2 
is 
= 
9 
Ps 
oy 
_— 
d * 
Ty 
1 A 
8 * Ed 
/ . 
3 
* 
L * 
* 
— 
i 5 
$ 
HR 
- 
4 


1 


COROL. 


£ 


| If m be expounded by any Term of the 
[Glowing Series, o, 2, 4, 6, 8, &c. the Qua- 
ature of the Curve, whoſe Ordinate is 


F ns 
. depends upon the Rectification of 
de Arch of a Circle. for deſcribing the 
Circle AEG on the Center C, with the Ra- 
dus CA rr, draw the Tangent AK =x, and 
pin CK meeting the e in E; then 
che Arch AE divided by rr is equal to the 


< 2» VS i _— 


Fra of the Curve, whoſe Ordinate is ——. 


General Corollaries to theſe ſix Theorems, 


Very Mechanick Curve (whoſe Quadra- 
IL. ture depends upon any one of that In- 
finite Number of Curves, whoſe Ordinates 


have the following Forms, V dc+ xx; 
m 1 | | ES 
1 Re 


1 


| RA „ Vir Txx, 2 Verb xx, d EX = 
e FEA. | e 


— _—_ 


: * 
A —— — 
© _ 8 _- - 
. 1 © * 6 yo — — — x" * * 
. 4 z 1 s „ «< a 1 — < ah 
— * — —— — 
* " Pen 6 = 5 — — —.— 
ans — As rt ages PR : $ « — 8 2 — — _ — —— — = > 
: a 4 EAN * 8 — — * _ — 
* — Ac i 7 py hue 22 ———— Ea Kaos _- "ne" ts * 8 Ve * & . 
ww A — pr ml . E . l 5 — 7s — — — yr ” 
— — 1 x 82 4 7 — * 
— . SACS... pe, "ORE I , 


2 . 


| — may be ſquar'd by theſe Series. It 
* 7. 1 | 
may ſuffice to illuſtrate this by an Exam- 1 


ple. 


Sup- 


2 * hence 7 = 3 vr. Yi 4 5 
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Suppoſi ing the Cube of the Arch of a Cy 
(correſponding to the verſed Sine) to be the 0.0. 
dinate of a Curve, whoſe Abſciſſe is the | | % 
verſed Sine; let it 0 requir 'd to find the a> 
of this Curve. z 
Let the Abſciſſe be K, the Circular AM: 


2; ; then the Fluxion of the Arca Is U? „ 


the Arca be 4 Therefore v3 x +31 


* 


KL „ yaw" —— 
- 5 therefore 72 — 


5 * ; | 2 —XX 


AE as 


— — 


by Theor Lc ) 


- er Wa dx—x x 


7 * 2 — „ and conſequently 7 * = 2 dv: 9 — 


d- 15 therefore q = Edu -f. dv* 9: There 
fore now we are come to this, that t 


luent, of the Expreſſion 3 dy? Þ is to vi 
3 Al 
| found. | 


Let this Fluent be 23 14% Jr tt 

| "ole 

Therefor e 2 de- 5 A. $dovy—r = — du . Nat 
1 Wenth 
And conſequently r= 399 = =2 : dun Tr. Wh 
Let r ddvx . | Wone 
Tattel 

Therefore + > ddox= = 1 dlur +3 Talus Fs $3 


and? 
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i. | zar 


—— —-Ut 


Land conſequently S ddxv— 
il ; 


aV Ax===xXX 


=:d'v—3dy9, And conſequently the Area 


W © 13 
E. 


b depend upon the Quadraturcs of Curves; 


Furves. 


wn them to the celebrated Mr. Newton, (as 
Wh: ſuprcam Judge in all Matters of this Na- 


\ 3 


ea long time been Maſter of a Method, by 


Nature of a Curve) being given, that Curve is 
ther ſquar'd, or reduced to a more ſimple 
Ne. 1 

And it were to be wiſh'd, that he thought 
It to communicate to the Publick, not only 
Foſe Things which he has relating to theſe 
Ilatters, but others alſo of his Noble In- 
Fcotions, which are not a ſmall Number 
ither. And I believe this is not my Wiſh 


Wone, but that of the whole Learned World 


belides. 

| | make no queſtion but thoſe Learned Per- 
W'5 (whoſe Writings in the Alla Erudilorum 
Wl 0 and 


n (by Theor, 2.) Therefore now 
oebt, is = dv) +14V 5 A dur N 
Lince the Solids and Surfaces generated by the 
Rotations of Curve Lines, as alſo the Lengths of 
Curves, and the Centers of Gravity of all theſe, 


lit is plain, that theſe are cafily obtain'd ; 
o, if chey depend upon the ſore-mentioned 


Aſter I had compos'd theſe Theorems, and 
pre) he was pleas'd to give me a ſight of 
mc Papers of his, by which I find that he 


Wlich any Trinomial Equation (expreſſing the 


4 


n 


— 
ao. 


TFT re 


Y — —— — 
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and other where have tended ſo much to the M 
vancement of Mathematicks) have Methods wiſtt 
| | unlike to this of mine; and therefore I aſc 
| no more to my ſelf in this Matter, than , 
= that 1 found out theſe Theorems, not kno 
whether any Body elſe had done ſo befor: of 
no; and reduced them into ſo eaſie a Fin 
that the whole Calculus relating to them, mii 
be taken in, as it were, at one View. F 
But before I make an End of Writing, + 
think it not! improper, if (having not had ano 
portunity ſooner) I make ſome little reply tou 
Famous Mr. Leibnitæ s Animadverſions upon miſt 
Series for finding the Root of an Infinite Eq 
tion. . n A 
That Excellent Perſon thinks this Series wiſh 
to be General enough, as not reaching the Ci 
where z and y are multiplied into one anothe 
upon which account he ſubſtitutes another v8 
ries in the room of it, which he aſſerts is nc 
nitely more General. But that which led line 
into this ſmall Miſtake, I gueſs to be th 
that he took the Quantities a, 6, c, d, & 
for given Quantities, whereas they were to il 
us'd indifferently, either for given or indem 
nate ones. „%% rare c 1 
But I ſball add one Example to ſhew that m 
Series extends to all Caſes. Let the Equation it 
7 ooo ors 
Ir, ur Theorem let a= 275 b==0, = 
„ /=1, or rather let g=y, Bo. i" 
er Fe Y 38 
© either Caſe will » = ++ 


p 


Du 
1 po 
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be eee, S S 


o 8 3 oncerning 


5 Þ ' the Solid of Leaſt Reſp 0 ſtance, 


t: F ent. 


Sold by J. Cats. 
LEMMA. 


TS fiftance made to the Rectangular Trian- 
(SS gle AIG, and that made to the circum- 


. |. from I towards X. 

From any point B let there be drawn B C 
Þependicular to AG, Bb, parallel to AT, and 
BM perpendicular to AI. Then in bB take 
H- CM: and bE= BC; and through the 

5: 

Points E and E, draw the Lines HA, EA, 
ich being produced cut Gg in K and F. 
ay the Reſiſtance of the Triangle AIG, 


the Area of the Triangle AK G, to 


bi Area of the Triangle AFg. And 
allo, that the Reſiſtance upon any part 
of the Line AG, is to the Reſiſtance 


Ty upon the correſpondent part of the Line 


Ag 


* and the Curve of See De- 


| IF; O find he, Frapordian between the Re- 5 


; ſcrib' d Rectangle AIGg, while each 
hoves in a Fluid, in the direction of the Line 


| to the Reſiſtance of the Rectangle AI Gg, 


160 N C %. g 


Ag (ex, or. upon AB and Ab) as the AW 
AHB to the Area AEB. The Demonſtration e 
which depends upon a General Theorem, wh 
I deduced very eaſi ly from Prop. 33. New. 1 4 

2 WY | ] 3 


COROL. I. 


Let BG, be, be infinitely ſmall arts of ie 
Lines AG, Ag, and let bB be produced to 1; 
I fay, that the Reſiſtance upon BG (which dB 
e) is to the Reſiſtance upon bg (which call Y 
8 GEO. F 
| For e: E: : KHeb : FEgb; that i is, e: ER 

be x bH : bg x bE (by the foregoing Lemmi 
rherefore e: . 4 : bH : bE; that is, e: E 
= CN: BE 23 OM: BC*, But CM*: BC: 
GI: GB? chime of the fi milar Trang 
BMC, GLB.) The core. e: E! : GL*: C 


Q: E | D. { 
COROL. I. Q. 
The Refiſtance upon che infinitely {mal } 
part GB, is GL. For if all the infinite 7 
1 | GP: - 
ly ſmall parts in the Line Ag cad by oy be Tm 
pos'd equal, then a Reſiſtance upon bg, my 
be expreſs'd by bg, that is E=bg, and vi 
E GI. Therefore (by Cor. 2.) e: GL. 
L': GB.; whence e GL-. Q: E: D. FT 
G ; 
Let 
18 ORO I. tick 


| boy 
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1 COROL. ITT. 


a 1 Let r- be the Radic, and c the Circums. 


| ence of any Circle. I fay, that the Re- 


4 _ upon the Conick Surface generated 


y the Rotation of the Lineola GB about 


1 15 equal to the — of c x BM into 


: aw —— ä — 


5 e is equal to all the Reſi ſtance, upon 
Fthe Lineola GB, that is, to all the e; that 


Wis, equal to the Circumference of the Cir- 
e (whoſe Radius is BM) multiplied into e; 


1 „„ B 
Furlace, is equal to — xe, and conſe- 
5 3 


3 e BM GD 
| duch (by © col 2 * equal to — x —— 
© - „ GB 
K E : o. 
PROB. I. 


|} 
mall 


iti 


7D 


1p 
uy 
0 


that, while tis moved in a Fluid Medi- 
um, in the Direction of its Axis, ſhall 
meet with the leaſt Reſiſtance. 


| (Fig. 24.0 
Let 0G, GB, be two infinitely ſmall Par: 
[ticks in the Curve ſought, which rould a- 


boar its Axis, will produce the Solid of 
M leaſt 


DAY —— 8 — > e447 8 1 p 
2 IT 5 3 


[ 2 For the Reſiſtance upon this Conick 
b“ 


that Is the Reſiſtance upon that Conick - 


4 rs fd aC urve Line, by the Rotation of e 
| which a Round Solid ſhall be generated, 


. 
——— u —— — — W —— r 
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leaſt Reſiſtance. Draw BM, GP, perpendicuꝝ | pos 
to AQ, alſo BL, GN, parallel to AQ, a and 
ON, parallel to BM. £ 


IP, 

cx BM x GL | 3 = to 

Now —- „is the Reſiſtance 1. 4x 

Tc: be 

on the Surfce gener ated. by the Rotation d h 

cx GPxOV iD 

the Lincola GB about AQ, and — —-———— & hav 
rx GO if 


is the Reſiſtance upon the Surface generate by 
OG, in like manner (by Cor. z.) And t J. 
Sum of both theſe Reſiſtances muſt be a Mi 


mum, viz. 


cx BM x GL* cx GP x ON 4 
| | | * — — — = 2 9 Eo 
| 11 GB: r x OG* Tr 
mum. 

And 3 in Ihe Line RS ( 0 5. 
rallel to AQ that ON = GL) the point 6 
is to be ſought, ſuch, that this ma . 
which, ſuppoſing the points O and B to x 
fix d, will be eaſily found by the commo! WF 
Method, de Maximis G. Minimis. And pro- 
ſecuting the Calculus, we ſhall come at lil 


BM x BL GP «NCY 
to this Equation, 3 32333 
CO TER 
BM X BL 


whence tis plain that = 


— = a conſtant 
505 he 11 
G 80 that if the Abſciſſe AM = 
and the Ordinate B M = | 75 then wil 
BL= = ax, LG = 18 (which I have ſap. 

3 | pos 4 
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pod conſtant every where in his Calculus) 
(i | and conſequently : BG = dx* + dy, whence 


| ————= 2 conſtant Quantity. Let a 


44 +99 


be any conſtant Quantity, and conſequent- 


ill ly (to obſerve the Law of Homogeneals) we 


N dx 5 7 
. haye n— — — — 5 AS has been found 


8 


Jo. Bernoulli. ; 

4 --PROB; H. 
"| To ind the Line of Swifteſt Deſcent. 
1 G 
| Let BC, CD, be two infinitely ſmall Parti- 
to be of ſuch a Nature, that, ſuppoſing a Body 
to have fallen from the Horizontal Line AQ, it 
may paſs from B to D in the ſhorteſ® Time. 


Therefore we are to find out the Point C (in 
the Line RS drawn in ſuch a manner Parallel to 


b to paſs. | 


xD 


| oo: 
A o 


y the Illuſtrious L' Hoſpirall, and the celebrated 


ces in the Curve ſought. Now the Curve ought 


AQ, that the differences of the Ordinates GC, 
DE, may be equal) ſuch chat this may come 


Now the Velocity in C 1 * and that 
Jo & v AD; thadkre—is the Tine 


1 Miſcellanea A 

| 0D 

of Deſcent thro? Bc, —— is the Time 

AD 

Deſcent thro' CD (by Prop. 54. pag. 158. 

Newt.) Therefore the 832 C * to be 
+ 5 ED 

ſuch that — + — may be 2 2 

AE vAQD 

| Suppoſing the points B and D to be fix'd, h. 

the conſtant Qnantities GC = DE =m, LC = 

Dp; the Hndeterminate e BG =» 

CE= D; Whence 


W * . + V + 22> — a A. 
nimum. Therefore e 

: _ PP 
8 4 — _— — 


AE PD . * | 


But da = 4 bett VT a Þ conſtan 
therefore 


, , / 0 o 2 
20 G ˙ U omar _tl. 1 —_— 2 Ad — — 4 
8 75 2—— ce it 


maniſeſt that — — — 2 2 conſtant Quan- 


1 3 ob of 


tity. - None let the Abſciſſe 1 
| the Ordinate LC = =P and to B G = wo _ 
GC 


n 
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GC = ay, BC= Va x * + 4 15 A and let a be 4 
ny conſtant Quantity. Then ſhall 


3 4 * 1 


b—————=——, whence dx Va = x 


wv +dy. But now in all Curves, "tis 


ur er Vd“ + dy* : as the Subtangent, to the 
Tangent. Therefore the Nature of the Curve 
Fought is ſuch, that its Subtangent, is to the 
Tangent, as Var Vs, which that it is a Proper- 
ty of the Cycloid, is known to all, that know 
that the Tangent of the Cycloid, is parallel to 
the Chord of the Conterminal Arch, in the Ge- 
eating Circle, whoſe Diameter is a, and whoſe 
Vertex is downwards. „%% ͤ ũ ù FRO 
And with the like caſe, I can find the Curve 
Jof the Suifteſt Deſcent, in any other Hypotheſis 
| of Gravity. . 


M 3 = bs 


— A 
> * EEE 


Is 
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F Oe OO OD) WF 
The Quadrature of the Logarithmicl N. 
Ib rature of the Logarithmic W.., 
CDs. > es E 1 
Alo 


B J. Crag 


[TIE ET ONF be the Logarithmid 
Curve, whoſe Aſymptote is AR, i 
(YEN LW 


which let ſuch a point A be take, 
as that the firſt Ordinate AO ny 
5 be equal to the Subtangent or U. 
nity. Tis requir'd to find the Area of a Curie 
linear Space AON M comprehended under the tui 
Ordinates AO. MN, the Abſciſſe AM, and te 
Curve ON. From O draw OE parallel to A 
and cutting MN in E; I fay that the Red: 
| gle under the Segments ME, EN, is equal vi 
the Space ſought. Demonſtratiun. Let ti 
Ordinate MN = Z, Subtangent AO or ME 
s; and to the Axis AR let another Cure 
E be conſtructed, whoſe Equation hl 
be 252 = &, its Ordinate GM being = x, | 
ſay, that this Curve is the Quadratix of ti 
Logarithmical Curve (according to the Pri 
ciples of my Method) viz. its Subnormal "i 
reſpectively equal to the Ordinate of tip 
as is plain from the Calculus of that Mi 
thod. Therefore (according to what I ha 
ſhewn in another place) if ro the point OF 


we draw GC perpendicular and equal ro CM 
as alſo HD parallel to GC, and met 
the Lines GM, CM, in B and D; then vi 


( 


l. 


/ 
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| * Trapezium GBDC= AONM. But GBDC 
GMC - BMD=; x — +BM1=SZ— 
B HA!; but HA=4/2 AO9 from the Nature. 
| of the Curve HGQ, therefore GBDC = SZ 
A0 AOx&MN—AO9= AO x MN—AO 
EME MN MES MEX EN. Therefore ; 
Bo AONM= ME x EN. Q. E. D. 
© When I applied my Method to theſe ſort 
? of Figures, I found that a Miſtake had ſome 
y or other crept into M. Bernoulli's Calcu- 
ths, For in his moſt excellent Tract of 
e Principles oo the Differential Calculus, 
| 4 Sang to 


Figure 8 Equation is 


=) this for its Quadrature, „ 
bl 


: 2 = = 
Was the Area of that Figure Is — 21 —. 


5la 


' = V denote the Abſciſſe and & the Ones 
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\ A Theorem concerning the Proportin 


| of the Time that a heavy Bj 
ſpends in deſcending through 1 
right Line joining two given Point, 
to the ſhorteſt JIime, in which i 
| paſſes from the one to the oth 
of theſe Points, by the Arch of « 
Cycloid, : e 


THEOREM, 


N the Cycloid AVD, whoſe Bafis Ab 
1s parallel to the Horizon, and th 
Vertex V turn'd downwards, if tron MW 
A be drawn the right Line AB meer 
ing the Cycloid in any point as B, from whenc 
is drawn BC perpendicular to the Curve of ti: 
Cycloid in B, and AC be let fall perpendicuu 
BC from the point A: Then the Time tha 
a Body at reſt in A, ſpends in deſcending tho 
AB (by the force of its Gravity) is to tb 
Time that it ſpends in falling thro the Curt 
AVB, s:AB to AG. 1 ; 
Thro' B draw BL parallel to the Axis f P® 
the Cvcloid VE, and BK parallel to the B. © 
ſis AD. meeting the Axis in G, and the (0 
Circle (whoſe Diameter is EV) in E and WW 


| and the Cycloid it ſelf in K. Draw te 
enden — _ 


| 2 
* | 


" & 
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Fight Line EF, which from the Nature of the 
ECycloid is parallel to BC; whence BM is = 
FF, and EM BFE = the Arch VF from the 
Nature of the Cycloid; and conſequently AM 
JJ EEE 
By Propoſition 2 5. Part II. Horolog. Oſcillat. 
Hugen. The Time in which a Body at reſt 
in A deſcribes the Cycloidal Arch AV, is to 
the Time of Deſcent thro' EV, as the half Cir- 
cumſerence to the Diameter. „%% | 
And (by the laſt Propoſition of the foremen- 
tion'd Part) the Time of Deſcent thro' VB, 
alter the Deſcent thro' AV (which is equal 
to the Time of Deſcent thro' KV, after 
the Deſcent thro' AK) is to the Time of 
E Deſcent thro! AV, as the Arch VF to the 
Lemicircumference; and conſequently to the 
Time of Deſcent thro' EV, as the Arch FV, 
to the Diameter. Wherefore the Time of 
| deſcribing the Curve AVB, is to the Time 
ol Deſcent thro! EV, as the Arch EHVE, 
Eto the Diameter EV. But the Time of 
| Deſcent thro EV, is to the Time of Deſcent 
WW thro LB or EG, as EV to EF. There- 
fore (by Equality) the Time of deſcribing 
AVB, is to the Time of Deſcent thro' 
LB, as the Arch EHVF, to the Subtenſe 
EF, that is, as AM to MB. Again, the 
Time of Deſcent thro' LB, is to the Time 
olf Deſcent thro' AB, as LB to AB. There- 
| fore the Time of deſcribing AVB, is to the 
| Time of Deſcent thro' AB, in the Ratio com- 
| pounded of AM to BM, and LB to BA, and 
| conſequently is equal to the Ratio of AM x LB 
| to MB BAA — 


But 


* — 


vs . 


SEW 


x 
—_—_ —— — — = r „ e 8 4 n 
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the Time in which a Body at reſt in A, ſh; 
deſcribe the Cycloidal Arch AVB, is to th 
AB. Q: E. D. 


like manner, if the point B be between 
and V. | 


But AM> LB MB x Ac; and therefol 


Time of Deſcribing the right Line AB, 
MB x AC to MB x BA; that is, as AC t 


And the Demonſtration will ora 


4¹ 


== 


Plate it 


9 


ee, REY 


> ————— roy 


po: neg c 34s. 
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FE 


A Extrad of a Letter from the 8 g 
| Reverend Dr. John Wallis, to [ 
Richard Waller, Eſq; Secretary 
| to the Royal Society, concerning 
| the Spaces in the Cycloid, which 
are gerfectly Quadrable, 


— 


. Oxford, | Auguſt 22. 1695. 


Pind it is thought by moſt, that there 
is no other part of the Semicycloid Fi- 
giure (adjacent to the Curve) that is ca- 
pable of being Geometrically Squared, but 
,, 5 
I. The Segment Ab V (Fig. 28.) taking 
AY A Aa, (which was firſt obſerv'd by 
| Sir Chriſtopher Wren, and after him by Huge- 
nus and others) and it is 2 + 5s R= AR 
93. . | 
2. The Trilinear Ad D (taking 4D, in the 
the Parallel 4 D C, paſſing through the Center 
0) which is R=. | 1 
But it 1s otherwiſe, as I have ſhewed in 


| my Treatiſe, De Cycloide, and that, De Motu; 4 
| the Figures of which latter I retain here, 
| {o far as they concern this Occaſion ; ) there k 
is being 4 

1 


being other Portions of it, equally capable f 
Quacdrature. | 


Cap. 5. Prop. 20. A. p. 802, 803, 804.) thy 
not only the Cycloid is Triple to the Circle Ge. 
nerant, (which was known before) but that the 


build my whole Proceſs concerning the Cclii 
in both Treatiſes, (and which is not pretended, 
by any Body before me:) That is, 6 8 « A(Fy, 


rallel to BA) where-ever, in the Curve Ar, vt 
take the Point . e NEL 


compounded of theſe two; the Semicuck 


| Cycloid. 


| Lines v6 B being in both, equal to the reßpe. 
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In order to which, I there ſhew (De Me, 


reſpettive Parts of that are Triple to thoſe d 
this: Which is the Foundation on which | 
that I know of, to have been obſerv'd or known 


28.) Triple to the Sector Ae A (taking b g p. 


I then ſhew, that the Cycloid is a Figur WE 


AD 2, and the Trilinear A Da A. lying 
between the two Curves A Dæ and 4 dH ad 
therefore, to Square any part of theſe, is the Wig 
ſame as to Square the reſpective part of the Net 


"I ſhew farther (Videm, pag. 804.) that this Ne 
Trilinear is but a diſtorted Figure (by rea- i | 


ſon of the Semicircle thruſt in between it Nee 


and its Axis) which being reſtored to its due A. 
Poſition (by taking out the Semicircle into WW 
a different Figure, (as Fig, 29.) and thruſting the 


the Lines 6 B home to the Axis, ſo as that Ws 
BY be the fame point) is the fame with Wi 
Arte (Fig. zo.) (the Parallelograms 6 #4 5 ie 
being ſet upright, which in the Cycloid ſtand Wha 
ſloping ; and the Circular Arches 6 8, (Fig. 28) Wv 

ecoming ſtreight Lines (in Fig. zo.) and the ch 


ctlot 
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we Arches B A, every where; which there- 
bre I call Tyilineum Reſtitutum (the Trilinear 
* MWicfored into its due Poſition, which Figure I 
ut Wyo not find that any before me has conſider' d;) 
Js that to Square any part of this, is the ſame 
be to Square the reſpective part of the Cycloid; 
of Wor of the Trilinear in the Ochid:) Thar 
| Which in the Cycloid lies between two Arches of 
il With: Circle Generant in different Poſitions, 
d Wuſvcring to that which, in the reſtored Fi- 
mM 8 lies between the reſpective ſtreight 
. Lines. „„ 
: And therefore Ad DA, d, (Fig, 28.) 
NADA d 47, (Fig. 30.) R. And 
Abd A, 7 bh Jr, (Fig. 28.) = Al Kd A. 
e r, (Fig. zo.) = R. And bkd (Fig. 
k s.) 3 Kd, (Fig. 30.) = R*— R, Ibid. Cap. 
. B. pag. 756. Where if þ be taken above 
d Wk DC, (paſſing through the Center C) theſe 
he figures are within the Cycloid, and within the 
he Wicltored Figure; but without them, if þ be ta- 
n below that Line, and adjacent to the Cur- 
JJ fa. on EEE 
By K, I underſtand the Radius of the Cir- 
it Wk Generant; and by s, the right Sine of the 
ue WArch BA. whoſe verſed Sine is VA. „ 
o W And where-ever in my whole diſcourſe of 
che Cycloid, or the reſtored Trilinear (which 
at Wi a Figure of Arches, and a Figure of verſed 
th ines) the Arch 4 is no Ingredient in the de- 
ination; ſuch part or portion of them is ca- 
id Whable of being Geometrically ſquared. Bur 
ven I exclude a, I do therein exclude P (for 
ic chat is an Arch alſo) and F A and 4 
n becauſe à is therein included. 


Mr. 


174 Miſcellanca Curioſa. 


8 5 
A. O 
* 
WP 
E 
= - 
— 
1 
— 


1 : | 
eee eee 
a | he Quadrature of a Portion of the 


(Fig. 31) 
Epicycloid, YB its Axis, / the Ver- 


de, E its Center; DB the Baſe, C 


Circle cutting the Epicycloid in P : Then I ſay 


e. 3 8 i 
zz chat is, the Square of the Semidameter 


l the Generant Circle will be to the Curvili- 
Ihar Triangle TLP, as CB the Semidameter of 
he Baſe, to CE; which CE in the exterior 
Tpicycloid is the Sum of the Semidiameters of 
ine Baſe and Generant, but in the interior Epi- 


i diameters. 


| 


COROLLARY. 


n the interior Epicycloid, if CE is 5 CB, 
Th the Epicycloid then £ enerating into a right 

ie, the Quadrature of the Triangle Ip will 
be in effect the ſame with the Quadrature of 
Wippocrates Chius. S 


COROT. 
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By Mr. Caſwell. 


NUppoſe DPV to be half of an exterios 
| tex, L B half of the Generant Cir- 


a Center: Biſe& the Arch of the Semicircle 
in L, and on the Center C through L draw 


he Curvilinear Triangle TL will be=B Eq 


Kycloid Dp u, tis the difference of the ſaid Se- 
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If the Semidiameter of the Baſe is ſuppoſed in 
finite, the Epicycloid then being the comma 
Cycloid, the Area of the ſaid Triangle will b. 
equal to the Square of the Radius of the Gene 
rant, and fo it falls in with that Theorem which 
Lalovera found, and calls Mirabile. 5 
Though I do not think the aboveſaid Qu. 
„ drature can eaſily be deduced from what has ben 
1 Feet publiſhed of the Epicycloid, I have not a 

ded the Demonſtration; but think it enough 1 
name a general Propoſition from whence I & 
duced it, wiz. the Segments of the Genet 


= Circle are to the Correſpondent Segments of tr: 
A Epicycloid, as CB to 2 CE + CB. For E. 
1 ample, ſuppoſe Fm G the Poſition of part of ti 

if Generant when the point F of the exterior C/ 
il 8 cloid was deſign'd, then the Segment Fm Gn 
1 to the Segment DF»uG:: as CB to 2 CE 
i And conſequently the whole Epicycloid to tit 

il whole Generant in the fame Proportion: Whid 

i is the only Caſe demonſtrated by Monſieur N 

\l „ Ds CT: 

i It follows alſo that in the Vulgar Cyclo 


its Segments are triple of the Correſpondent & 
I ctors of the Generant, which was firſt ſhein 


A Gel, 


* 


. 


r 
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. 5 { General Propoſition ſhewing 
k Dimenſion of the Areas in 
all thoſe Kinds of Curves which 


are deſcribd by the Equable 
= Revolution of a Circle upon 


or 4 Circular one. 


% | By Edm. Halley. 


WIS known that the Primary Cycloid, 
I as alſo the Prolate, and the Contracted 
e (which they call Trochoids) have been 
f rely handled by the celebrated Dr. Mal- 


hing new left to be diſcover'd concerning 
em. But the famous M. De Lattire in a 
Etc Treatiſe, having ſhewn ſome of the Pro- 


pot only demonſtrate that the Menſuration 
bf the whole Epicycloidal Space, obtain'd al- 
© in the Parts of the ſame, but allo gave 


Pemonſtration of this Quadrature, which is 
dot very obvious, nor as yet given by the In- 
Fxntor, 1 light upon the following general 
| b nt ä 550 


———ä— — 
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gn) Baſes, either a Rectilineal 


and others, and their Properties are now 
Kommon enough; ſo that there's ſcarce any 


$crties of the Primary Epicycloid, the molt 
Wnocmous Mr. Caſivell did upon that occaſion 


perfect Quadrature of the Curvilineal Space 
WPL. But while I was enquiring after the 


| Spaces as the Parts, are meaſur'd. And fu. 


monſtrated to be capable of an exact Qu, 


— 2 — 
ATV. Pee 


either Primary, Prolate, or Contracted, «i 
to the Area of the Generating Circle, 

alſo the Areas of the generated Parts in 
logous Segments of the Circle; as the Sun g 


the Velocity of the Circular Motion, to th | 
Velocity of the Circular Motion. 


ter of the Generating Circle be in c, and ; 


Baſis in the Point M, and let the defcribin 
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Propoſition, by the help of which all ſors g S 
Curyilinea Dr as well of the Cycloidy N 
8s Epicycloidal kind, as well the woc 


ther, not only the Spaces VPL, but allo ij. 
numerable others, QTP and VI L, are d. 


drature; and this not only in the Prin, 


FP picycloids, but alſo in the Prolate and c, E 
: tracted = 


The Propoſition is as follows. 


1 Propoſition. 
The Area of any Cycloid or Epicychi 


thoſe Curves, are to the Areas of the An 


of twice the Velocity of the Center, ali 


' Demonſtration, 

| 5 (Fig. 22.) 5 L 
Let YPQRSUB be any Epicycloid deſcrbꝰ er 
by the Revolution of the Circle ULB, uM 
on the Circular Baſis YMNB. Let the Ca 


drawing cMK, let the Circle ſtand upon ti 


Point be S. Now diſtinguiſhing the Motion 

let the Point S firſt of all be carried by tin: 

Circular Motion into R, ſo that the A 
Fn _ 
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Ms increaſed by the indiviſible Particle RS. 


Next ſuppoſe the Center c to be trans ferr'd to 
CC by which Motion the Segment RS M be- 


ing brought into the Poſition QT'N, the Point 
FQ will touch the Curve. Tis plain that the 


of the Segment of the Circle, and that the 
ITnpezium QSMN is the Fluxion of the 
ECurvilineal Space generated in the ſame time; 
And ſince, SM, RM, QM, are ſuppos'd 
Eto differ but by a Point from one another, let 
the little Area QSMN be conceiv'd to conſiſt 
bot the three Sectors RMS, RMQ, MN; 


dd fo the little Area RMS to be to the lit- 
e Arca QSMN, as the Angle RSM to 
tte Sum of the three Angles RMS RMO 
-+MQN:; But the Angles RMQ+MQN, 
Auer equal to the Angles MCN + MKN, or to 


BON, inclin'd to one another in an Angle equal to 
MEAN, and becauſe of the Angle MQN equal 


Angle RMS is to the Angles RMS +cMC, 
that is (by the fame Propoſition mention'd) 
1 the Arch 4 RS to the two Arches Cc + - RS, 
cri 

1. 
Cen. 
10 
n the 
ribing 


Jt Ions 


to the little Area QSMN, or as the Mo- 
entum of the Circular Segment QT N, to 
the Momentum of the Epicycloidal Segment 


Ratio, where-ever the point Q be taken, tis 
manifeſt that the Areas QIN, QSMYN 


. the 


MF Triangle RSM is the Momentum or Fluxion | 


the Angle cMC ; becauſe of the Lines RM, 


to MCN (by Excl. 3. 20.) conſequently the 
wr RS to 2Cc+RS, as the little Area RSM, 


IOSYMN generated in the ſame time. And 
Wince theſe Momenta are ever in that ſame 


themſelwes, generated from theſe Momenta, 
ſbave alſo the fame conſtant Ratio, viz. of 


14 
Y 4 
131 : 
1 * 
4 
"hb + 
4 
© 3 
* 
* 1 
| F 
14 
„ 
* 
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the Velocity of the Circular Motion RS, t) 
double the Velocity of the Center, adding th: 
Circular Motion, or 2Cc+RS: As allo the 


0 


Arca UBZ. to the Area QUBN, and conſe. 
quently the Semicircle ULB to the Curvilinel 
Space UQYNB. Wherefore the Propeſition i 


manifeſt. 


And there is no other difference in the mar. 
ner of demonſtrating, if the generating Circ: 


moves upon the Conclave fide of the Arch, d. 
cept only that the Angle cMC, in this caſe, ; 


the difference of the Angles MCN, MN. 
But if the Baſis were a right Line, then MKY 
vaniſhing, and RM, N, being parallel, the 


Conſtruction will be eaſier, forbcar drawing 
 Corollaries from this Propoſition, fince the 


are obvious. But now in all theſe Curves, th: 


Portions that are analogous to thoſe Portio 
which Doctor Vallis has found capable of 
age Quadrature 1n the primary Cycloid, ar 

. 


ere alſo equally ſquarable; which caſily follows 


from what has been faid. 


Upon the Center K, through the point C. 
draw the Circular Arch QZ, and draw I 
cutting off the Segment ZLB = the Segment 
QTN. Then biſect the Semicircle UB in L, 
and through the Point L and on the Center k. 
defcribe the Arch PE cutting the Epicyclou 
in P, the generating Circle in T, and tit 


Chords QN, ZB, in y and Xx. Let the Ar 
VZ — a, its Sine. = s, the Radius of the 
- generating Circle = r, the Radius of the 
Bale = R, and the Arch CE or the Motion 
of the Center = m. It is plain that the 


Sector CKE, is to the Space Xy NB, 


2s the 
$quil 


A 
_ 
* 3 
- 3 
4 
if + 


2 2 


— tt — 


— 
— 


| b. 
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6 Square of KE, to the Difference of the Squares 
the 5 KL and KB, or as RR 2 Rr rr, to 
the Rr. 277, that is, as R= r, to 2r, or KE to 
le. Iv. And conſequently the Rectangle BE x CE 
al MW or rm is equal to the Space XyNB. But the 
Ml * VZB is equal to the Rectangle * ＋ r 

| ir, and fo anche to our  Propoſi tion it will 


an i mar I mor 
oP to zm, ſo . ar «4 ＋ sr, to — 5 


6 Þ equal to the Curvilineal S pace QUZLBNQ. 
ban hence ſubſtract the Space Xy NB rm, 


mrs 
1 Ind there remains the Space QUZXy = = 


Aud lince the Spaces ZXL, QyT, are al 


mrs 
Etc Space QULTQ ſhall alſo be equal to —*. 


r herefore when a to m, or the Circular Mo- 
nion is to the Progreſſive Motion of the Cen- 
ter, in a given Ratio, there will be a perfect 
F Quadrature of the Curvilineal Spaces QUL'TQ. 
And the whole Space UPL, will be to the 
0. or of the Rs BE, in the fame Ratio 
m to a) of the Motions, that is in every 
| | Primary Epicycloid, in the Proportion of the 
1.8 badi, KE, KB, which is Mr. Cafwell's Pro- 
E poſition. 
| But the leſſer Spaces ULT will be to 
+ one another, as the Sines of the Arches UZ; 
a [:nd the Triangular Spaces QTP, by the ſame 
del Argument, will be as the verſed Sines of the 
| Arches QT or ZL, and conſequently are al- 
% ſquar'd. After the fame manner it will 
* be prov'd, that the Spaces rar, pLu, pr, 
[at ever to the Square of the Radius BE 
N 3 (in 


5 r * — — * 
: r 3 — 


2 — — — - 8 1 5:8 
PAAMREISt 2 ay 2 = ee" abort Tus _— 6 
8 2 — wy — — — e * tb 
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(in all theſe Figures) in the aforeſaid Rt 
of m to 4; and their Portions pqt, as th 


| verſed Sines of the intercepted Arches qt ; by 


the remaining Segments as qt rA, qt, &c. vil 


be as the right Sines of the Compliments & 
the ſame Arches qt. 


But the Ratio of the Velocities, to 4s, i 


compounded of the Ratio of the Radii KB 


BE, and the Ratio of the Angles CKE, 
VEZ, equably deſcrib'd together; and con. 


quently giving that Ratio of the Angles, al 


the foremention'd Epicycioidal 8 8 will be 
iq uar*d alſo. 
IQ can eaſily draw Tangents to all tbe 


Curves, as alſo I ſeem to my ſelf to have got 
ten their Rectifications, from ſome Areas ant 
| logous to them; which may give occaſion to 


2 more particular handling of this Famuly « 


Curves another time. 
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Method of raiſing an infi- 1 
nite Multinomial to an) gien 1 
| Power, or Extracting any gi- _ 
ven Root of the ſame. _ 


By Mr. A. De Moivre. 
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is about two Years ſince, that conſider- 
1 ing Mr. Newton's Theorem for raiſing 
F : Binomial to any given Power, or extracting - | 
© ny Root of the ſame; I enquir'd, whether 
E what he had done for a Binomial, could not 
be done for an infinite Multinomial. I ſoon 
pound the thing was poſhble, and effected it, 
| 35 you may ſee in the following Paper; 1 
deſign in a little time to ſhew the Uſes it may 
be applied to: In the mean while, thoſe that 
re already vers'd in the Doctrine of Init- 

| nite Series, and have ſeen what Applications 
Mr. Newton has made of his Theorem, may 
of themſelves derive ſeveral Uſes from this. 

I ſuppoſe that the Infinite Number Multi- 
| nomial is 28 ＋ bzz + C= ＋ dz, Ter, &c. mn. 
is the Index of the Power, to which this 
Multinomial ought to be rais'd, or if you 
will, 'tis the Index of the Root which is to 
be Extracted: I ſay that this Power or Root 
of the Multinomial, is ſuch a Series as I have 
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ceſſary to conſider all the Terms by which te 
ſame Power of ⁊ is multiplied ; in order there. We 
to I diſtinguiſh two things in each of the We 
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For the underſtanding of it, it is only ne. 


Terms; Firſt, the Product of certain Power 


of the Quantities, 4, b, c, d, &c. Secondh, 
The Uncie (as Oughtred calls em) prefix d u 
theſe Products. To find all the Products be. 


longing to the ſame Power of ⁊, to that Pro- 


duct, for inſtance, whoſe Index is m+r (whar 
7 may denote any integer Number) I divid 


theſe Products into ſeveral Claſſes ; thoſe which 


immediately after ſome certain Power of 4 (bj 


which all theſe Products begin) have , I call r. 
ducts of the firſt Claſſis; For Example, am 


be is a Product of the firſt Claſſis, becauſe! | 


immediately follows 47—4 3 thoſe which in. 
mediately after ſome Power of à have c, I cal 
Products of the ſecond Claſſis, ſo am —3 ui 


zs a Product of the ſecond Claſſis ; thoſe which 


immediately after ſome Power of à have & [ 
call Products of the third Claſſis, and ſo dl 
the reſt, 5 5 . 

This being done, I multiply all the Produd 
belonging to e (which precedes imme- 


diately 22+?) by & and divide 'em all by 43 
Secondly, I multiply by c and divide by 4 


all the Products belonging to &/7+7—22 en. 


cept thoſe of the firſt Claſſis; Thirdly, | 


multiply by 4 and divide by à all the Pro- 


ducts belon ing to x +7—3, except thoſe of 


the firſt and ſecond Claſſis; Fourth y, I mul. 


tiply by e and divide by à all the Terms be. 


longing 


4 
8 » 
Wn” 
BY, 
* 
7 
+4 
© . 
4a 
= 
_ 
5 
0 
5 
4 
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| aber. - | 
lt is evident that by this Rule, you may 
© cafily find all the Products belonging to the 
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bonging to nA, except thoſe of the firſt, 
Ceond, and third Claſſis, and ſo on, till I meet 
twice with the fame Term. Laſtly, I add to 
E theſe Terms the Product of 4⁰¹ 1 into the i 

Letter whoſe Exponent is 1 +1. 


Here I muſt take notice that by the "LR 


© nent of a Letter, I mean the Number which 
PEE what Place the Letter has in the A. 
1 ſo three is the Exponent of the Let- 


ter e, becauſe the Letter C18 the third 1 in the Al- 


ſeveral Powers of ⁊, if you have but the Pro- 


duct belonging to , viz. a | 
0 > the Vnciæ which ought to be pre- 
| fix'd to every Product, I conſider the Sum of 
| Units contain'd in the Indices of the Let- 


To fin 


ters which compole it (the Index of a ex- 


| ted) I write as many Terms of the Series 
LE 10 xX === I x 2 === 2 x === 3, &c. as there are 
1 ban, in the Sum of theſe Indices, this Series 
z to be the Numerator of a Fraction, whoſe 
| Denominator is the Product of the ſeveral Se- 


lies x 2 * 3 * 4 x 5» &c. IX 2 * 3X 4X 5, &C. 


IX 3X4 5Xx 6, &c. the firſt of which 
contains as many Terms as there are Units in 
| the Index of b, the ſecond as many as there 


are Vrnits in the Index of c, the third as ma- 
| ny as there are Units in the Index of d, the 


fourth as many as there are Vit in the Index | 


| of „ &c, 


TY TI 


De- 
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Demonſtration, | | Wi 

TI Toratſethe Series az + b EC + de, &, th 
to any Power whatſoever, write ſo many &. . 
ries equal to it as there are Units in the In WW 0 


dex of the Power demanded. Now it is evi. 
dent that when theſe Series are ſo multipl. 
cd, there are ſeveral Products in which ther 
is the ſame Power of x; thus if the Serie 
Ar + bzz + c + d&, &c. is rais'd to tt 
Cube, you have the Products b, z*, abce', 
aad , in which you find the ſame Power z', 
Therefore let us conſider what is the Condi 
tion that can make ſome Products to conti 
the ſame Power of z, the firſt thing that wil “ 
appear in relation to it, is that in any Pro- 
duct whatſoever, the Index of z is the Sum ing 
of the particular Indices of z in the multi- Ex 
plying Terms (this follows from the Nature WWF Pre 
of Indices) thus b* z* is the Product of , au 
bz, bz*, and the Sum of the Indices in the WF tha 
multiplying Terms, is 2 +2 +2 = 6; abe tha 
in the Product of az, bzz, cx, and the Sum is! 
of them Indices of & in the multiplying WF hay 
Terms is 1 + 2 + 3 = 6 aad is the Product WF por 
of az, az, de, and the Sum of the Indices WF bel 
ol ⁊ in the multiplying Termsis1 +1 +4 65 ng 
the next thing that 1 is, that the In- que 
dex of = in the multiplying Terms is the I fou 
ſame with the Exponent ws the Letter to WM of 


which z is join'd, from which two Conli- WF the 
derations it follows, that, To have all the Pro- a1 
ducts belonging to a certain Power of 2, you mu: i — 
ind all the Products where the Sum of the Eu- P 


ponent z 


be 
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| ponents of the Letters which compoſe em ſhall al- 
vais be the ſame with the Index of that Power, 
Now this is the Method J uſe to find eaſily all 
the Products belonging to the ſame Power of 
E 2; Let n + r be the Index of that Power, I 
| conſider that the Sum of the Exponents of the 
Letters which compoſe theſe Products muſt | 
exceed by one thoſe which belong tow/+ 77, 
now becauſe the Exceſs of the Exponent of 
the Letter „ above the Exponent of the Let- 
ter 4, is one, it follows that if each of the 
Products belonging to π t = is multipli- 
ed by 6, and divided by 4a, you will have Pro- 
ducts the Sum of whoſe Exponents will be 
= » +7; Likewiſe the Sum of the Exponents of 
the Letters which compoſe the Products belong- 
ing to Er exceeds by two the Sum of the 
Exponents of the Letters which compoſe the 
Products belonging to #2? FT—2 ; Now be- 
© cauſe the Exponent of the Letter a is leſs by two 
than the Exponent of the Letter c, it follows, 
that if each Product belonging to +7 
| is multiplied by c and divided by a, you will 
| have other Products, the Sum of whoſe Ex- 

| ponents is ſtill 2 + 7 ; Now if all the Products 
belonging to π - were multiplied by c 

| and divided by a, you would have ſome Pro- 
| ducts that would be the ſame as ſome of thoſe 
found before, therefore you muſt except out 
of 'em thoſe that I have called Products of 
| the firſt Claſſis : What I have faid ſhows why 
| all the Products belonging to 27 t , ex- 
| cept thoſe of the firſt and ſecond TE muſt 
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that when you multiply az +bzz + cz A de, 
Kc. by a-? +a) A dr, &c. each Let. 
ter 4, b, c, d, &c. of the ſecond Series is mul. 


the firſt Series; Thus the Letter 4 of the {+ 
_ cond Series is multiplied by the Letter & of th: 
| firſt, and the Letter h of the ſecond Series i; 
multiplied by the Letter à of the firſt ; there. n 


that compoſe the Square of the infinite Scri 
ar bzz-| CN, &c. the Number which en- 


. 
£4 
& 
* * 
3 
. 
* 
1 
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be multiplied by d and divided by 4 : Laſtly, yon Lens 


ſee the Reaſon why to all theſe Products ; N 


added the Product of -i by the Lens © * 


whoſe Exponent is r + 1; IIs becauſe tl; we 
Sum of the Exponents is ſtill 2 + r. * 0 


As for what relates to the Ducia; obſens 


tiplied by each of the Letters a, b, c, d, &c. of 


fore you have the two Planes, ab, ab or 245; 
for the fame reaſon you have 2c, 2ad, &. 
Therefore you mult prefix to each Plane of thol: 


reſſes how many ways the Letters of each 
Plane may be changed ; likewiſe if you multiply 


the Product of the two] preceeding Series by : 5 


az, LX Ac, &c. each Letter 4, b, c, d, of WM this 
the third Series is multiplied by each of the WM the 
Planes form'd by the Product of the firſt and ſe- WM 6 1 
cond Series; Thus the Letter @ is multiplied by Ind 
the Planes bc and ch; the Letter 6 is multiplied nto 
by ac and ca; the Letter c is multiplied by e con 


and ba; therefore you have the ſix Solids, abe, wil 


ach, bac, bea, cab, cba, or Gabe; Therefore beg 
you muſt prefix to each Solid whereof the . 


Cube of the infinite Series is compos'd, the W mar 
Number which expreſſes how many ways the I the 


Letters of each Solid may be changed. And neu 
| | genes * 


q en Og | Cl 
ee 
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becncrally, Tor muſt prefix to any. Product where= = 1 
17 any Power of the infinite Series ar buy „ 
Þcz', &c. is compos d the Number which expreſſes | if 
Flow many ways the Letters of each Product may 1 
Je changed. Fo 330 


Now to find how many ways the Letters 

of any Product, for inſtances a bÞ pd 
ray be changed; this is the Rule which is com- 

monly given: Write as many Terms of the Se- | 
Ines I > 2 3 * 4 * 5, &c. as there are Units 1 
n the Sum of the Indices, viz. m— n+ h-| pr, 6 | [FA 
E lt this Series be the Numerator of a Fraction 1 
vhole Denominator ſhall be the Product of the Se- 8 Fill 
: NES 1 2 * 3 % 4 * 55 &c. 1 * 2 3 * 4 * So -- | | 1 

Dar 2 354 Kc, 1d & 4 es |} 
Kc. whereof the firſt is to contain as many - 
| Terms, as there any Units in the firſt Index 

nin; the ſecond as many as there are Units in = 
the ſecond Index h; the third as many as there =_ 
ae Units in the third Index p; the fourth as 1 
| many as there are Units in the fourth Index —_ 


. 
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„ But the Numerator and Denominator of 9 
this Fraction have a common Diviſor, viz. 1 
the Series 1 2 x 3 4 * 5, &c. continued to 1 
ſo many Terms as there are Units in the firſt Wl 
Index ; therefore let both this Nnme- 1 
| rator and Denominator be divided b) | Wi 
common Diviſor, then this new Numecraro! Wh! | 
will begin with 2— 2+ 1, whereas rome WW: 
| began with 1, and will contain ſo many Toru; $M 
| 5 there are Units in h+p+r, that is, i 1 
many as there are Units in the Sum of all 1 
the Indices, excepting thc firſt; as for the | bi 
a W kv Denominator, it will be the Product of 1 
* : ">> whoa 8 


— — * . 5 
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three Series otily, that is, of ſo many as thei 
Indices, excepting the firſt, But if it hap. 


ns withal, that » be equal to h+p+rx 


it always happens in our Theorem, then the Nu. 
merator beginning by * A. 1, and being 
continued to ſo many Terms as there are Units 
inh+p+rorz, the laſt Term will be » ne. 
ceſſarily, ſo if you invert the Series and make 
that the firſt Term which was the haſt, the Nu- 
Kc. continued to ſo many Terms as there ar 
Units in the Sum of the Indices of each Pro- 


duct, excepting the firſt Index. There remains 


but one thing to demotiſtrate, which is, that 


What I have ſaid of Powers whoſe Index is an 


Integer, may be adapted to Roots, or Powers i 


whoſe Index is a Fraction ; but it appears at firſt 
fight why it ſhould be ſo : For, the ſame Rex 


ſon which makes me conſider Roots under the 


| Notion of Powers, will make me conclude, 


that whatever is ſaid of one may be faid of 


t' other; however, I think ſometime to give: 
more formal Demonſtration of it; 


 Miſelans ail. 1 
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Noot of an Infinite Equat ion. 
8 A. De Moivre, F R. * 


THEOREM. 


. ; &c. y 
+3919; +k" "+47 ” „e. then will 


j che = 2 4 y+— yo. 
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: bom bBB — 2bAC - Aus — 44 
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7 "3 &c. 
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| For the underſtanding of FEY Series, at : 
u order to continue it as far as we pleaſe ; 
reis to. be obſerv'd, 1. That every Capital 


| Letter is equal to the Coefficient of each 


Pre- 


2 11 I! of Extrafting the 
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preceeding Term; thus the Letter B is equal to 


AA 


the Coefficient—. 2. That the De 


A 


nominator of each Coefficient is always 4. 
3. That the firſt Member of each Numer. 
tor, is always a Coefficient of the Series 
H+hy+i1', &c. vis. the firſt Numerator 


begins with the firſt Coefficient g, the ſecond 


Numerator with the ſecond Coefficient, , 
atid ſo on. 
the firſt, the Sum of the Exponents of the 
ns wt Letters, is always equal to the 


4. That in every Member after 


Index of the Power to which this Membe 


belongs: Thus conſidering the Coefficient 
| KBB — 2b AC— 3CAAB = AA* - Mi 
— — —— Which bc 


longs to the Power y*, we ſhall ſee that in every 


of the Exponents of the Capital Letters is 4, 


(here I muſt take notice, that by the Exponent 


of a Letter, I mean the Number which expreſſes 
what Place it has in the Alphabet; thus 4 is the 
Exponent of the Letter D) hence I derive this 
Rule for finding the Capital Letters of all the 
Members that belong to any Power; Combine 
the Capital Letters us often as you can make the 
Sum of their Expanents equal to the Index of the 
Power to which they belong. 5. That the Expo- 
nents of the ſmall Letters, which are written 
before the Capitals, expreſs how many Capitals 


there is in each Member. 6. That the Nu- 
- merical Figures or Vnciæ that occur in theſe 


Members, expreſs the Number of Permuta- 
1 tions 


Y 
A 


ber are capable of. 


=” 


RS B „ ＋ c -+ Dy*, &C. Subſtitute this 


bis Series, in the room of the Powers of &; 


cries gy + h, &c. and the Cocthcients 
getermin'd them. 

be Law by which the Coefficients are form'd, 
Wing an infinite Series to any Power, or ex- 
Enicting any Root of the ſame; for if they 
Inake uſe of it, for taking ſucceſſively the 


[that it muſt of neceſſity be ſo, I might have 


E „1 I cn c. - . 1 F 


Who will pleaſe to try this, may eaſily do it, 
Ceries to any Power, &c. 


me Sine from the Arc; the Ordinate of an 
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| ons which the Capital Letters of every Mem- 
For the Demonſtration of this; ſu »poſe 
ESerics in tne room of 25 and the Powers of 
Ehcre will ariſe a new Series; then take the 
Coeffcients which belong to the ſeveral 
powers of , in this new Series, and make them 
qual to the correſponding Coefficients of the 
V B, C, P, &c. will be found ſuch as I have 


But if any one deſires to be ſatisfied, that 


il always hold, I'll deſire 'em to have re- 
Kourſe to the Theorem I have given for rai- 


powers of Ay +Byy + Cy*, &c. they will ſee 


rade the Theorem I give here, much more 
pcncral than it is; for 1 might have ſuppos'd, 


"+2 &c. then all the Powers of the Series 
By, &c. deſign d by theuniverſal In- 
ces, muſt have been taken ſucceſſively; but thoſe 
Þy means of the Theorem for raiſing an inſinite 
This Theorem may be applicd to what is 
Called the Reverſion of Series, ſuch as find- 
ing the Number from its Logarithm given; 


O 9 Ellipſe 


[SY j TT 
5 #4 
: 1 4 
1 
4 #1 
1 
11 
19 
199 
15 
1 9 5 
$44 
$13 
. 14 7 
1 
j 5 1 
8 
1 
L 
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Ellipie froth an Area given to be cut from 
any Point in the Axis: But to make a yy. 
ticular Application of it, I'll ſuppoſe We hays 
this Problem to ſolve; viz. The Chord 9 
an Arc being given, to find the Chord ( 
another Arc, that ſhall be to the fiſt z 
2 to 1, Let y by the Chord given, z the 
Chord required; now the Arc belonging 1 
3 5 
the Chord 9 is, ) + 22 + 25 + PE 


and the Arc belonging to the Chord: on 
| ow! 
. 

d 227 + - + 7 4. &e. the firlt 


| theſe Arcs is to the ſecond as 1 to 2; ta 

fore multiplying the Extreams and Means toe: i 

ther, we ſhall have this Equation : 4 
Z, * 32" | 3 2.7 


N = 4.9 
ng” pF OT” onde "al 


Compare theſe two Series with the tuo 
Series of the Theorem, and PP. will fn 


I 


oa do, = 40 =, F 


421, =0; FE 


35 


54. 1 
| 8 
M0, &c. bange 2 wall be 4 _ 


, . n, 5 — 05 1 


— 


gcc. Or 17 + —— "7 70 7 4, &c. Suppoſi ng 4 


{0 
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| 10 10 denote the whole preceeding Term, which 


| . 


0 the firſt in a given Ratio. 


nn that Logarithms are the Indices of 


der, &c. = nay + nbyy + cy", &c. 
Therefore we may find a Value of = expreſs d 
b; the Powers of * again, lince I +z = 
T I . 1 


1 — 1 1 2 
1 * — 7 


bo +! 


„ &c. Therefore e 2 is 3 expreſs d by 1 
Powers of 7. Compare theſe two Values toge- 
Ber, and the Coefficients a, b, c, &c. will be 
ſ:termin'd, except the Hirſt a, which may be 
Elen at pleaſure, and gives accordingly, all the 
ent W of en 


0 An 


ill be the ſame Series as Mr. Newton has firſt 


By the ſame Method, this genere Problem 
V. be ſolv'd ; the Abſciſſe correſponding to 4 
ſtertain Area in any Curve being given, to find 
Bc Abſciſſe, whoſe correſponding Area ſhall = 8 


The Logarithmick Series might alſo be 
und without borrowing any other Idea, 


| powers: Let the Number, whoſe Logarithm 
ye inquire, be 1, ſuppoſe its Log. to be 
Bee + bz + cz, &c. Let there be another 
| T7 1+y; thereof its ST, wilt 
i * 5 &c. Now f 14 = 


ves VVV 
q 


| 19 n therefore & = 2 — 1,5 that is, 
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An Experiment of the Refractin 
f the Air made at the Com 
8 mand of the Royal Society, 
March 28. 1699. | 


By J. Lowthorp, A. M 

> © barry a Cylinder of Caſt-Braſs (Fi 
33.) ABCD, and cut one End of! 
CD In ve poieng to the Axis ax, the other EH 
AB enclin'd to it at an Angle of about 27”. zo, 4 te 
and therefore the pepe ne to this end- loft 
ning Plain, pc, and the Axis of the Cylinder «i 
comprehended an Angle pca of about 620. 30, 
Theſe Ends were groun'd very true upon 
Glaſs-Grinder's Braſs-Tool, and each of thin 
was compals'd about with a narrow Ferule of thin 
Braſs bbbb. Into the upper Side of the Cylin- 
der at E was ſolder'd the Braſs-Pipe EF, and 
into the under Side at 6 the other Braſs- p 
GH; the former of theſe Pipes being abou 
3 Inches long, and the latter 6 Inches. Up 
the Plate ddd were fix'd to two other Plates LL 
perpendicular to it and parallel to each othe, 
Each of theſe two Plates had an Arch of 
Circle (equal to the Circumference of tit 
Cylinder) cut out of its upper Edge, ſo thit 
when the Pipe GH was let through a Hot 
near the middle of the Plate ddd, the )- 
nder fell into the Arches; and being f-. 
ſten'd there with Soder, the Axis ax laid pur 
rallel to the Plate ddd and about an Inch 4 
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| hall above it. The perpendicular End of the 


Cylinder DC was clos'd with an Object Glaſs 
tber End AB, with a well poliſh'd flat Glaſs 


IObliquity to the Viſual Rays. The Ferules 
Pages of the Glaſs, and they laid flat and eve- 


q the excluded Air. 
© Inſtead of a Ciſtern (as in the Torticellian 


be erpendicular to the Plate, and the other Side 


per End O with a little Prop K 
We then plac'd the Cy binds (as in R. 35 ) 


Flor; the Pipe GH was let through a Hole, 
nd the Axis leid almoſt parallel to the Sides of 


Pit. The Tube of the Teleſcope / with the 
| Tye-glaſs, was apply d to the Object Glaſs, and 


both Glaſſes in the Axis of the Cylinder con- 
ud, x. Upon the Floor (under the Cylin- 
ſer) we nail'd the Plate 9 with the inverted 
phon upon it, and join d M to H by the In- 
fetion of 
pery carefully clos'd with Cement: And then 
[icy were cover'd over with Pieces of a Blad- 
Fd wrapt hard with ſtrong Thread. There 
: O 3 Was 


Ef a ſeverity fixth Foot Teleſcope oo; and the 


F/; which was carefully choſen to tranſmit the 
Pbject diſtinct enough notwithſtanding its 


ere well fill'd with Cement round about the 


? where touch'd the ſmooth Ends of the Cy- 
ö der, that they might firmly reſiſt the preſſure 


Tpaiment) we made uſe of the inverted Si- 
bon of Braſs (Fig. 34.) MNO, ſoder'd to 
. Plate ggg. One of the Sides MN ſtood 
WO inclin'd to it, and was ſupported near the 
1 don a Table which was well faſten'd to a firm 


e Table, and the Plate ddd was nail'd down 


Hair fix'd within it at the common Focus of 


the Glaſs Tube T. The Joints were 


—— 
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was alſo a Bladder ty'd below each Joint at y 
and when it was fill d with Water it was ty wa. 
above it at 2; ſo that no Air could come 1 
the Cement, or inſinuate it ſelf through ih ere 
Sy or Siſſures if any happen'd to be left u. Rena 
glos 0 mw 5 5 = — 100 
It is not (I think) an unneceſſary Troub, 25 
that in this account of the Apparatus I h 
mention'd ſo many minute Circumſtances, i {| 
we found it difficul enough to exclude tr | 
Air, and almoſt impoſſible to diſcover the vey . 
little Holes through which ſo ſubtle a Flu | 
would freely enter and poſſeſs the Spaces deſert! | 
by the ſubſiding Mercury. But with all tu 
Precaution the Experiment ſucceeded at laſt, «NM 7; 
I with'd, after this manner. = 
Me plac'd the Object 4 (which was a bh T; 
Thread ſliding in a little Frame over a pi ; 
of white Paper) in the Axis of the Cylinde 
cx continu'd to it, we filled the Pipes and Ci u. 
linder with Mercury, and having ſtopt the uw 
permoſt Pipe at F with the little Tron-ſtoppk | 
K and clos'd it at the other Joints, we let til k 
Mercury run out gently at O into the Blob = 
der v, till it remain'd far pended at the uu 71 
height (as in the Barometer) leaving t 
Space above it between the Glaſſes « o and f) T1 
void of Air. We then found the Obe 
which before appear'd in the Axis at x, ra WW 10 
conſiderably above it; and we reduc'd it M © 
1 at * by removing it from a to il 
The Axis therefore, of the viſual Ray , B. 
(which was alſo the Axis of the Cylinder) H ch, 
falling perpendicularly on the void Spe Obli 
the Cylinder paſt through it without any N [her 


fraction 


4 


Reſraction acx ; which we meaſured and found 


74 
* 
4 


above the Axis of vi-> 3 
ſual-Ray ax the unre-y » 425 
| fracted — — — 1 
| The Diſtance of the Ob-) 
ject from the Refracting- 612 
Plain, & c. about 5 1 Feet) 5 
r — „„ 
Therefore the Angle of? 
| Refration acx was — C 
The Angle of Emerſion? 
pca (by the eee 62. 30. 
of the Cylinder was — 
| Therefore the Angle of 0 - ” 
Incidence pex = (© pca; 62. 27. 32. 
TAC — — — „5 
And therefore univerſally (according to the 
known Laws of Refraction) - 
The Sines of the _— 3 
of Incidence being — $ 8 
The Sines of the Angles? 
Emerſion are — — F' 
oF And the Refractive Po W-) 
x er of the Denſe Air -— c | = 
By the Refractive Power of a pellucid Bo- 


Os 2 2 3 *. 


100036 


" 


WW 1 mean that Property in it whereby the 


f Oblique” Rays of Light are diverted from 
? [cir direct Courſe ; and which is meaſur'd 


(2-4... by 
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Kation: But emerging obliquely into the Air, 
was refracted towards the Perpendicular pc, 

nd there recciv'd a new Direction to x. And 
erefore the Space ax ſubſtended the Angle of 


The height of the Object) Inches Depths 
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by the proportional Differences always obſer 
between the Sines of the Angles of Incident: 
and Emerſion, 5 
This Property is not always proportional u 
the Denſity (at leaſt not to the Gravity) of th 
Refracting Medium. For the Refractive Por 
of Glaſs to that of Water, is as 55 to 34 

whereas its Gravity, is as 87 to 34; that! 
the Squares of their Refractive Powers are (v; 
ry near) as their reſpective Gravities. And ther 

are ſome Fluids which though lighter than M. 
ter, yet have a greater power of Refraction 
thus the Refractive Power of Spirit of Win 
(according to Dr. Hook's Experiments, Micr 
p- 220.) is to that of Water, as 36 to 33, and 
its Gravity reciprocally, as 33 to 36, or 36 
But the Refractive Powers of Air and W. 
ter ſeem to obſerve the {imple Proportion d 
their Gravities, directly; as I have compari 
them in the following Table. The Number 
there expreſſing the Refraction of Water at 
taken from the Mean of * Nine Obſervation 
at ſo many ſeveral Angles of Incidence, ma 
Jan. 25. 164% by Mr. Gaſcoigne the ing: 
nious firſt Inventor of the Micrometer, an 
the Ways of meaſuring Angles by TelefcopsiW 
and thoſe of Air are produc'd by the Exp 
ment above related. 1 


— 


* 


* I am indel ted for them to Mr. Flamſteed, who / 
cover d them with his Obſervations, and ſeveral Palſgt 
relating to them, from his Letters to Mr. Crabtree, whit 
were happily preſerv'd in the Time of our Civil Wit þ 
Sir Jonas Moor, and Mr. Chriſtopher Towneley ; 4 
are now in the Hands of Mr. Richard Townele7̃ 
2 in Lancaſhire, by whom they were en | 
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The (aſſum'd) Sines of) Water. Air. 
the Angles of Inci-> 100000 : 100000 
-Qncerourh — ooo 
The Sines of the corre- ) - 
| ſpondent Angles of 134400. 100036 

Emerſion out of — \ C 
FFF 
The Specifick Gravity) 

(if as 900 to x at thef 1 

time of the Experi-,>34400 .... 3 38 

ene of er 88h o 49 


| From hence it ſeems very probable that their 
Reſpective Denſities and Refractive Powers are 
in a juſt Simple Proportion: And if this ſhould | 
be confirm'd by ſucceeding Experiments, made 
x different Angles of Incidence, and with Cy- 
Flinders continuing exhauſted through ſeveral | 
| Changes of the Air, it would be more than pro- 

E hable that the Reſractive Powers of the Atmo- 

| ſphere are every where, at all Heights above the 
| Earth, in proportion to its Denſities and Ex- 
panſions. And here it would be no difficult 
matter to trace the Light through it, thereby to 
terminate the Shadow of the Earth; and (toge- 
ther with proper Expedients for meaſuring the 
Quantity of Light illuminating an Opaque Bo- 
dy) to examine at what Diſtances the Moon 
| muſt be from the Earth to ſuffer Eclipſes of the 
obſerv'd Duration. This Limitation is conſi- 
derable enough in Aſtronomy, abundantly to 
recompenſe the Trouble of proſecuting ſuch a 
| ew Experiment. 

C A 
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— — 


A Diſcourſe concerning 4 MM. 
thod of diſcovering the tru 
Moment of the Sun's Ingri; 

into the Tropical Sines. 
Bz, E. Halle 


If may perhaps paſs for a Paradox, if not 
ſeem cxtravagant, if I ſhould aſſert that it 
is an eaſter matter to be aſſur'd of the Moments 
of the Tropicks, or of the Times of the Suns 
Entrance into Cancer and Capricorn, than it is 
to obſerve the true Times of the Equinoctial 
or Ingreſs into Aries and Libra. I know the 
Opinion both of antient and modern Aſtro- 
nomers to the contrary; Ptolemy ſays exprelly, 
Te: Toy 7 r Tusiſces Doo deu pir & 61040 5 | And Riccio- 
lus begins his Chapter of the Solſtitial Obſer- 
vations with theſe Words, Merito Snellius, in 
notis ad obſervationes Haſſiacas, pronunciavit, 
Herculei eſſe laboris vitare in Solſtitiis obſervan- 


dis errorem quadrantis diei, and this becauſe of 


the exceeding flowneſs of the change of the 
Sun's Declination on the day of the Tropick, 
being not a quarter of a Minute in twenty 
four Hours. This indeed would make it ve- 
ry difficult, nor would any Inſtruments ſuthce 


to do it, were the Moment of the Tropick 


to be determin'd from one ſingle Obſerva- 
tion, But by three ſubſequent Obſervations 
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made near the Tropick, at proper Intervals of 
Time, I hereby deſign to ſhew a Method to 
© find the Moment of the Tropicks capable of all 
the Exactneſs the moſt Accurate can defire ; 
and that without any conſideration of the Pa- 
E rallax of the Sun, of the Refractions of the 


Air, of the greateſt Obliquity of the Eclip- 


tick, or Latitude of the Place: All which are 
© requir'd to aſcertain the Times of the Equi- 


E noctials from Obſervation, and which being 


E faultily aſſum'd, have occaſion'd an Error of 
near three Hours in the Times of the Equi- 


E noctials deduced from the Tables of the noble | 


I Tycho Brahe and Kepler, the Vernal being ſo 


| Now before we proceed, it will be neceſſary 
to premiſe the following Lemmata, ſerving to 
demonſtrate this Method, vx. 
I. That the Motion of the Sun in the E- 
| cliptick, about the Time of the Tropicks, 


| Equality is not ſenſible, from five Days be- 
fore the Tropick, to five Days after: And the 
| Difference ariſing from the little Inequality that 


chere is, never amounts to above » of a _ 
* W& Second in the Declination, and this by reaſon | 
of the nearneſs of the Apogæon of the Sun to 


the Tropick of Cancer. 

| 2, That for five Degrees before and after 
the Tropicks, the Differences whereby the Sun 
| falls ſhort of the Tropicks, are as the verſed 
| Sines of the Sun's Diſtance in Longitude from 
| the Tropicks, which verſed Sines in Arches 
| under five Degrees, are beyond the utmoſt 
: WY 8 85 nicety 


* 141080 


much later, and the Autumnial ſo much earlier 
than by the Calculus of thoſe famous Authors. 


is ſo nearly equable, that the Difference from 
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From theſe two follow a third: 
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nicety of Senſe, as the Squares of thoſe Arches, 
3. That for five Days before and after the 
Tropicks, the Declination of the Sun fall; 
ſhort of the utmoſt Tropical Declination, by 
Spaces which are in duplicate Proportion, or 
as the Squares of the Times by which the Sun 
is wanting of or paſt the Moment of th: 
777. ß 
HFlence it is evident that if the Shadows of 
the Sun, either in the Meridian or any other 
Azimuth, be carefully obſerved about the Time 
of the Tropicks, the Spaces whereby the Tro- 
pical Shade falls ſhort of, or exceeds thoſe at 
other Times, are always proportionable to the 
Squarcs of the Intervals of Time between thoſe 
Obſervations and the true Time of the Tropick, 
and conſequently if the Line, on which the Li- 
mits of the Shade is taken, be made the Axis, 


nnd the correſpondent Times from the Tropick 


expounded by Lines, be erected on their reſpe- 
ctive Points in the Axis as Ordinates, the Ex- 
tremities of thoſe Lines ſhall touch the Curve 

of a Parabola; as may be ſeen in the Figure: 
Where a, b, c, e, being ſuppoſed Points ob- 
ſerved, the Lines a B, b C, c A, e F, are re- 


ſpectively proportional to the Times of each 


Obſervation befdre or after the Tropical Moment 
in Cancer. EE. N 


This premiſed, we ſhall be able to bring 


the Problemn of finding the true Time of the 


Tropick by three Obſervations, to this Geo- 
metrical one; having three Points in a Pa- 
rabola A, B, C, or A, F, C given, together 
with the Direction of the Axis, to find the 

Loa 5 
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Diſtance of thoſe Points from the Axis. Of 
| this there are two Caſes, the one when the 

| Time of the ſecond Obſervation B is preciſely 

in the middle Time between A and C: In this 

| Caſe putting t for the whole Time between A 
and C, we ſhall have A c the Interval of the 
remoteſt Obſervation A from the Tropick by the 
J 8 
As za c- beto z a c-: be:: So is v tor. 
AE: to Ac the Time of the remoteſt Obſer- 
ſervat ion A from the Tropic. 
But the other Caſe when the middle Ob- 
ſervation is not exactly in the Middle be- 
tween the other two Times, as at E, is ſome- 
thing more operoſe, and the whole Time 
ſtom A to C being put = t, and from A to 
ES, ce c and be b, the Theorem 

I 5 tt c = bss ; Cen 
vill ſtand thus -—— = A cat the Time 


| | 2t c=2bs 
| ought. Fr, 
| To illuſtrate this Method of Calculation it 


| may perhaps be requiſite to give an Example or 
| two for the fake of thoſe Aſtronomers that are 
es inſtructed in the Geometrical Part of their 
Art. = N 5 
Anno 1500. Bernard Malther, in the Month 
| of June, at Nuremburg, oblery'd the Chord 


| W of the Diſtance of the Sun from the Zenith 
by a large Parallactick Inſtrument of Ptolemy, 
| 35 follows: _ 
: Tune 2. 454679. June 8. 44971. 


2 Fune 9. 44934. and June 12. 44883. 
5 June 16. 44990. June 16. 44990. 
A In 
je T7 
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In both which Caſes the middle Time is ex. 
actly in the middle between the Extreams, and 
therefore in the former three, a c 53 3,bc—477 
and t, the Time between being 14 Days, by 
the firſt Rule, the Time of the Tropick wil 
be found by this Proportion, as 589 to 827: :: 

So;tor 7 Days to 9 Days 20": 2. whence 

the Tropick, Ano 1500. is concluded to have 
fallen June 11 20" 2. In the latter three, 3 
c is = 107, and be = 15, and the whole In- 
terval of Time is 8 Days = tot; whence as 
199: to 206 :: fo is 4 Days to 4% zh 37, 
Which taken from the 16th Day at Noon, leaves 
11 20h. 23. for the Time of the Tropick, 
agreeing wich the former to the third Part of an 
Hour. JJ 8 
Again; Anno 1636. Gaſſendus at Marſeilles, 
obſerv'd the Summer Solftice by a Gnomon of 
3, Foot high, in order to determine the Pro- 


portion of the Gnomon to the Solftitial Shade; 


and he hath left us theſe Obſervations, which 
may ſerve as an Example for the ſecond 


Rule. 


7 une 19. St. N. ſhadow 3 1766 Parts; whereof 
the Gnomon Was 89428. 


une 20. 31753 
Tune 2.1 31751 
Fune 22. 314759 


| Theſe being divided into two Sets of three 
_ Obſervations each, viz. the 19. 20th and 
22% and the 19% 21 and 22 b. we hall 
have in the firſt three c = 13 and b = 7, 
t Sz Days, s = 1, and in the fecond c = 5 
2 


75 
id 
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und b = 7, t—3ands = 2. Whence, ac- 
cording to the Rule, the 19th Day at Noon the 


dun wanted of the Tropick a Time proportio- 


| nate to one Day, as ttc + $5hto2tcC—2bs, 
that is, as 1 10 to 64 in the firſt Set, or 107 
| to 62 in the ſecond Set; that is, 1d 17 15%. 
in the firſt, or 14 17h 255 in the ſecond Set: 
| So that we may conclude the Moment of the 
| Tropick to have been June 10d 17h. 20. in the 
| Meridian of AZarſeilles. . © 
| Now that theſe two Tropical Times thus 
| obtain'd, will be found to confirm each other's 
| Exactneſs from their near Agreement, appears 
by the Interval of Time between them; viz. 
% 2Þ 30%. leſs than 136 Julian Years : where- 
of 14 1b. 8. ariſes from the defect of the 

| 21 the Tropical Vear from the Julian, 

an 


the reſt from the Progreſſion of the Sun's 


| Apogeon in that Time; ſo that no two Ob- 
ſervations made by the ſame Obſerver in the 
| fame Place, can better anſwer each other, and 
| that without any the leaſt Artifice or Force in 
the management of them. 


What were the Methods uſed by the An- 


| cients to conclude the Hour of the Tropicks, 
| Ptolemy has no where delivered; but it were 
to have been wiſhed that they had been a- 
ware of this, that ſo we might have been 
more certain of the Moments of the Tro- 
picks we have received from them, which 
would have been of ſingular uſe to deter- 
mine the Queſtion, Whether the Sun's Apo- 
gæon be fixt in the Starry Heaven; or if it 
move, What is the true Motion thereof 2 
It is certain, that if we take the Account 
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eſtabliſh'd and confirm 
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of Ptolemy, the Tropick ſaid to be obſery'd by 
Euctemon and Meton, Funii 27. mane, Am 
4z32. ante Chriſtum, can no ways be reconcil'd 
without ſuppoſing the Obſervation made the 
next Day, or June 28th in the Morning, 
And Prolemy's own Tropick obſerv'd in th: 
third Year of Antoninus, Anno Chriſti 140. ws 
certainly on the 23d and not the 24th Day of MW Nor 
June; as will appear to thoſe that ſhall du: of y 
ly conſider and compare them with the Length {Wh vo as 
of the Year deduced from the diligent and fair. 
concordant Obſervations of thoſe two grea N hie 
Aſtronomical Genii, H 55 s and Albatari; ¶ perp 
by the Concurrence ¶ lique 
of all the Modern e e For theſe Ob- 
ſervations give the Length of the Tropical Vent, 
ſuch as to anticipate the Julian Account only 
one Day in zo0 Years; but we are now ſe— 
cure that the ſaid Period of the Sun's Revo- 
lution does anticipate very nearly three Days 
in 400 Years; ſo that the Tables of Proleny 
founded on that Suppoſition, do err about 2 
whole Day in the Sun's Place, for every 240 
Tears. Which principal Error in ſo Funds 
mental a Point, | io vitiate the whole Super- 
ſtructure of the Almageſt, and ſerves to convict WM 
its Author of want of Diligence, or Fidelity, N Pen, 
| —£o ed SD 
But to return to our Method, the great 
ACT we have hereby, is, that any {Wiati 
very high Building ſerves for an Inſtrument, {WSun 
or the Top of any high Tower or Steeple, 
or even any high Wall whatſoever, that may {WEc/; 
be ſufficient to intercept the Sun, and caſt » W 
true Shade: Nor is the Poſition of the Plane 
No * 00 
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on which you take the Shade, or that of the 
Line therein, on which you meaſure the Receſs 
of the Sun from the Tropick, very material; 
but in what way ſoever you diſcover it, the 
nid Receſs will be always in the ſame Propor- 
tion, by reaſon of the a of the Angle, 
which is not fix Minutes in the firſt five Days: 
Nor need you enquire the Height or Diſtance 
of your Building, provided it be very great, 
ſo as to make the Spaces you meaſure large and 
fair. But it is convenient that the Plane on 
which you take the Shade be not far from 
perpendicular to the Sun, at leaſt not very ob- 
que, and that the Wall which caſts the Shade, 
be ſtraight and ſmooth at Top, and its Di- 
rection nearly Eaſt and Welt, for Reaſons that 
vill be well underſtood by a Reader skilful in 
the Doctrine of the Sphere. And it will be 
requiſite to take the Extream greateſt or leaſt 
Deviation of the Shadow of the Wall, becauſe 
the Shade continues for a good Time at a ſtand, 
without Alteration, which will give the Ob- 
{ſerver Leiſure to be aſſur'd of what he does, and 
not be ſurpriz'd by the quick tranſient Mo- 
tion of the Shade of a ſingle Point ar ſuch a 
Diſtance. The principal Objection 15; that the 
Penumbra or Partile Shade of the Sun, is in 
pts Extreams very difficult to diſtinguiſh from 
-at the true Shade, which will render this Obſer- 
ny ration hard to determine nicely: But if the 
it; un be tranſmitted through a Teleſcope, after 
le, the manner us'd to take his Species in a Solar 
Eclipſe, and the upper half of the Object« 
hls be cut off by a Paper paſted thereon, 
and the exact upper Limb of the Sun be ſeen 
| | , OT p ED * 
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juſt emerging out of, or rather continging tl, 


Species of the Wall, (the Poſition of the 7: 


leſcope being regulated by a fine Hair extended 
in the Focus of the Eye-glaſs) I am aſſur'd that 
the Limit of the Shade may be obtain'd to the 
utmoſt Exactneſs: And of this I deſign t 
give a Specimen by an Obſervation to be made 


in June next, by the _ of the high Wall of 


St. Paul's Church, London, of which ſome 


following Tranſaction may give an Account, 


In the mean time what I have premis'd may 
ſuffice to ſet others at work, where ſuch or highe 
Buildings are to be met with. I ſhall only ad. 
vertiſe, that the Winter-Tropick by this Me. 
thod may be more certainly obtain'd than the 


Summer's, by reaſon that the fame Gnomon dog 


afford a much larger Radius for this manner d 
3s VV 
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be Siews and Deſeriprions of the 
1 Degrees of Hed, 


1 0. 11 HE Warmth of the Minter 
B Air when Water begins to 
EL Serge This is known accurately 
I by placing a Thermometer in So- 
; preſs'd cloſe W at the Time of 
W 1990 
b. 1.2.] | The Warmths of the Winter Air; 2 1 
b. 3.4 | The Warmths of the Air 1 in : [! I 
II ring and Autumn. 2 
4.5. 6 | The Heat of the Air in Summer. 
5.“ | The Heat of the Air at Noon in 
| [the Month of Jul 
The greateſt Heat that a Ther- | 
| [mometer acquires, by the contact | 
ſof a Humane Body ; which is much 9 
| 
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rhe ſame with that of a Bird brood- 
ing upon its Egge. 

14% 14. The nearly greateſt Heat of a 
| | |Bath, that a Perſon holding his 
Hand ſteady and immoveable in the 
| [ſame, can endure for ſome time. 
17. r. The greateſt Heat of a Bath, 
| [that a Perſon holding his Hand 
+1 ſteady and immoveable in the 
5 P 3 lame 
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| [Mixture of 2 Parts of Lead, 3 0 
Tin, and 5 of Biſmuth, cooling 
begin to baden 
Water begins to boil with a Ha 
| Jof 33 Parts, and by boiling, hard- 


ly conceives 


10 1. 
oo, L 
| 242 
3 , 
28 < 22, 
3 1 
1 34/2 
1 72 
N 
| 
| 
| 
OS 
49.5 27 
F | 4 
48. 3. 
WIE 
2 3 


begins to grow ſtiff, and loſe in 


| The Heat of a Bath by which 
IWax ſwimming upon it, is melted 
and preſerv'd in a State of Fluidit, 

without Ebullition 
The middle Degree of Heat, be. 


has a Heat of 35 or 36 Parts, ceals 
ſto make any Ebullition when wan 
[Water falls Drop by Drop upon iti 
las it does alſo with a Heat of 378 
Parts, when cold Water falls on 


ſame, can endure for ſome time. 
The Heat of a Bath by which 
melted Wax ſwimming upon i, 


Tranſparency. 


{tween that by which Wax is melted 
and that which makes Water boi. 
The Heat by which Water! 
made to boil vehemently ; and 1 


| a greater Heat tha 
fe PD. Se 
But Iron jroming cool, when 1 


in the like manner. 
ture of 1 part of Lead, 4 of Tih 


preſerv'd in a State of Fluidity. 


ture of equal Parts of Tin and Bi: 
lmuth is liquefied. This Mixtur 


roy 


FThe leaſt Heat, by which a Mö t 


and 5 of Biſmuth is liquefied a 


The leaſt Heat, by which a MN © 
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37. 


68. 


81. 


— 


PO 
3 4* 


Z 


Tin is liquefied. Tin by 


[of 70 Parts. 


| | growing cool, when it has a Heat 
of 47 Parts, is coagulated. 


The Heat, by which a Mixture 
of 2 Parts of Tin and 1 of Biſmuth 


ſis liquefied ; as alſo of 3 Parts of 
Tin and 2 of Lead. But a Mixture 


of 5 Parts of Tin and 2 of Biſinuth 


(cooling) does with this Degree of 
Heat become hard: And the ſame 
ſcomes to paſs in a Mixture of equal 
Parts of Lead and Biſinutp. 


The leaſt Heat by which a Mix- 
ture of 1 Part of Biſmuth and 8 of 
it ſelf is 
fus'd with a Heat of 72 Parts, and 
growing cold, hardens with a Heat 
The Heat by which Biſmuth is 
fus'd, as alſo a Mixture of 4 Parts 


| 5 of Lead and 1 of Tin. But a Mix- 


ture of 5 Parts of Lead and 1 of 
Tin when fus'd, and growing cold, 
hardens with this Degree of Heat. 
The leaſt Heat by which Lead 
15 melted. Lead melts with a Heat of 
96 or 97 Parts, and growing cold, 
hardens with a Heat of 95 Parts. 
The Heat by which fiery Bo- 


ſadies (growing cool) wholly ceaſe 
ſhining in the Night; as alſo, that 


Heat with which (growing warm) 


they firſt begin to ſhine in the 
Darkneſs of the Night, but 


with a faint and feeble Light, 


| [{uch as can ſcarce be diſcern'd. 


i V This 
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| 


13644. 


192. 


2 


© 


5 light. 


IThis Heat liquefies a Mixture of 
| {equal Parts of Tin and Regulus Mar. 
| lis; and a Mixture of 7 Parts of 
: Biſimurh and 4 of the ſame Kegulu 
(growing cool) hardens with the 
[fame Degree of Heat. 


The Heat by which fiery Bodi 
do in the dark Night appear bright 
and ſhining, but not in the Twi— 
A Mixture of 2 Parts «f 
Regulus Martis and 1 of Biſmuth, 


| [as alſo of 5 Parts of Regulus Mar: 


tis and 1 of Tin, growing cool, 


Iwill at this Degree of Heat be. 

| {come hard. The Regulus by it ſel⸗ 

II [hardens witha Heat of 146 Parts, 
| 16143, | 

; ſin the Twilight, a little before the 

- {Sun's riſing or after his ſetting, de 


The Heat by which fiery Bodies, 


ſhine difcernably ; but not at al 


ſin the clear Day-light, or at lat 


very obſcurely. 
The Heat of a Gall culinary 
| Fire made of Sea-Coal, burning 


freely by it ſelf without the help 


of Bellows, The ſame is the Heat 
of Iron, as Red-hot as it can be 
made in ſuch a Fire. The Heat of 


Ta ſmall culinary Fire made of 
[Wood, is ſome little Matter greater, 
dix. about 200 or 2 10 Parts. 


And 
[the Heat of a large Fire is til 
cater, eſpecially if it be blown up 
by the Bellows, 


'In 
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beral Degrees of Heat, going on in an Arith- 
Inetical Progreſſion, beginning with that De- 
bree of Heat, which there is in the Air in 


pr common Terminus of Heat and Cold, and 


to be rated at 12 Parts. In the ſecond Co- 
umn are the Degrees of Heat in a Geometrical 
Proportion, ſo that the ſecond Degree is dou- 


bf a Humane Body, 1 to the Senſe. 
But now tis manifeſt from this Table that the 


bane Body. 


| This Table was made by the Help: of a 


Thermometer I found the Meaſure of all 


the Meaſure of the reſt. For the Heat 
Podies contiguous to it in a given Time, 


les) is as the whole Heat of the Iron. And 
Itcrefore if the Times of Refrigeration are 
PF 4. taken 


r 8 I SR — 
panes <A a ä „ ENS Wh” 
: * 


| In the firſt Column of this Table are the ſe- 


Froſty Weather, when Water makes the firſt 
Liivances towards Freezing ; beginning the Ac- 
Fount from this, as the loweſt Degree of Heat, 


uppoling the external Heat of a Humane Bo- 


. 
r 
— needed roo en tiny — 


r 
- — — 59 7 


ble the firſt, the third double the ſecond, and 
p on; the firſt Degree being that external Heat 


Hear of boiling Mater is almoſt 3 times greater 
han that of a Humane Body; and that the 
Heat of melted Tin is 6 times, of melted 
Lead 8 times, of melted Regulus 12 times, 
nd of ordinary culinary Fire 16 or 17 times 
greater than the foremention'd Heat of a Hu- 


Thermometer and red-hot Iron. By the 


e Degrees of Heat as far as that by which 
Win is melted ; and by the hot Iron I found 


Which hot Iron does communicate to cold 


[that is, the Heat which the Iron it (elf 
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216 Miſcellanea Curioſa. 
taken equal, the Degrees of Heat ſhall be in 
a Geometrical Proportion, and conſequently may 
eaſily be found by a Table of Logarithns, WM Tir 
Firſt of all therefore I found by a Thermome. | 


ter made of Linſeed Oil, that if when the * 
Inſtrument was placed in melting Snow, the Ha 
Oil occupied a Space of 10000 Parts, the me the! 
Oil rarified by a Hear of the firſt Degree (tha Ih 
is by that of a Humane Body) would extend co 
to 10256 Parts, and by the Heat of Water 1Þ 
beginning to boil, to 10705 Parts; and by the put 
Hcat of Water boiling vehcmently, to 1072; cor 
Paris; and by the Heat of melted Tin (cool. of 
ing, and beginning to be of the Conſiſtence of WM ob! 
an Amalgama) to 11516 Parts; and by th: WM th 
Heat of the ſame Tin when *tis quite harden'd WM di: 
to 11496 Parts. Therefore the Oil was ra- He 
fied in the Proportion of 40 to 39, by the Het ma 
of a Humane Body; and in the Proportion aof the 
15 to 14, by the Heat of boiling Water ; and tic 
in the Proportion of 15 to 13, by the Heat of WM H 
the melted Tin, beginning to come to the Con- I. 
ſiſſtence of an Amalgama; and in the Proportion I gr 
of 23 to 20, by x 4 Heat of the ſame Tin MW m 
quite hardnet. by Es | of 
The Rarefaction of Air with an equal De- ſer 
gree of Heat, was 10 times greater than that WW an 
of Oil; and the Rarefaction of Oil nearly 1; MW f 
times greater than that of Spirit of Wine. c 
Now theſe things thus Gd. ſuppoſing the WW th 
Degrees of Heat in the Oil to be propor- NM 
tional to its Rarefaction, and the Heat of 1M F; 


Humane Body to be 12 Parts; from henc es 
the Heat of Water when it begins to boi, pt 
n 7 1 oeps come: 


comes to be 33 Parts, and when it boils ve- 
hemently, 34 Parts; and the Heat of melted 


| fame, when in cooling *tis come to downright 


| theſe- Things, in order to find out the reſt, 
heated a Piece of Iron *till it was Red-hot 


z pair of Tongs that were alſo Red-hot, I 


| of Metals and various other liquable Bodies, I 
obfery'd the Times of Refrigeration, till all 
| thoſe melted Parts having quite loſt their Flui- 
| dirty, became hal'd and ſolid again, and the 
Heat of the Iron was equal to that of a Hu- 
| mane Body. Then ſuppoſing the Exceſſes of 
| the Heats of the Iron and the liquefied Par- 
| Heat of the Atmoſphere founded by the 
| preſton, when the Times are in an Arith- 
| metick one; by this Means all the Degrees 
of Heat were diſcover'd, But tis to be ob- 
ſerv'd that I plac'd the Iron not in a ſerene 


| formly, ſo that the Air which was heated by 
| the Iron might always be carried away by 
the Wind, and a cold Air with an uniform 
| Motion might ſucceed in the Place of it. 
| For thus, equal Parts of the Air were heat- 
ed in equal Times, and acquired a- Heat 
proportional to that of the Iron. But the 


A. 


Tin beginning to come to the Conſiſtence of 
an Amalgama, 72 Parts; and the Heat of the 
| Hardneſs, 70 Parts. And having determin'd 


| enough, and taking it out of the Fire with 
1 


| ticles pacing to Induration, above the 


| Thermometer, to be in a Geometrick Pro- 


and quiet Air, but in a Wind blowing uni- 
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| put it in a cool Place, where the Wind blew 
conſtantly. Then putting upon it little pieces 
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Degrees of Heat found by this Method had 
the ſame Proportion among themſelves, that 
| thoſe had which were found by the Ther. 
mometer; and therefore the Aſſumption, that 
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2 Properties of 15 Car © 
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37 Dori Gregory, M. TY 


vilian Profe Hen 75 e 3 
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ROL PROBLEM. 
Io find the Relation of the Fluxion of 
| the Axis, to the Fluxion of the Orat- 
nate in the Catenz ria. 


EI FAD be a Catena hanging on the 
. Extremities F and D, the loweſt Point 
of which (or the Vertex of the Curve) is A, 
the Axis AD perpendicular to the Horizon, 
and the Ordinate BD parallel to the ſame. 
We are to find the Relation between Bb or 
Do and d/; ſuppoſing the Point & infinitely 
near to B, and bd parallel to BD, as alſo D- to 
IBA. 
From the Principles of Mechanichs, tis 
plain that three Powers which are in Equili- 
brio, are in proportion to one another, as 
three right Lines parallel to their reſpective 
Directions (or inclin'd in any given Angle 


to them) and terminated at their mutual In- 
erection. 


2 


11 1 7 E And 


ey 


—_— 
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And conſequently if Dd expounds the ab- 
ſolute Gravity of the Particle Dd (as it will be 
in a Catena equally thick) then d® will repreſent 
that Part of the Gravity which acts perpend. 
cularly upon Dd, and by which it comes to 
| paſs that dD (being by the flexibility of the 
Chain moveable about 4) endeavours to bring 


it ſelf into a Vertical Poſition. And therefor | 


if d (or the Fluxion of the Ordinate BD) be 
conſtant, the Action of the Gravity exerted 
perpendicularly upon the correſpondent Part 
of the Catena Dd, will alſo be conſtant, 
every where the ſame. Let this Action or 
Force be expounded by 23. 
Farther; From the above-cited Propoſition in 
Mechanicks, D or the Fluxion of the Ax 
AB, will expound the Force to be exerted in 
the Direction dD, which is equivalent to the 
former Endeavour of Dd (by which it tends 


to bring it ſelf into a Vertical Poſition) and 5 


ſufficient to hinder it. : Z 

Hut this Force ariſes from the Linea Gratis 
DA pulling with the Direction dD, and s 
conſequently (all the reſt continuing as before) 
proportional to that Line DA. Therefore d, 


the Fluxion of the Ordinate, is to D, the 


Fluxion of the Abſciſſe, as the conſtant right 
Line 4, to the Curve DA. Q: E: E. 


COROL. 


If the right Line DT touches the PR 


ria, and meets the Axis AB produc'd in J, 
then will DB: BT: : (d: D: :) a: DA 


.  PROY, 
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5 34. 5 I pon he Papal AB 


as an Axis, and the Vertex A, an E 


| quilateral Hyperbola AH be deſcrib'd, 


| whoſe Semiaxis A Cg a; as alſo upon 
| the ſame Axis and Vertex, a Parabola 


AP, whoſe Parameter is quadruple the 


| Axis of the Hyperbola, and the Ordi- 


nate of the Hyperbola HB be always 
produc'd till HF be equal to the Curve 
| AP: I ſay then, that (making BD and 
$ BE, equal) the Curve FAD, in which 


the Points F, D, are poſi fred, is the 


* Catenaria. 


5 7 


put AB = _ x; Bb S and BH= 


: "5 He =*; whence (rm: the Malo of 


W Fluxions) the Fluxion of BH, that is mh= 


ax & x 


1 24X + xx. 


has for its Parameter fs BP ſhall — v/ Bax, - 


Whence the Fluxion of By, that 1s op. = 


24X 


ae "duck the Fluxion of che Curve 
** 24x 


vt Shoe Er > eee 


. — ſince the Parabola AP: 
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AP (= mills * = 7 „ich“ 
5 . d 24x 1 

55 N And th 

1 phin, t. 
= = Vapor ; whichis equi to „ke * I 
e 
* | Vi ar- or — 


as. appears by multiplying bo both Numernn D / 
and Denominator . 4.4 8 "od: ſince | kh 105 q 


It i 
the O 
| Parabc 
correſf 


| Hype! 


ine = Atl "the Photon 
— 35 5 4 ** gp 
: HE that is ; mh4 ſhall = = —= Bu * 
* z k = 

EY 10 


we have hitherto found mh = 


V 
Therefore f (the Fluxion of BF the Onds 

1 
| nate in the Catenaria) = = — — ; and 


Fox 
the C 
BH 
termi 


oY 2a CN 5 
conſequently the Fhiziot of t the Curve AF 


(that i, f = Ke my * * . ') 


5 2AX + XX ä the 1 
i= ww LE. — — the flowing Quantity of | equal 
Wr ; vill 


which 
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which was ſhewn but now to be / za ＋ xx. 


And therefore AF = 7 2ax+ xx, And 'tis 


Iplan, that the Fluxion of the Ordinate BF, 


2 : 5 


. Fd ae 


the Catenaria are rightly determin'd by the fore- 
going Conſtruction. Q: E: PD. 


COROL. I. 
It is manifeſt from, the Conſtruction, that BE 
Parabolick Curve AP, taking away BH, the 
H perbola AH. 
con 


'Tis plain from the Demonſtration, that 


| the Curve of the Catenaria AF, is equal to 
H the correſpondent Ordinate of the con- 


terminal Equilateral Hyperbola. For ſince 


the Fluxions of theſe Lines are equal, and the 
Lines themſelves do ariſe together, it is ma- 


feſt that they are always, and every where 


| equal, Whence, giving the Catena, AC or 4 
vill be given alſo, as being equal to the Se- 


. miaxis 


— — 63rd — — 


r, is to x the Fluxion of the 
Abſciſſe AB, as the conſtant Quantity a, to the 


Curve AE; which was the Property of the Ca- 
tenaria found above. Therefore the Points of 


the Ordinate in the Catenaria, is equal to the 


correſpondent Ordinate, of the conterminal 
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Vertices of the Catenaria, will cut off fimilx 
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miaxis of the Equilateral Hyperbola, whoſ 
Vertex is A, and whoſe Ordinate belonging th; 
Abſciſſe AB, is equal to the Carena AD. 


na) 
to the 
the far 
that ac 
that ac 
the co 
[ Lengt! 
the Ca 
And ir 
rent D 
is as t] 
Lfince 1 
[be equ 


All the Catenaria are ſimilar to one another; 
2s being generated from the ſimilar Conſtruction 

of ſimilar, and ſimilarly poſited Figures. Fron 
whence it follows, that two right Lines ſimi. 
larly inclin'd to the Horizon, carried thro' the 


+ ring and proportional to the Lines cutting 
off the Portions of the Catenaria, 


a i 
5 | Th 


4 Tf the Catena QAD be ſuſpended on the n 2 \ 
Points Q and D, which are unequally high, the does 1 


Part FAD of the Curve remains the ſame a H Warch 
it were ſuſpended by the Points F arid D, which flipper 
are equally high. For it is no matter, whe- bn 
ther the Point be fix d to the Vertical Plane or Mhhich 


| Hot. | | | | the ret 
* go: rod 
C 6 V. . ure. 


of the 


It be 
d pot 
that is 
viden 
d, e 


And « 


ig If the Force of the Catena drawing in the 
| Direction dD, be divided (as is commonly 
known) into the Force as d acting with an 
Horizontal Dir ection, and the Force 45 iD 
with a perpendicular Direction: Then it fol. 
lows, that the Force (in the End of the C 
| | tend) 
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ft) of pr directly to the Axis, is 
to the Force of deſcending perpendicularly in 
the ſame (or that Part of the ſuſtaining Force 
that acts in the Direction BD, is to that Part 
that acts in the Direction D)) as the Semiaxis of 
the conterminal Hyperbola AH, to DA the 
[Length of the Catena to the Vertex. Whence, 
the Catena being given, this Ratio is alſo given. 
And in the ſame Catena, ſuſpended with diffe- 
rent Degrees of Laxity, that horizontal Force, 
is 3 the Axis of the conterminal Hyperbola ; Ef 
fince DA remains the ſame, if the Extremities 1 
the equally high. os . 
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The Catena placed in an inverted Poſition — 
in a vertical Plane, maintains its Figure and — 
does not fall down; and ſo makes a fine Tz 
Arch or Fornix. That is, very ſmall hard 1 
ſluppery Spheres, diſpos'd in the inverted 3" 
Carenaria, will form an Arch, no part of ft 
vhich will be thruſt inwards or outwards by 1 
the reſt, but (the loweſt Points continuing un- 
mov'd) it is preſerv'd by vertue of its Fi- 
gure. For ſince the Poſition of the Points 
bf the Catenaria, and the Inclination of the 
Parts to the Horizon, is the ſame; whether 
t be in the Poſition FAD, or in an invert- 
d Poſition, provided the Curve be in a Plane 
lat is perpendicular to the Horizon, it is 
"dent that it preſerves its Figure unchang- 
d, equally in one Poſition as the other. 
And on the other hand, the Catenaria are 
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the only genuine Arches or Fornixes. And en 
Arch of any other Figure, is for this Reaſon 
only, ſuſtain'd, becauſe a Catenaria is included 
in the thickneſs of it. For if it were very thin, 
and conſiſted of Parts that were ſlippery, it 
would not be ſuſtain'd. From the e 
fifth Corol. it may be gather'd with what Force 
an Arch thruſts the Walls outwards, that it 
ſtands upon; for this is the very ſame with tha | 
Part of the Force (ſuſtaining the Catena) which 
draws with the horizontal Direction. All o- 
ther Matters requir'd in the ſtrength and firm- 
neſs of Walls, that have Arches ſet upon 


them, are geometrically determin'd from thi 


Theory; which are the principal Things in 
WW 


COR OL. VII. 


If inſtead of Gravity, any other Force wer 
ſuppos'd acting in like manner upon a flexib 
Line, the ſame Curve would be produced. 
Ex. gr. Suppoſe a Wind blowing equably, andi 
in Directions parallel to a given right Line, the 
L ine thus inflated by the Wind, would be the 
ſame with the Catenaria. For ſince all Thing 
that were conſider'd in Gravity, obtain in thi 
other Force, tis plain that the ſame Curve wil 
be producec. 


PROP! 


0 Miſcellanea Curioſa. 
PRO P. III. THEOREM. 


(Fig. 3 5.) The Hyperbola AH continuing 
as before, if through A be drawn the 
right Line GAL perpendicular to the 
eAxis AB, and the Curve KR be de- 

ſeri? 4 ſuch a Nature, that BK be 
a third proportional to BH and AC, 

and to the right Line AC be applied the 

Rectangle AV equal to the Intermmate 

Space ABKRLA; then ſhall the Point 

F (the Concourſe of the right Lines 


| HB, VG) be in the Catenaria. 


a* 


For by Conſtruction BK = . 
oY, Via 


„ wherefore the Fluxion of the Space 


0 . 
ABKRLA(=BKkb=BKXBb) =-- --- . 
8 W 
Space ABKRL XA 


And ſince E ——- -———,, and AC 
ß given, the Fluxion of BF ſhall = 
the Fluxion of the Space ABKRLA 


2 — 


) 1 AC 


Qi 
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0X 


. But in the Conſtrution of th 
Vie 
sein Propoſition, che Fluxion of the Or- 


1 1 


dinate BF, was = = — —. Therefas 


| = Þ+ x2 
this Conſtruction amounts to the ſame with 


that, and . N the Point F is in th 
ee W E: 


COROL. 


As in the fore goin Prove tion, the Cats 


ria is deſcrib'd from the Length of the pan- 
| bolical Curve given; ſo in this, the Deſcrip- 
tion of it depends pen the Quadrature of 
the Space | in which x? y > = a* — 2a . For 


; = 
BK or y = —  — , 


52 n 
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PR 0 
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rROP. IV. THEOREM. 


(Fig. 36. ) The Space AGE contain'd un. 
der the Catenaria AF, and the right 


Lines FG, AG, parallel to AB, BE, 
is equal to che Rectangle under the 


Semiaxis AC, and DH the Difference 
F the Ordinates in the  Hyperbola 
and Catenaria. 


For DH (= BH = BD = by Propoſ- 


F 


| ton II. 


1855 * i Va 6 


*r 
1——. | Wherefore the Fluxion of the 
3 
| letangle under the given Line AC and DH 
| axx | * 
| — — K X— =f's X FG) 
Voie en = g . 


the Fluxion of the Space AC. And ſince 
lice Figures do ariſe both together, it follows 
ut the Rectangle under AC and DH is equal 
o the W AGF. QE: D. 


: Qz; | C o- 
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CO ROL. 


Hence it follows that the Space FAD com- 
prehended under the Catenaria and horizontal 
Line FD, is equal to the Rectangle under FD 
and BA, leſs the Rectangle under either Axis 
of the Hyperbola AH, and DH the Exceſs of 
the licht Line BH or the Curve AD, above 
the Ordinate BD. 


PROP. . THEOREM. 


(Fig. 26 TE to the right Line AL be 4h. 
plied the Rectangle LE, equal to the 
 byperbolical Space ALH, then E will 
be the Center of Gravity of the Cate. 
narla AFD. 


Let ha 3 FA . conceiv'd to be l- 


brated upon the Axis GL. Then (from the 


Doctrine of Centers of Gravity) it is mani- W 


| feſt that the Momentum of the ponderating 


Curve FA 15 expounded by the Superiicics 


of an upright Cylinder erected upon FA, 
and cut off by a Plane, paſſing through GL, 
and making an Angle of 45 with the Planc 
of the Curve. And the Fluxion of this Su- 


perficies or FA * r, is aps! to the Fluxicn 


| of the Space ALH/ or fl * HL; becauſe 


FA, BH, as ao 10 and HL, are equi 
5 2 755 Ak 
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| And conſequently (ſince they ariſe © x the 


| {aid 0h Dana of the upright Cylinder is equal 
to the hyperbolical Space ALH. Which there- 


| fore divided by the Pondus it felf AF, or its 


Equal the right Line AL, gives the right Line 


AE, for the Diſtance of the Center of Gravity 


| from the Axis of Libration GL. So that the 
Point E is the Center of Gravity of the Curve 


FAD, lying equally on both Sides the Axis. 


Q E: D. 1 
SOA 1. 


| The Spaces ABHL, BAH, and AFG, are 


in Arithmetick Proportion. For the Fluxion 


ax xx 


of the Space ALH is ( = — — Xx = 


Werte 


— RR * 
—— 


a4 LN K K za r —ax Xx 


Vier F . 


A 


Ls Viert on — = to the Fluxion 


. W 2D 
| of the Space BAH leſs the Fluxion of the 


Space AGF, by Propoſition IV. And fince 


| theſe three Figures do ariſe together, it fol- 
bus that BAH AGF = (ALH =) BL— 
BAH. Wherefore 2BAH = BL -j- AGF. 
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ſinmce the Figure it ſelf deſcends as much as it 


C 


Whence tis plain that the Spaces BL, BAH, theref 


and AGF, are in Arithmetical Proportion. IM i b 


The Center of Gravity of the Catenaria, i; right 
che loweſt of all thoſe Lines that have the fine MI wide 

Termini, and are of the ſame Length. For! 
heavy Body willdeſcend as far as it can. And 


Center of Gravity deſcends ; 'tis manifeſt that (Fig 
a flexible heavy Line, will diſpoſe it (elf u © 
ſuch a manner, as that its Center of Gravity 77 
may be lower, than if it aſſum'd any other F. 
gure. And from this one Property of ſuch; 5 
Line, all the reſt may eaſily be deduced. 5 1 
COROL, 1. ; 

If there be upright Cylinders erected upon WF 4 
any ſort of Curves, that are of the (am: 
Length, and have the ſame Termini D and F, | 
with the Catenaria FAD ; and theſe Cylin- 1 ¹1 
ders be cut by a Plane paſſing through DF; W the 
then the greateſt of all theſe Superficies ſhall MW the 
be that which ſtands upon the Careraria W 1nd 
For theſe Superficies (if the Angle contain d fs, 


under the Planes be half a right one) divi- MW Or 
ded by the Curves (which in the preſent MW ue 
Caſe are all of the ſame Length) give the Di- W nat 
ſtances of the Centers of Gravity from the cau 
right Line DF, And fince this Diſtance 1s 
greateſt in the Catenaria (becauſe of the chi 
greateſt Deſcent of the Center of Gravity) Nef 
. 7 therefore 


TD — TH W3 
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therefore the cylindrick Superficies ſhall there 
iſo be 1 Laſtly, Becauſe the ſame is 
to be ſal | 
plane that makes any ge with the Plane of 
the Baſis, as is when the 
ght one; the Truth of what was aſſerted 1s 
evident univerſally, RT, 


of cylindrick Superficies cut off by 
aid Angle is half a 


LE M M A. 


Fig. 37.) Any Curve as AFQ, deſeri'd 


by the Evolution of another Curve KU, 
if upon any Ordinate, as FB (at right 
Angles to the Axis AB) be let fall per- 
pendicularlyUR, from the correſpondent 


= Point U in the Curve KU ; then (the 


Fluxion of the Axis AB continuing 


the ſame) ſhall the Fluxion of the 


Huxion of the Ordinate BF, the 


Huxion of the Curve AP, and the right 
Line FR be continual Proportionals, 
Let the Lineola Ef be produc'd 'till it meets 


| the next Ordinate We in o. And becauſe by 
the Hypotheſis F s = fw, alſo ſhall o f = 4 


and conſequently o ſhall be the Fluxion of 


| f's, that is the Fluxion of the Fluxion of the 


Ordinate. Farther, the Triangles of, f FR, 
ae equiangular, becauſe o © f = its Alter- 
nate f FR, and fop=(Ffr=)Ff R, be- 


| cauſe their Difference R f r is as nothing in 


reſpect of either of them, ſince Rr is no- 
thing in reſpe& of f r. And therefore o %: 
f:: f F: FR; but ef f F, ſince they dif- 

. ; „ 
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fer but by the Fluxion of either. Therefore 
ner ene ELD. 
PROP. Vl PROBLEM. 
(Fig. 37.) To find the Curve KV by the 


Evolution o which The Catenaria ; is 


deſcrib d. 
Let (as _ AB e, BF — = = | Thenly 


- 


+» Propoftion IL, 75 . or 2axy? þ 
Vater ” 
xa = ax. Wherefore Gy: the Novtmia 


Method which | now ' genendly ee 200 
* 1—571. 0 = 2 x77 ( =2.axx, which 


becauſe of * . 0, fi ince the cm x has 
no Fluxion, $5) -'= . Therefore 7 = 


— axy =_ xxy 


2.4% -N 
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zotes only the Place of the Point R, with 


reſpect to E, to be oppoſite to the Place of 
the Point E, with reſpect to B, when the 
curve * 18 concave towards the Axis 

ASX * x 5 


150 And F f by Prop. Hy= TED 


2ax+ Xx 


Wherefore Of the foregoing Lemma) FR — 


mat. o 


— 


* 


. 


* —_ 


% zax & 


* a4# x * 


a+XX a 


Dt er Hes. Again, becaule of 


4 


the N Triangles F's * FRU, ha- 


to one 
ving the Angles f F s, UFR, equa | 
2 (becauſe UFs is the Complement of 
ferber to a 8 Angle) we have F;: :: 


3 | . 4 fy Fran 
A | — :: — - RE, 
ML + xx. _ 

UR, which cherer is = a+x. Therefore 


| £ ON —. 
e eee 
— 


u ae. QE 1. 


COROL. 


2ax+axx ram 


the Nature of the Curve KU is ſuch, that if 
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COROL. I. 
AC: CB: : BH: BH: FR. For 1 


- he Property of the — Line FR, that Wy 
| tound juſt n now. 


COROL. 


5 right Line CB is = the 1 Lis 
BI or R. For cach 1 15 1. 


COROL. I 


The Eadie Line UF is a hind Proper 


1 5 tional: to AC and CB. For becauſe of the 


: ſimilar 1 255 85 FER, it ss F: Ff 


ar far 


„ 
— 22 


5 . 


alx x 2 1 xx_ 


: FR: UF; or * 


— 


: UP, which 15 therefor 
a -| = 1 
= — Whence a: 4 K x. 


> which 3 is the Radius of the Cit de that has 
the ſame Curvature with the atenaria at the 
| | P oint F. | 7 5 | 


COROL. 
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CORO L. = £ 


When the Point F is in A, or when the 
Vertex is deſcrib'd by the Evolution, that is, 
when x = o, then the Value of the Evoluene | 
Line (or the Radius of the Curvature) UF 
(which in this Caſe coincides with KA) viz. 
. becomes only a. That is, the Point 
. f | 
K where the Curve UK meets the Axis, is 
s much above the Vertex of the Catena A, 
Is C is below it. Whence the Diameter of 
|: Circle that has the ſame Curvature with 
| the Catena at the Vertex, is equal to the 
| Axis of the conterminal Hyperbola AH. 
And conſequently the Catena AD and the 
| Hyperbola AH, have the ſame Curvature in 
| the Vertex A. For it known that the 
| foremention'd Circle has the ſame Curva- 
| ture with the Equilateral Hyperbola AH, in 
the Vertex A. But this follows alſo from 
| the Property of the Catenaria, demonſtrated 
it Propoſition II. For the Naſcent FH or (AP 


| = the aſcent BP = 3 V gas, is double the 


Naſcent BH or 2ax +xx, that is, xx va- 
| niſhing, when is very {mall) ax. And 
| therefore the ſame Point 1s as well in the 
Naſcent Fyperbola, as in the Naſcent Care- 
naria; that is, the one is coincident with the 
other at their firſt ariſing, and conſequently 
theſe Curves have the ſame Curvature at the 


Vertex A. 
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W Yy. ME 

The Eames: KU is a hid: Proportional x 10 12 

5 the right Line AC, and the Curve AF or the ſrion \ 
right Line AL. For from the Property of | 
the 8 KU = = (UKA— —KA= VE- p! 
tx Lark = 
KA = — 55 8 — 4 Fig, 
dar Har 5 L 
And therefore, « Ves Tur: ee 

A = 5 ; G 

8 8 XX KU. But (by cor. II. Prop Ul, A 
| Views 1 =AF. | be | AC: * AF:: . 
AF: % oye 1 
14 

C ORO. 1 * 


The right Line KI is Auble of AB. For Ni 
fince BI (BC Y CA+AB, alſo AI ful # 
CAA ZAB. But AK AC (by Cor. IV.of P 


this e tion.) Therefore KI=2AB; = 7 
1 

23 #4 0 K 0 : VII. 
L. 
The Rectangle AC xBR i 18 =t0 3 the or I 
hyperbolic Space BAH. For FR x AC = = Wl 2G, 
- — — — chen 
K . 2ax Ex 5 und 
| 5G 3 | 9 00 ture 
meat 


45 Yay Sas ＋4 * V BH 
2 AC 
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AC BH = ) ABXBHAACxBD +ACxDH. | 
Wherctore ER AC DAC (that is, BRx 
ACY= -AB«-BH-} ACxDH. But (by Propo- 
frion IV. ) APIs Space AGF. Therefore 


BR&ACES(ABHL- -| AGF= by Cor, I. * 
ſrion V. ) 2BAH. 


PROP. vi. TH D OREM. 


(Fig: 37.) Ni in | the Logarithmical Curve 
LAG (whoſe Subtangent HS, given, is 
equal to the Line a, determin 'd as at 
Cor. II. Prop. II.) be taken the Point 

| A, whoſe Diſtance AC from the Aſ)mp- 
tote HP, ig equal to the Subtangent 
HS; and from the Points H, and P 

| (taken at Liberty in the Af mprote, 
and equally diſtant from the Point C) 
= Ve erected the Lines HL, PG, Ordi- 
nates to the Logarithmical Crue, the 
Half Sum of which is equal to HD or 
PF: Then the Points D and F, ſhall be 
poſited in the Curve of the Catenariz, 
correſponding ro the right Line AC. 


Let AB be put — — x, and conſequently CB 
or DH the half Sum of the Ordinates HL; 
, wil — a+x. Let the half Difference of 
Hem be put = y; whence HL — 1 5 
ind PG ATK 9. And ſince from the 
ture of the Logarithmical Curve, CA 1s a 
mean Proportional between them, aa ſhall ** 
: aa 


wh 
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4 44 ar 5 whence J = 2 


Conſequently HL =4 + Ve xx, ahd 


PG = RO Hy Wy Wherefore th 
Fluxion of HL, or Im, is | 


| e. And becauſe of te the L. 


885 9 5 Nature 
ſimilar Triangles mL, LHS, *tis In: s:: WMWumb 
bm: ml. ; whence mL. or d® the Fluxion 0 ſound. 


nf JJ) Wit 
BD, b= — —. That * Cure Met C 
„ _ Wa Orc 


1 Wer after the foregoing Manner viz, E 
from the logarithmical Curve, is of ſuch a WM © 
Nature, that if the Axis be „ and its 


Fluxion a the Fluxion of the Ordinate BD Vice 


Wa 7 | ax 1 5 e 4 FFW | | he R 
Is — —. But this is = F of ought 
* zar +xx 1 ar me. 


the Catenaria correſponding to thi right Line 
4, as was demonſtrated at Prop. I. There- . 

fore the Curve FAD deſcrib'd as above; is this 2 
very Carenaria 1 it {elt. Q E: DPD. 


* 
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C OROLLA RIES, 
BO BODL:- 


As the Catenaria is deſcrib'd by the help of 
the Logarithms, ſo on the other hand, by the 


ſleld of the Catenaria (a Curve produced by 


Nature it ſelf) the Logarithm of any given 


Mumber, or rather of any given Ratio, may be 
found, As if, putting CA = 1, whole Log. 


=o; the Log. of the Number CO, or of the 
Ratio between CA and CQ, were ſought. 


Let CV be a third Proportional to CQ and CA, 


tz, BD, will be the Log. ſought. 
= q0RKOE. Is 


| Vice verſa, if giving the Log. CH or CP, 
the correſpondent Number HL or PG, or 


bought, From H or D erect a Perpendicu- 
ar meeting the Catena in D or E, and in the 
horizontal Line AR, take CR = HD or PF, 


dr CR, is (from the above demonſtrated Pro- 


{ onal, ſuch as arc HE, CA, PG, the Square of 
inc halt Sum of the Extreams leſſen d by 
K the 


A 


and CB the half Sum of COQ and CV; then 
n Ordinate to the Catenaria from the Point B, 


the Ratio of HL to CA, or PG to CA, be 


br CB. And then will AR be the half Dif- 
rence of the ſought Lines LH, GP, as HD 


erty of the Catenaria) their half Sum. For 
n three Quantities geometrically Propor- 


— 2 * tre, ann edtitn eb —————— 
: a ” — — * — " 
3 — 5 — Q * . hy 8 wo 4 
—— p 5 — . Þ « Rs a a > Sr ee r 
n 22 3 * p TR CRP oe r 
— N _ — 2 — — —— 2 oO IRA <->, 2 2. — 
83 wa "I * 3 — 8 * 5 . * n OE 5 Saas 
> 8 | 2 — - k FS 
— 2 — — . . „„ 
. * es i — * ETD — 
— — de. — w — es — — At 0 
— ** = * * . 
' ——O——c * N . - 
— 5 —— 1 - —— i adn iS ah 
4 FFY 


- - — 2 * 4 R — . 
— SS —— — — > © > IE n "A's 82 wa 5 
— 2 r — 2 5 * — : —.— wi > + - . — ey 
——— _ —— - / LO <A . Ku * — 1 * * © Lad 3 
1 bd: —u—— — — — 8 * f 4 2 
a "S® — — — — — — — — — 72 00 09 — — IAB ©: ww. — 
* * 5 - Re Pe. hy e 
N 4 = yu 2 N 
= * wn 
— — . 8 r 
© hn, ** — ——ůů— * ads * . 2 2 — 
4 — = _ =o te 
- 1 . r —. —— oy * 7 —— 
— 2 was k r 24> N RO ag We 
, ” E — 
— . 4 Pn PIO lo rn ES < , - a 8 —— - 
— — — — * 2 ag ” 8 82 — 


— —ʃ 
A 


* 
14 


5 * 
— — on = AV. 
tas x ag oY, ens; 
— 
1 


2 


— 3 . 
— — 


r at . e's 
—— - — 


r ——¾—[K— —— — 


as HD the half Sum of the logarithmic 
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the Square of the middle Term, is equal to the 
Square of the half Diff.rence of the Extreang 
And conſequently CR AR, and CR AR, 
are the Numbers HL or GP, agreeing to th; 
given Log. CH or CP. 1 


COR OL. II. 
It is plain from the Demonſtration, thy 


Ordinates HL, PG, 8 at righ 

Angles to CH, is an Ordinate to the Car 
naria; ſo alſo the half Difference of the {:ms 
HL, PG, applied at right Angles to (. 
in B, is an Ordinate to the equilateral Hy 
perbola, whoſe Center is C, and its Vert 


A, and conſequently (by Cor. II. Prop. II.) 
= the Catena AD. For y = ' 2ax+x:ilh t. 
and fince it was ſhewn in the foregoing (the 
rol. that AR is alſo the half Difference of Hl the 
and PG; tis plain that AR is = the Portion - 
of the Catenaria AD. From whence by the 
Way, we may obſerve a Method, how, fron 
the Catena A D given, to find C the Centeſ Ie 
of the conterminal Hyperbola, or the Point is 
the Aſymptote of the logarithmical Curve GI 
For taking AR = the Catena AD, and join, and 


ing the Points B, R, from the Middle of BI 
erect a Line perpendicular to it, which wil 
meet BA the Axis of the Catena produce 
in the Point C, ſought. Which is evident 
ſince thus CR will = CB. i 


Inole 
_ 7 
COROLE 


Hence alſo it follows that if the Angle BDT 
be equal to ACR, the right Line DT touches 
the Catenaria in D. For then it will be (in 
the ſimilar Triangles DBT, CAR) DB: BT : : 
CA: AR, or CA: Curve AD which is = 
maria, by Corol. Prop. I. 
-COROE. V. 

It follows alſo that the Space ACHD = the 


AYD= CA x (AD—BD, = AR Ax. by 
or, III. of this Prop. =) XR; the thing 


hat the Space ACHD is as the Curve AD, 
f the latter Dd, 
ORO L. VL 


BC ＋ CZ 


£ 


magine an upright cylindrick Superficies 
rected upon FAD, and to be cut by a 


Inde of 45 with the Plane of the Curve 
AD. This Superficies, will expound the 
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AR. Mnd conſequently DT touches the Ca- 


Rectangle CAXAR, For becauſe (by Prop. IV.) 


manifeſt. And ſince CA 15 given, *tis plain 


dthe Fluxion of the former Hd, as the Fluxion 


If through the Point K where CR cuts HD, 
e draw KZ parallel to PH, meeting AC in 
„ and take CB = — 3 then will E be 

be Center of Gravity of the Curve FAD, 


ane paſſing through PH, and making an 


. 55 Momen- 


—— — « as 


JJ ON TS 
I 
————Y 


Farther, becauſe of 7K parallel to AR, 
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Momentum of the Curve FAD librated 00 


the Axis PH; and its Fluxion 18 DHxDd4 (eterN 
Cltant 


— ar Tæx | polite 

| PFx raab 24 T 23 — | * ſ: 
Fiche 

> a FIR us 1 Point 
24x + gaxx+2xxx. Fo A OWL, Wir of 
- * ORE Tn thus / 
RI 7 ie e ee eee. 5 BAY 
24x + xx Vinod 1 WAX 

„„ VF poing) 
A*X + axx .-- 3AXX42X X 5 C++: 
—  —--—; the Fluent a (CB - 


Vo T * 2AX + XX. 
Which, ax BDA zax+xx+ . ee 
5 CAxBD+CB « AD. Wherefore CAxBD 
CExAD = (becauſe it ariſes together wit 
it) to the forementioned cylindrick Super 
cies = the Momentum of the Curve FAL 
with reſpect to the Axis of Libration PH 
Whence the Diſtance of the Center of Gn 

vity of the Curve FAD from the Point $ 
Js CA x BD + CB » AD 588 ,CA « BD 
e 


3 no; 


AD: BD: : (AR: ZK: CA: CL, SB 7 
| the! 


„ MEA: BD 
CL== AD 7.3 and therefore CE whichb ding 
Conſtruction is = 2 BC + 3 CZ, thall - * 


E 255 ＋ b. That is, the Center Mount 


N of the Curve rab, me the 1 — D 
f FAD 
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termin d by this Conſtruction, are equally 
diſtant from the Point C. But they are alſo 
polited in the fame right Line, and towards 
the fame Parts, and therefore they coincide 
th one another. This Coincidence of the 
Point E as determin'd above, with the Cen- 
Wir of Gravity as found at Prop. V. may be 
thus ſjntherically ſhewn. By Cor. I. Prop. V. 
BAX—AYD+BA + AR. Whence AH A- 


pong) AR CA BA AR; that is, BD. 
C zBAX AR CB; or BDXAC=AR 
CB - 2BAX. Whence BD AC +AD x 
IC - (ADxBC+AR CB 2BAX=2AD 
BC —2BAX =) 2AD«-AC+2AD AB 
BAX. And dividing by 2AD, we have 7 
Wy AC: ABx AD--BAX. 


A ARX ARX 
. ; 

ie Center of Gravity of the Catena from the 

ertex A, determin'd at Prop. V. and conſe- 


a ET 
AR is the Diſtance of the Point E from 


. e 
the Point E alſo from the ſame Point C ac- 


ile two Determinations of the Point E 
1 3 „ 
rount to the ſame; becauſe CA þ = 


| AR: 
; BD/AC 


WM AD = +7 BC... 


BAX—(ACHD + BA . AR by Cor. fore- 


rr 
But — 1s the Diſtance of 


ently, according to the 5th Propoſition CA 


— + 7 BC, is the Diſtance 


viding to this Cor. Whence *tis maniſeſt that 


*. r 5 


R ; 85 CO- 


— FOG 


— 


A. , 8 2 
— aps 5 . Sno, 0" I Sb 
= ” 9 mA aa 


PFfpp; tis plain that E, the Center of Grayi 


fore Imagine an upright Cylinder to be erected 
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J lbrat 

C O R O Ls VII. | Cor. 

e N (for t 

„ The Center of Gravity of the Space oe 
 PFADH, is in I the middle Point of the right wy 


Line CE. For ſince the Center of Gravity wy 
of the Fluxion of AD, or Dd, and Ff, is twice =; 
as far Diltant from PH, as is the Center of 
Gravity of the Fluxion of ACHD, or DHtd, 
and FPpf, and Dd Ff x AC is = DdhH+J 


ty of the Fluent FAD, is twice as far diſtant 
from PH, as I, the Center of Gravity of the 
Fluent PEADH: But this may be yet ſliewn 
otherwiſe according to the Method us'd be- 


upon the Figure PFADH, and to be cut of Line 
by a Plane paſſing through PH, and making an 
Angle of 45 with the Plane of the Baſis. This that | 
Solid will expound the Momentum of the Fi be c 
gure PFADH librated on the Axis PH. And HL 
the Fluxion of this Solid or Momentum (vn. Cury 
the Solid erected on the Baſis PFfp, ade,“ 
_ _HDdh) is produced, by multiplying the A- Conſe: 
mentum of the Fluxion, or 55 Fluxion of being 
the Momentum, into + AC given. For by Auis 
Cor. V. of this Propoſition HDdh - Dex AC. 
Wherefore the Fluent Momentum it ſelf, | ty) 
produced by multiplying the Momentum of W J. 
the Curve FAD with reſpect to the Ax 
PH (as determin'd at Cor. foregoing) vis. theref 
CAxBD+CBxAD into + AC; which vilWyirh 
therefore be ⁊ ACx ACXBD +<ACXCEXAD. Wane, 
And conſequently if this be divided 2 1 Cravi 
a Ulůllrated i 
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Cor. V. of this Propoſition) there will ariſe 
(or the Diſtance of the Center of Gravity of 
the Figure PFADH from the Axis PH) + 
7 +57 CB; which is =; CE deter- 
nin d above. 


If through the Point N where DT the 


Tangent to the Catenaria in D, cuts the 
Line AR, be drawn a Parallel to BC, meet- 


ngin O a Parallel to AR drawn through E; 
then will O be the Center of Gravity of 
the Curve AD. For by Cor. 6. the Center 
of Gravity of the Curve AD is in the right 
Line EO. But it ſhall be demonſtrated to 
be in the right Line NO; and conſequently 


— * 


Curve DA multiplied into the Diſtance of 
the Center of Gravity from HL. And 


— — - 


onſequently its Fluxion = DA * Hh (Hh 
being the Fluxion of the Diſtance of the 


| Axis of Libration from the Center of Gra- 


Ax - 


vity) = N «x - | 


= . And 


f 55 Var : 
WW therefore the Momentum of the Curve DA, 


Urvity from the ſame Axis, is ax divided 


lbrated 5 PFADH (=2CA-AD, by 


tht O it ſelf ſhall be the Point. Let DA 
be conceiv'd to be librated upon the Axis 
HL; then the Momentum of this is the 


A with reſpect to the Axis HL, is = ax. And 
oonſequently the Diſtance of the Center of 


r i _— 
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by AD, * But becauſe DT 
touches the Catenaria, by Cor. 4. of this Pro. 
_ poſition, the Angle BDT, or DNV = Ac, 
and the Angles at A and Y are right ones, 
therefore in the Equiangular Triangle 
RAC, DYN, tis RA: AC: : DV: YN: 
whence YN = = * „ that is, YN 15 the 
' Diſtance of the Center of Gravity of the Cater, 
AD from the Axis HL; or that Center is in 
the right Line NO 


ee e. N. 
If through the Point I be drawn a rig: 


or 
L.ine parallel to AR, meeting ON producd Po 
in W; then W ſhall be the Center of G-. Li 
vity of the Space ACHD. For by Cor.. 

the Center of Gravity of the Space ACH), 

is in the right Line IW, but it ſhall be de. 

monſtrated alſo that *tis in NW, and conſe 
, quently W 1s the Point. For (after the - 
{ame Manner as in Cor. foregoing) the Fluxion lid 
of the Momentum of the Space ACHD ponde- 5 
rating upon the Axis HL, will be ſhewn to h an 
(ACHD Hh= ACLADXHb=a}/ LAX x . 
5 „„ h rat 
„ B 5 
„ — 4 . And conſequently the N 
i . 5 
Momentum of the Space ACH D, with R.; 0 


ſpect to the Axis HL, is the Fluent of th 


 Fluxion, 
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Fluxion, aux, that is, a x. This therefore 
divided by the Space ACH D, or 7% 


* V 2ax + xx, gives the Diſtance of the 

Center of Gravity (of the Space ACHD) 
JJV 

from the Axis HL, which is = —— = —- 


VI TX; 


Sa And therefore the Center of 
Gravity of the Space ACHD, is in the Line 
NW. And from theſe two laſt Corollaries, is 
found the Center of Gravity of any Portion of 
the Catena, though not reaching the Vertex A, 
or alſo of any Space comprehended under any 


Portion of the Catenaria, and any other right 
Lines beſides thoſe aforeſaid. 


Sono 


Hence are meaſur'd the Surfaces and So- 
Ids generated by the Rotation of the Ca- 
tena (or a Space comprehended under it, 
and a right Line) about any given Axis. 
For a Figure generated by ſuch a Rotation, 
is (as is vulgarly known) equal to the gene- 
rating Figure multiplied into the Periphe- 
; ry deſcrib'd by the Center of Gravity in the 
'W Rotation, which Periphery is given, fince 
the Radins or Diſtance of the Center of 
Gravity from the given Axis, is given. Thus 
fi the Catena AD roul'd about the Axis AP 
_ | | the 
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then 7 AN is the Periphery deſcrib'd by the 


Center of Gravity O ( 7 denoting the Ratio 
of the Periphery of a Circle to the Radius) 
and conſequently the Surface generated by 
the Rotation of the Catena AD = (< X 
IN. AD ) AN, AR. That is a Cir 

cle, the Square of whoſe Radius is double 
the Rectangle RAN, will = the Surface ge- 
nerated by the Rotation of the Catenea AD 2- 
bout the Axis AB. After the ſame manner 
the Solid generated by the Rotation of the 
Space ACHD about AC, may be ſhewn to be 
_ equal to a Cylinder, whoſe Baſis is the foremen- 


tion'd Circle, and its Altitude AC. Thus 


| alfo the Surfaces and Solids produced by the 


Rotation of theſe Figures about any other given 
Axis, are meaſur'd. For giving the Center of 


Gravity, they are eaſily diſcover'd. 
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—— —_ 


Of the Quadrat ures of geome- 


trically irrational Figures. 
= oa 


ET ACF (Fig. 38.) be a Semicircle, 
whoſe Diameter is AF, ADE, a geo- 

| metrically irrational Curve, whoſe Ordinate 

| BD cuts the Semicircle in C. The Quanti- 

| ties may be noted thus; The Diameter AF 

| = 24, the Abſciſſe AB = y, the Arc AC = 

, the Ordinate BD = : And let X = roy” 

| general Equation expreſſing the Nature of 
the geometrically irrational Curves ADE, in 

| which r denotes any given and determin'd 

| Quantity, and 1 an indefinite Exponent of 

| the indetermin'd Quantity y. I ſay the Area, 


ABD =—5 —— Ve- 
Eo oe : 
ra 2 ura ra 
ones eee e 
»+11'* : IT 112 
aA x 2n—1 _ | ap * 2#4===Z 
—— 12 — 3 ＋ 
1 1 u 2 | 
AC x n---5, 4D * 21.—7 | 
— —— 1 * 25 — 9 5 
223 | 1 
x AE x 23—9 
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AE x 2u—9 


+ eos Ke. 5 


i 8 . 


In this inflate Wks theſe Things are to 
be taken Notice of: (1.) That the Capital 
Letters A, B, C, D, E, &c. denote the Co- 
| efficients of the Terms immediately pre- 


e ” 
: ceeding them, Viz. 1 = — 5 B = 
5 n+ 1 1 
442 —1 a e 
— — BY SS and fo on. (2) 
% 1 


5 That if the Exponent „ be an Integer 26d | | 


Poſitive, or- equal to nothing, or if 2» be an 


odd Number, then the Quadrature of the 


Space ABD may be exhibited by a finite 


Quantity: The Series in theſe Caſes breaking | 
off. (3.) That 1 the Term laſt break- | 


ing off 71 ) That all thoſe Figures in which 

the Series is brake off have one geometri- 

cally quadrable Portion very eafily afſign- 

able from the Series it ſelf, viz. if you make 
I 1 


the Abſciſſe ) = 
Will ariſe a 1 quadrable Area an- 


ſwering to this Abſciſſe. le. ( 5 . That only the 


irrational Terms * 240 —9 15 to be multiplicd 
into the Terms iollowing! it. 


Example 


#+1.| ng + SH there 


con 
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Example I. 


. Let * = v, becauſe i in this Caſe * . 


:F'# 


= o, therefore - 


Pray 


weng off, when q = 4 whence ABD | 


2 + 1 And conſequent- 


15 if Oy Note 4.) you take the Abſciſſe 


that 15, if the Ordinate pals through 


Ng Center of the Circle, there will ariſe a_ 


geometrically quadrable Portion fitting it, viz, 
Arca = = 8 that 1 is, the ck of the Radius. 


: oy l. 


Let 3 —. Becauſe in this Cale — 
2 +14? 
1 1, therefore — 


—— EY 


CUTS 1 34 


aſt F beiaking off, wherefore 72 whence 


4 


_ 


7 34 | 7436 Nh ib 


ABD= „ —— 5 2997 5 and 
24 4 
conſequently, if (by Note 4 ) you tak. 7 


) NV 344 = there will alle a geometrically 


2 


(ua- 


* is the Term laſt 


rs Als is the Term 
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| Quadrable Area fitting this Abſciſſe, Vita | 


Area = 3 Vu e. „. + + ng 
B 


9 Example In. 5 


Fo Let æ = 3 In this Caſe = | 


therefore = 2 3 is the Term IN | 


| waking . therefore q = 75 whence by 
infinite Series, will ABD = 1 5 5 
Gy? * 3 = 2 


3 


3 . 
. | And deer, if (by Note 4. J you take | 


JE 9 7 == 0 there will ariſe Aa geometrically | 


Quadrble Area fitting this Abſciſſe, vid. 


200% + 54% + 154 
Ates = 4 OO: * 2 
"20a -- - 


Secondly, Let ACF (Fig. 39.) be a Para- 
bola, AE1 4 Axis, A the . and (Ba) 10 
the Latus Rectum. And let ADG be a geo- 
metrically irrational Curve, whoſe Ordinate 
BD cuts the Parabola i in C. Let the Abſciſle 


AB , * 
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AB = y, the Ordinate BD = V the Arc of 
the Parabola AC = v. And let the genera 


Equation expreſſing the Nature of infinite irra- 


tonal Curves be this, Z - roy", in which r de- 
notes a given and determinate Quantity, and #: 
n indefinite Exponent of the indetermin'd 
Quntiry 5. I fe the Ar 
ABD Ns" I — we 5.59 N 


: 5 5 
LL fiir 


a ene 
re x 22 C1 144 * 2—. 5 2 + 


485.2 333 4C 2u—5 fy. 
V 


u — 2 


In this Series tis to be noted: 0 19 That i 


the Capital Letters A, B, C, Cc. denote the 


Coefficients of the Term preceeding them. 


(z.) That if the Exponent 4 be an Integer 


| and poſitive, or equal to nothing, or if 2» be 
an odd Number, then the Quadrature may 


be exhibited by a finite Number of Terms; 


the Series in theſe Caſes breaking off. (3.) 
That + q is equal to the Term laſt breaking 


- off; -- (4.) That of the Terms multiplying the 


| Quantity po 7e, the laſt breaking off is 

W to be doubled. (5.) That all thoſe Figures 
in which 2 is an Integer, poſitive and an odd 
Number, or more generally, all thoſe Fi- 
gures in which the laſt Term breaking of 
I has 
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has an affirmative Sign or +, have one geome- 
trically quadrable Portion, and aſſignable from 


the Series it ſelf, by as Abſciſſe as in the 
fourth Note of the precee ing Series. 


Exanple * 


1 85 Let 2 = w, becauſe-i in his Caſe r 5 , 
0, thereſore the Term laſt TY off 


ra 


1s— | 
#4208 iſ 
YE: 3) and becauſe in this Cale + — 4 I 


=" whence 7 7 = NED =>, by 


the laſt Term to be males into Va; 
therefore ABD = = he's +7 * 29 TY; 


Example Il. 


Let = Y; ee in n this Caſe r — = 


* vey thats, the Term laſt braking off 


n go: ” 


1 
18 15 * 2+ 12 4 
and 2 2 is the laſt Term to be multiplied by 


8 


_ whence q = + 45 


2ay +?, therefore 
APD 


Ts | hs 4 Ay | 3 | 4 ® | 
ABD =: Za V agg th = 


Ed odd bn * 


2 Aa, 


here wil! ariſe a 1 Quadrable 


ira fitting this Abſciſſe, viz. Area = + 


8 —— 


1. T BA 7003 


EP. 8 
„„ - 3 ) 


[ have other Theorems of this Nature, for 


figures depending on the Circle and Parabola 


hut theſe two may ſuffice as a Specimen to ſhew 
the Uſe of my Method publiſh'd in my Trea- 
iſe of Quadratures, in determining the Qua- 


tures of irrational Figures, for which there 


made publick. 3555 
That the Reader may the more eaſily come 


ens, T ſhall ſubjoin another, and more here- 
ter, if - need eee Es 

Let therefore (Fig. 40.) ACF be a Semi- 
ce, ADE a geometrically irrational Curve, 


lantity J. I fay the Ara. 


. = ABD 


3 Miſcellanea Curioſa. 257 | 


— ws aft neon gr RH +" 


las been no Method (as far as I know) as yet 


the Invention of theſe and the like Theo- 


whoſe Ordinate BD cuts the Semicircle in C. 
* the Quantities be denoted as before, viz. 
he Diameter A F = 24, the Abſciſfe AB = 5, 
de Arc AC = ©, the Ordinate BD = X 
nd let & = rv, an Equation expreſſing the 
Nature of the Curves ADE, in which r de- 
otes 1 given and determin'd Quantity, and 

an indefinite Exponent of tlie indetermin'd 
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ch 7 +1 n. | Cn 
ABD = qv +0 V 29-7 x 
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In this Theorem theſe Things are to be 
taken Notice of; (1.) That 'tis made up of 
two infinite Series, the former of which (con- 
nected by the Sign +) is multiplied into 


V V 5 +23 but the Terms of the latter 

(affected by the Sign —) are abſolute. (2.) 

That in the former Series, the Capital Let- 

ters, A, B, C, c. denote the Coefficients ot 

the Terms reſpectively preceeding them; and 
in the latter have the ſame Values as in the 

5 former 


equal to the laſt Term breaking off, of the 
ſormer Series. e e N | | 5 


Exunple I. 


2 


Let z =—, Becauſe in this Caſe » = o, 


. 


S, therefore ſhall the Area ABD = 


"del wo p —24). 
eint. 


The whole Figure AFE 15 equal to twice 
de Square, whoſe Side is ACF, leſs the Square 


of the Diameter, 


; Example II. 


Let , becauſe in this Caſe 2 = 7, 


r ==, therefore ſhall the Area ABD —— 


- 


 Miſcellanen Curioſa. 259 
former. | ( 3. ) That- the Quadrature may be 
apreſs'd by a finite Quantity, when » is a 
poſitive Integer, or equal to nothing, or if 
n be an odd Number; for in theſe Caſes 
ach Series is broke off. (4.) That 29 is 


” 


: | 8 - | 1 | 
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= Example . III. 
Let = , becauſe in this Caſe » — 2, 


: r= therefore ſhall the Area ABD DF 


- Py 'ty. 2 5% 


ee Rs 


While I was writing this, I receiv'd the 
late Months of the Lipfck Acts, in which I 


read, with a deal of Pleaſure, ſeveral cxci!-M W 

lent Things for promoting Geometry and thou; 
among them ſome Remarks of Mr. Teibnits, 4. 
and Mr. J. Bernouilli, upon my Method of Gene 
Quadratures. In the A&s of April, An. 1695; cious 
Mr. Leibzitz informs us that he has a Me- Cour 
thod ſomewhat like ours; and truly, 1 migh- Intric 
tily congratulate my ſelf, that any thing of dcter 
mine could have the leaſt Likeneſs to the Jour 
Thoughts of ſo great a Geometer. But | mi 
whereas he ſays his own is much more Ge- fince 
neral, and ſhorter than mine; I make no ds 
doubt of that. It were to be wiſh'd, be l 


would 


yould no longer ſuppreſs this Method of his, 


nd ſeveral other Things he has, ef] pecially re- 
king to his differential Calculus, but rather, as 


bon as his Leiſure permits, publiſh them for 


the Good of the Common-wealth of Learning. 
I the mean while we hope the illuſtrious Mar- 


quzſs De Þ Hoſpital will ſpeedily make publick 5 


what is neceſſary to perfect that Calculus, in the 
nter Part of that excellent Work of his, which 
in the Preface to the former Part) he informs 
us he has compos'd upon the Integral Calcu- 
lu. We expect alſo, with ſome Impatience, 


that other Section, in which that noble Au- 


thor promiſes he will ſhew the Uſe of his 
Calculus in Phyſicks and Mechanicks. For what- 
ever he has publiſh'd, as well thoſe Specimen 
to be found ſcatter'd in the Lipſck, Acts, 
ind elſewhere, as that excellent Book of his 
(intitul'd, Analyſe des Infiniment petits) cauſe 


us to expect great Things from that noble 


| Marqueſs. 


Whereas the ingenious Mr. J. Bernouilli has 


thought fit (in the Acts of February and Au- 


gat, An. 1695.) to ay my Method is not 


General, I freely confeſs it, as that ſaga- 
cious Perſon might eaſily perceive in the 
Courſe of my Examples. In a Matter fo 


intricate I took what Steps I could; and if 


deterr'd with the Length and Difficulty of the 
Journey, I then made no farther Progreſs. 
I night fairly make a Step where I pleaſe, 


Ince my Application to theſe Mathemati- 
al Studies is only by the by. Mr. Bernouilli 


has partly hinted where my Method is at a 
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Stand, though he ſeems not to have taken un 
the whole: Matter. In the mean while I ac 
| knowledge 1 my ſelf 1 wih oblig' d, that he hu 
honour'd my Treatiſe with his Animadverſions, 
but much more ſo, that he was willing to fred 


me of my Miſtakes, with ſo much Candor and] 
: Humanity, 
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Concerning the apparent Magni 
tude of the Sun and I Jon, or the 
apparent Diſtance of too Stars 
when mgh the Horizon, and 
toben higher elevated. 


1 


[ Do not deſign ſo much to eſtabliſh any 
[| thing of my own that may be fatisfaQory 
lin ſolving this admirable Appearance, as to de- 
tect the Errors of thoſe that have offered at a 
Solution thereof, and have come ſhort (as 1 
conceive) of being fatisfaRtory ; that thereby I 
may again ſet the Minds of Philoſophers on 
Work, and rouze them up to enquire anew af- 168 
ter this ſurprizing Phenomenon: That I may do i. 
this the more effectually, I ſhall briefly declare +8 
the Matter of Fact, and then proceed to the HY 
Reaſon thereof, given by ſeveral, and to their | —_—_ 
Confutations. I 3 | 1 
| Firſt therefore it is well known that the _ {i 


mean apparent Magnitude of the Moon is 
kom. 30 ſ. we will take it Numero Rotundo 
to de zo, that is, an Arch of a great Circle | 
In the Heavens of 3o Minutes is covered by fl * 
ber Diameter; and this we'll ſuppoſe to be 
ber apparent Diameter, at a full Moon in the | 
mdſt of Winter, and when ſhe's in the Me- 
dian, and at her greateſt Northern Lati- 
tude, and conſequently the utmoſt that ſhe 
tin be eleydted in our Horizon : Tis as well 
„„ en S 4 known 
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known alſo that when ſhe is in this Poſture, 
being looked upon by the naked Eye, ſhe ap- 
pears (that we may accommodate all to ſenfibl 
| Meaſures) to be Magnitudinus Pedalis, about 
Foot broad. But the ſame Moon bein ole 
upon juſt as ſhe riſes, ſhe appears to be three 
or four Foot broad, and yet if with an Inſtrument 
we take her Diameter, both in one Poſture and 
other, we ſhall find that ſtill ſhe ſhall be 
but zo Minutes: The ſeveral Ways of trying 
this J will not mention, they being as various 
as are the Methads of taking the Moon's apps. 
rent Diameter, common enough among the 4- 
ſtronomers; neither will J raft upon the Truth in 
of the Matter of Fact, for that I think cannot 
reaſonably be queſtioned, after ſo many Trab ſh 
and ſo many Experiments thereof, faithfully W in 
recorded by unde Witneſſes; and tt fo 
would be very unreaſonable to imagine that ſv 
many Authors ſhould rack their Brains for 
ſolving an Appearance wherein they were not 
certain of the Matter of Fact. But becauſe of be 
Nullizs in Verba, T can aſſert that T have a- 
cuùrately try'd it my ſelf, and I have Ol le 
found it: One of the Ways I proceeded wi in 
thus; I took a very good Teleſcope of about fr 
6 Foot long, in the inward Focus of whoſe W 
 Eye-Ghfs I apply'd a very fine Lattice mad: 
of the ſingle Hairs of a Man's Head; then 
looking with this at the Moon when ſhe ws 
juſt riſen and looked extraordinary big, I ob- 
ſerved what. Number of the Squares of the 
Latrice were occupy'd by her Body ; then ob- 
ſerving her again, When more elevated and 
free from all extrayagant Greatneſs, I ſtil 
$6 0, | ALA AD Es found 
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found the ſame Squares of the Lattice poſſeſſed 
by her. This Way is equivalent to that now 
more uſed, of taking her Diameter by Mr. 
Townly's Micrometers ; but I have alſo tried and 
found the fame thing by an accurate Sextant, 
taking the Diſtance of the Moon's oppoſite 
No this Phenomenon affords two Things to 
be conſidered, firſt why the Moon (I ſtill name 
the Moon, as being an Object more adapted for 
our Sight, for the ſame thing holds in the Sun) 
ſhould ſeem bigger about the Horizon, than 
when more elevated; and ſecondly, ſhe appear- 
ing bigger, how comes it to paſs that her Dia- 
meter being taken, it is no greater than when 
ſhe appears leſs ? But the Diſquiſition concern- 
| ing this latter being likely to comprehend the 

former, I ſhall: not divide my Diſcourſe into 
two Branches, but proceed in the Method pro- 
poſed. Only I deſire it may be noted, that I 
{ſuppoſe the Horizontal and Meridional Moon to 
| be found both of the ſame Angle, whereas in 
Truth the Meridional Moon (tho' appearing | 
leſs) ſhall be found of the greater Angle: which 
increaſeth the Wonder. But this proceeding 
from the different Diſtances that one and the 
other 1s looked at (the Meridional Moon being 
nigher us by almoſt a Semidiameter of the Earth) 
and conſequently eaſily ſolved that Way; I have 
therefore choſen to pur between them a plain 
Equality, for avoiding Confuſion and Intricacy 
W . 
Wherefore let us hear what the Ingenious 
of theſe latter Days can ſay to this Appearance. 
ti And firſt we find the celebrated Des- Cartes at- 
N Ss tributing 
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tributing this Appearance rather to a deceived 
1 ow than to any: natural Affection of the 
Organ or Medium of Senſe; for the Moon (ſays 
he) being nigh the Hurixan, we have a. better 
Opportunity and Advantage of making an Eſti- 


mate of her, by, comparing her with the various 


Objects that incur the Sight, in its way towards 


her; fo that though we. imagine ſhe looks big- 
ger, yet tis a meer Deceit; for we only think 
ſo, becauſe ſhe ſeems nigher the Tops of Trees | 


or Chimneys or Houſes or a Space of. Ground, 
to which we can compare her, and eſtimate her 


thereby; but when we bring her to the Teſt of 
an Inſtrument that cannot be:deluded or impoſed 
upon by theſe Appearances, then we find our 
Eſtimate wrong, and our Senſes deceived. 


Theſe Thoughts, methinks, are much below 
the accuſtomed Accuracy of the noble Des 


Cartes; for certainly if it be ſo, I may at any 


time increaſe tho apparent Bigneſs of the Moon, 


tho in the Meridian; for it would be only by 


getting behind a Cluſter of Chimneys, a Ridge 


of a Hill, or the Top of Houſes, and compa- 
ring her to them in that Poſture, as well as 
in the Horixon; beſides if the Moon be look'd 


at juſt as ſhe is riſing from an Horizon de- 


termined by a ſmooth Sea, and which has no 


more Variety of Objects to compare her to, 
than the pure Air; yet ſhe will ſeem big, as 
if look'd at over the rugged Top of an uneven 


Town or rocky Country. Moreover, all va- | 
riety of adjoining Objects may be taken off, 
by looking through an empty Tube, and yet 
the deluded Imagination is not at all helped 
thereby, I come next to the Solution hereof 


| given 
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wen by the famous Thomas Hobbs; and for 
925 we ſhall ſtand in Need of Figure 41. 
wherein, lays he, let the Point G be the Cen- 
ter of the Earth, and F the Eye on the Sur- 
face of the Earth ; on the ſame Center G let 
there be ſtruck the two Arches, E H deter- 
mining the Atmoſphere, and A D to repreſent 
that blue Surface in which we imagine the 
fixed Stars; and let F D be the Horixon. Di- 
vide the Arch A D into three equal Parts by 
the Lines BF, C F, it is manifeſt that the An- 
le AFB is greater than the Angle B F C, and 
15 again PT than the Angle C FD. Where- 
fore, ſays he, to make the Angle C FD equal to 
the Angle CFD, the Arch CD muſt be greater 
than the Arch CB; and conſequently, that the 
Moon may in the Horixon appear under the ſame | 
Angle as when elevated, ſhe muſt cover a greater 
Arch, and therefore ſeem greater ; that 1s, the 
Moon in the Meridian appearing under the 
ge BEC, that ſhe may appear under an e- 
qual Angle in the Horizon, as ſuppoſe CFD, 
tis neceſſary the Arch CD ſhould be greater 
than CB; and conſequently tho* ſhe appear to 
| ſubtend a greater Arch when in the Horizon 
then when elevated, yet ſhe appears under 
the ſame Angle. And all this without Re- 
fraction. The Geometry of this Figure is 
moſt certainly true and demonſtrable. At 
this I quarrel not; but it makes no more in 
our preſent Diffeculty than if nothing had 
been faid ; for the Philoſopher has here made 
| a Figure of his own, and from thence he ar- 
gues as confidently, as if Nature would ac- 
commodate her far to his Scheme, and he 
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not oblig'd to accommodate his Scheme to 
Nature; for here he has made the Circle GF 
repreſenting the Earth very large in Proportion 
to the Circle AD; and then indeed taking the 


Point F in the Earth's Surface, and by Line 


from thence dividing the Angle AFD into what. 


ever equal Parts the intercepted Arches A B, 


B C, CD, ſhall be unequal, But if he hal 
conſidered, that the Earth is as it were a Point 


in reſpect of the Sphere of the fix'd Stars, nay 


the very annual Orbit of the Earth is almoſt 


if not altogether imperceptible ( va, ard nr 
of Mr. Hook's Attempt) he would have found 


that the Lines FB, F C, F D, muſt be al 
- conceived as drawn from the Point G, and then 
equal Angles will intercept equal Arches, and 
equal Artes equal Angles: And fo it happens 


(at leaſt beyond the poſſibility of Diſcovery of 
Senſe) to the Eye on the Surface of the Earth, 
And beſides he ſhould have conſidered, that 


all Obſervations Aſtronomical are performed as 
from the Center of the Earth, and therefore 
it is that they keep ſuch a Stir about a Para. 
hx; ſo that his drawing his Lines ſo far from 


* 


Gas F is, and to another concentrick Circ 


ſo nigh as A D, defeived him in thi 


The famons Gaſſendus has written four large 
Epiſtles on this Subject, the Subſtance of al 
which is, that the Moon being nigh the Ho- 
rizon and looked at through a more fogey 


Air, caſts a weaker Light, and conſequently 


forces not the Eye ſo much as when brighter 


and therefore the Pupil does more inlarge It 
ſelf, thereby tranſmitting à larger Projection 
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on the Retina. In this Opinion I do find he 
z riot alone, for in the Journals des Scavans 
this Diſquiſition being again revived by a 
French Abbe, he therein follows this Sentiment 
of Gaſſendus. It was firſt publiſhed in the 


zd Conference preſented to the Dauphin in 


Auguſt 1672. but by reaſon of an Objection 
moved by Father Pardye, it was fain to be re- 
publiſhed with ſome Additions and Amend- 
ments in Octob. 1672, The Addition was, that 
this contracting and enlarging of the Pupil 
cauſeth a different Shape in the Eye; an open 
pupil making the Cry/?allize flatter and the Eye 
longer, and the . narrower Pupil ſhortning the 


the firſt attends our looking at Objects which are 
remote or which we think ſo; the latter accom- 
panies the viewing Objects nigh at end. Like- 
wiſe an open Pupil and flat Cry/tallive attends 
Objects + 

of more forcible Rays require a greater Con- 


the Abbe endeavoured to give an Account of 
our Phenomenon as follows. When the Moon 


is nigh the Horizon, by compariſon with inter- 


bpoſed Objects, we are apt to imagine her much 
| farther from us than when more elevated, and 
therefore (ſays he) we order our Eyes as for 
viewing an Object farther from us; that is, we 
ſomething enlarge the Pupil, and thereby 
wake the Cryſtalline more flat; moreover the 
| Duskiſhneſs of the Moon in that Poſture does 

not ſo much ſtrain the Sight; and conſe- 
| quently the Pupil will be more large, and the 
| Cryſtalline more flat : Hence a larger. Image 


: 1 hall 


Eye, and making the Cry/talline more convex, 


a more ſedate Light, whilſt Objects 


vexity and narrow Pupil, From theſe Poſitions 
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this Diſpoſition of the Eye that magnifies her, 


270 Miſcellanea Curioſa. 
ſhall be projected on the Fund of the Eye, ang 
therefore the Moon ſhall appear larger. And 


magnifies alſo the Diviſions of our foremen- 
tioned Lattice, and conſequently ſhe by her 
Body ſhall poſſeſs no more of the Diviſions 
than when ſhe ſeems Jeſs. Theſe two foremen- 
| tioned Accidents, viz. the Moon's imaginary 
Diſtance and Duskiſhneſs, gradually vaniſhing 
as ſhe riſes, a different Species is hereby intro- 
duced in the Eye, and conſequently ſhe ſeems 
gradually leſs and leſs, till again ſhe approaches 
nigh the Horizon. Theſe two Opinions of 
Gaſſendus and the Abbe being ſo nigh a-kin, I 
ſhall conſider them both together; and firſt 1 
aſſert, that a wider or narrower Aperture increaſes 
not, neither diminiſhes the Projection on the 
Retina. I know Honoratus Faber in his Symoyji 
| Oprica endeavours to prove the clear contrary 
to this my Aſſertion, and that after this Man- 
ner. Fig. 42. A B is an Object, E F the 
greater Aperture of the Pupil, admitting the 
Projection K I on the Retina, whereas the leſſer 
Aperture C D admits only the Projection G H; 
but G H is leſs than KI, wherefore a leſſer A- 
perture diminiſhes the Projection. I admure 
that any Man that undertook (as Honoratus 
Faber) to write of Opticks more accurately 
than all that went before him, ſhould be 
guilty of ſo very groſs an Error; and I do 
more admire that the cclebrated Gaſſendus, 
and with him the noble Hevelius ſhould be of 
the fame Opinion: For tho' the 'foreſaid Fi- 
gure and Demonſtration hold moſt certainly 
rue in direct Projections, as in a dark Room 


with 


interc 

be aff 
| 1n the 
| and t! 
| and c 
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with a plain Hole; yet it will not hold in 
projections made by Refraction, as it is in thoſe 


on the Retina in the Eye, by means of the C- 


ſtalline and other Coats and Humours of 


Eye. For a Demonſtration of this obſerve Fig. 
43. wherein let A B be a remote Object, and 
E F the Cryſtalline at its large Aperture, pro- 


jecting the Image I M on the Retina. Let 
then C D be the leſſer Aperture of the Pupil 
| before the Cryſtalline : J ſay the Image I M ſhall 


be projected as large as before, for the Cone of 


| Rays E AF conſiſts partly of the Cone of 


Rays C AD, therefore where the former EAF 


1s projected, the latter C A D, as being a part 
0 


the former, ſhall be projected alſo. So that 


no more is effected by this narrow Aperture, 
but that the Sides of the radiating Cones are 


W intercepted, and conſequently the Point I ſhall 


be affected with leſs Light, but it ſhall ſtill be 
nn the ſame Place: What is ſaid of that Cone 
ad that Point may be ſaid of all other Cones 
nad other Points of the Object. From hence 
W ppears firft, the Invalidity of the Account 


o 


given of the Moon's Appcarance 4 Gaſſendus 


| from this Reaſon. 2dly, The Reaſon ap 
pears why a Teleſcope's greater or leſſer 
Aperture, makes no Difference in the Angle 


it receives; for imagine E F to be an Object- 


paſs of a Teleſcope, and *tis plain. 3dly, 


Tis evident why a greater or leſs Aperture 


on a Teleſcope ſhould make the Objects ap- 
pear lighter or darker, for thereby more or 
leſs Rays are admitted to determine on the 
Projection of each Point. But all this by the 


by. And this is ſufficient for a Cenſutation 
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272 Miiſcellanea Curioſa. 
of Gaſſendus and Faber: But our forementioned 
Abbe ſuperadds to a greater or leſſer Apertur 


of the Pupil, as a neceſſary Conſequent, | 


greater and leſſer Convexity of the Cryſtalline, 
as alſo a. lengthening and ſhortening the Tube 
of the Eye, And this I muſt confeſs would 
do ſomething if we find it true in our Caſe; 
and this let us try. Firſt, ſays he, the Duskiſh- 
neſs of the Moon nigh the Horizon admits the 
Pupil to enlarge it felt, the Cryſtalline to flat- 
ten, and the Eye to lengthen-. But whit if 
we change our Object, and inſtead of the 
Moon take the Diſtance between ſome of the 

fix'd Stars; (as ſuppoſe thoſe of Orion's Girdle) 

we ſhall find the ſame Phenomenon in them, 

and yet I hope neither he nor Gaſſendus will aſ- 
ſert, that they at one time ſtrain the Eye more 
than at another, or that at any time their ful. 
gur ſtrains the Eye at all; if he do, let hitn take 
Stars of the leſſer Magnitudes, nay even thoſe 
that can but juſt be perceived, and then he will 
be convinced: Or let him conſider whether 
this will hold in looking at the Sun through ve- 
ry dark Glaſſes, Which render the Sight there- 


of as inoffenſive to the Eye, as that of a green 
Field. But perhaps he will then ſay that this 


other Reaſon holds, which is, 2dly, That the 


greater maginary Diſtance at Which we think 


the Moon near the Horizon, than when more 
elevated, makes us contemplate her as if 


really ſhe was ſo, viz. with ample Pupils, &c | 


But this I have ſufficiently overthrown in my 
Remarks againft Des Cartes; therefore J pals 
it over, only ſubjoining, that if there were 
my thing in this Surmiſe, my-thinks the Ho- 
| e 5 ri z ontai 
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than farther from us; for if we are for tryi 
natural Thoughts, let us take Children to deter- 


they go to the Edge of that Space that bounds 


t) to touch the Sky; and conſequently the 
Moon ſeems then rather nigher to us than far- 
ther from us. ))) 8 


y Eye upon Ricciolus's Treatiſe of Refraction, 


ib, 10. Sect. 6. Cap. 1. Queſt. 13. wherein he 
fxeaks of our preſent Dithculty ; but to my Won- 
der I find him aſſert, that he and Father Grimal- 
U had often taken the Horix ontal Sun and Moon's 


bey appeared very large; (Grimaldus directing 
s Sight to the left Edge, and Ricciolus to the 


oſt a Degree, and frequently 45 Minutes, 
he Moon alſo 38 or 40 Minutes. This is 


have before alledged, and directly repugnant 
0 the Matter of Fact aſſerted by the French 
be in the forecited Journal, Whether of 
$ be in the right, I leave to accurate Ex- 
eriment to determine, and ſubmit the 


hole to the deciſion of the iUiuftrions Roy- 


Society, Only give me Leave to add 
ne Word againſt Ricciolus, for had his Experi- 
dents been accurately proſecuted, he ſhould 

OE. T . have 


ma 
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Mona Moon ſhould be fancied nigher to us 
mine the Matter, who are apt to think that could 


their Sight, they ſhould be able (as they call 


After I had writ thus far, I accidentally caſt | 
x the End of his 24 Volume of the Almageſt 


Diameter by a Sextant, when to the naked Eye | 


igt.) and that even by the Inſtrument they al- 
rays found the Diameters greater than when more 
levated, the Sun often ſubtending an Angle of 


Wown-right contrary to the Matter of Fact which 
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Diameter will never cauſe. 
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have tryed them when the horizontal Moon hay 
look'd ten Times more large in Diameter ti 
ordinary; and then if it be true, that even by 
an Inſtrument ſhe will be found proportionall 
broader than really ſhe ſhould ſubtend an Angle 


of zoo Minutes, or five Degrees: for very of A 
ten I have ſeen the Moon when ſhe appeared, R 
10 Times broader than ordinary, which t. „ 
ſmall Addition of 8 or 10 Minutes to her uſu A 


Laſtly, as an Apology for my reviving thi 
Diſquiſition to that noble Company of Engliſ 
Philoſophers, I ſhall only imitate the Words of 
the forementioned Abbe's Letter. Pour li 
| Raiſon de cette Apparence, & de la tromperie d 

nos Sens, je la tiens plus Difficile a trouver, qu 
les plus grands Equations d Algebre, & quand 


vous y anrez bien penſe, vous m Obligerex de n The 
en dire voſtre Sentement, ckcc§‚ [diſco 
After which I have only to ſubſcribe my Hofer, 
ſelf an unworthy Member, and an humbly College, 
| Servant and Admirer of that illuſtrious Com n C 
| pany. | | | OE] . amin 
N „„ Nude ta 
Dublin TT Mm 3 may af 
March 10. 84. . I Villiam Molyneux, oh . 
32D | 3% your I 

| ere) 
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The Sentiments'of the Reverend  *© 
and Learned Dr. ps Wallis — 
K. S. Soc. pon the aforeſaid. = 
Appearance, communicated ina = | 
Letter to t he Pulli ſher. : > ö {511808 
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S to the haſt Inquiry (concerning which, Wt: 
vou ſay, the Royal Society would be „„ 
gad to know my Opinion ;) about the apparent e 
Magnitude of the Sun near the Horizon, greater 
than when conſiderably high : g 

The Inquiry is ancient: And, I remember, 
diſcourſed it near forty Years ago with Mr. 
Fifter, then Profeſſor of Aſtronomy in Greſham 
Callege, Who did then aſſure me (from his 
own Obſervation, I ſuppole, for I have never 5 
examined it my ſelt,) that the apparent Magni- 
tude taken by Inſtrument (however the Fancy 
may apprehend it) is not greater at the Horizon, 
bn when higher. And Mr. Cahvel (when 
Hour Letter was communicated to our Company 
here) affirmed the ſame. * 

And (though I have not my ſelf made the 
Obſervation) I do not doubt but the Thing is fo. 
For it is agreed, That Refraction near the Ho- 
7122, though (as to appearance) it alters the A.- 
tude of the Thing ſeen; yet it alters not the 
Kimut h at all, | 
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276 Miſcellanea Curioſa. 
And it muſt needs be ſo. For, ſince this 6; 
qually reſpects all Points of the Horizon ; let th 
KRefraction be what it will, the whole Horixq 
can be but a Circle: So that there is no room ſot 
the Breadth*of a Thing (as to the Angle at th 
Eye) to be made greater, whatever its Tallnd; 
may (the Refraction not equally affecting 
Parts in the Circles of Altitude.) Nor is there 
any Reaſon why this ſhould rather thruſt the « 
| ther, than that the other thruſt this, out of Place 
Whereas, in the Altitude, it is otherwife : Fo 
while what is near the Horixon is inlarged, thut 
which is further off is thereby contracted: whic 
as to the Azimuth or horizontal Poſition can 


which 
ceptio 
from t 


In SpeRacles indeed it is otherwiſe; for the cltima 
repreſent the Object every way enlarged ; an by th 
do thereby hide the adjacent Parts. But by | thi 
| Refraction by Vapours, ſup oſing all Parts o Tri 
the Horizon equally affected by them, one Pi be t 
cannot be an in Breadth (whatever it mij the 8¹ 

be as to the Heighth) without thruſting out liffere 
another (for the whole Horixon can be but For 

Circle) and, why one Part rather than ano e ſee 
NT „„ my 

Unleſs we ſhould ſay (as perhaps we may, i © 
there ſhall appear a Wees) fur n ) The the ſee 
Rays of a lucid Body do expand themſelves eve k mak 
ry way to the prejudice of the Parts adjacent, b) e If 
covering them. 1 on 
But ſuppoſing (which I am apt to believe cred. 
till the contrary ſhall be laces by Exper So 
ment) that the Sun or Moon's apparent Di _ 
meter taken by Inſtrument near the Horiza Vic 


is the ſame as taken in a higher Poſition, ( 
= | | e 
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nean its horizontal Diameter, or that parallel to 
the Horizon ; for the ere& Diameter, in a Cir- 
de xdicular to the Horizon, may by the 
Reffaction be varied, and thereby made, not 
greater, but leſs than when higher; as hath been 
noted in the Name of Sol * * at the Hori- 
aun.) Suppoſing, I fay, that the Sun's ap- 
rarent Diameter horizonral, taken by Inſtru- 
ment, is the ſame near the Horizon, as in a 
igher Poſition, I take its imaginary Greatneſs | 
which is fanſied near the Horizon, to be only De- 
ception of the Eye, or rather the Imagination 
from the Eye . 5 
For ſure it is, that the Imagination doth not 
eſtimate the Greatneſs of the Object ſeen, only 
by the Angle which it makes at the Eye, but 
by this compared with the ſuppoſed Diſtance. 
True it is that, Ceteris paribus, we judge that 
obe the greater Object, which makes at the Eye 
Wi the greater Angle; but not ſo if apprehended at 
EQS. EEE. 
For if through a Caſement (or leſſer Aperture) 
ve ſeea Houſe at 100 Yards diſtance ; this Houſe 
(though ſeen under a leſs Angle) doth not to 
us ſeem leſs than the Caſement through which 
ve ſee it, (or this greater than that, becauſe 
ii makes at the Eye the greater Angle; ) but 
the Imagination makes a comparative Eſtimate 
. the Angle and Diſtance jointly conſi- 
So that, if two Things ſeen under the ſame or 
equal Angles, if to one of them there be ought 
which gives the Apprehenſion of a greater 
Diſtance, that to the Imagination will appeay, 
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278 Miſcellanea Curioſa. 
Nov ſure it is, that one great Advantage for 
eſtimating of a Thing ſeen, is, from the variety of 
intermediate Objects between the Eye and the 
Thing ſeen. For then the Imagination muſt al. 
low room for all theſe Thinge. 


Hence it is that if we ſee a Thing over two 
Hills, between which there lies a great Valley un- 


ſeen, it will appear much nearer than if we ſee 
the Valley alſo: And it will appear as juſt be- 
yond the firſt Hill. And if we move forward 
to the Top of the neareſt Hill (that ſo the Val- 


ley may be ſcen) it will then appear much further 


than before it did. e 
And on this Account it is, that the Sun ſet- 
ting, appears to us as if it were but juſt beyond 
the utmoſt of our viſible Horixon; becauſe all 
between that and the Sun is not ſeen. And, 
upon the ſame Account, the Heaven it ſelf ſeems 
contiguous to the viſible Horizon. 


Now when the Sun or Moon is near the Ho- 


riz0n, there is a Proſpect of Hills, and Vallics, 


and Plains and Woods, and Rivers, and variety 


of Fields, and Mncloſures, between it and us: 


which preſent to our Imagination a great Di- 
ſtance capable of receiving all theſe. Or, if it 
ſo chance that (in ſome Poſition) theſe Interme- 
diates are not actually ſeen: Yet having been ac- 
cuſtomed to fee them, the Memory ſuggeſts tousa 
View as large as is the viſible Horizon. 


But when the Sun or Moon is in a higher Po- 


ſition; we ſee nothing between us and them (un- 
leſs perhaps ſome Clouds) and therefore nothing 
to preſent to our Imagination ſo great a Diſtance 
as the other is. n e 
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Miſcellanea Curioſa. 279 
And therefore, though both be ſeen under the 
ame Angle, they do not appear (to the Imagi- 
mtion) of the ſame Bigneſs, becauſe not both 
ſinſied at the ſame Diſtances: But that near the 
Horixon is judged bigger (becauſe ſuppoſed far- 
ther off) than the ſame when at a greater Alti- 
tes „VC 2 . | 
Tis true, that as to ſmall and middling Di- 
ſances (beſides this Eſtimate from Intermediates) 
| the Eye hath a Means within it ſelf to make 
one Eſtimate of the Diſtance. As, When we 
bkeady know the Bigneſs of a Thing ſeen, to 
which we have been accuſtomed; as a Man, a 
Tree, a Houſe or the like: If ſuch Thing ap- 
pear to us under a ſmall Angle, and indiſtinct, 
nnd faintly coloured; the Imagination doth Al- 
bo ſuch Diſtance, as to make ſuch a Thing ſo to 
ppear. And, if this, through a Proſpective 
W Glaſs, be repreſented to us 5 a bigger An- 
lin and more diſtin& : It is accordingly appre- 
bended as ſo much nearer. | 
But the caſe is otherwiſe, when we do not by 
the known Bigneſs, judge the'Diſtance ; but, 
by the ſuppoſed Diſtance, judge of the Big- 
neſs; as in the Caſe before us. See 
And accordingly, different Perſons, according 
| to different fancied Diſtances, judge very diffe- 
rently. As, if two Stars be ſhewed to ignorant 
Perſons, and you ask how far they ſeem to be 
aſunder: one perhaps will fay a Foot; another 
a Yard, or more: And one ſhall fay, the Sun 
appears to him as big as a Buſhel ; another, as big 
3s a Holland Cheeſe : Each eſtimating according 
to the fancied Diſtance. N 
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230 Miſcellanea Curioſa. 
Again; In our two Eyes (when the Object is 
ſeen by both) there is yet another Means of eſti- 
mating how far off it is. (And it is this by Which 
| we judge of - Diſtances.) Namely, there are, 
from the ſame Object, two different viſual Cones, 
terminated at the two Eyes; whoſe two Axes 
contain, at the Object, different Angles, ac- 
c—orcing to different Diſtances ; an accuter An. 
gk at a great Diſtance, and more obtuſe when 
No, that ſuch Object may be ſeen by both 
Eyes clearly, it is requiſite that the Eyes be 
put into ſuch a Poſition, as that the Sight of 
each Eye receive the reſpective Axe at right An- ¶ u 
ples ; which requires a different Poſition of the © (as 

two Eyes, according to the different Diſtance 
/ ĩ ĩͤ Ds 
As will manifeſtly appear, if we look with 
Attention on a Finger (or other ſmall Object) 
at two or three Inches Diſtance from the Eye, 
and then upon another like Object at three or us, 
four Yards beyond it; and this alternately ſeve - v 
ral Times. For *twill be manifeſt, that while we 
look intently on the one, we do not ſee the other 1 
(or but confuſedly) though both he juſt befor 
us: And as we change our View from th 
one to the other, we manifeſtly feel a Mo 
tion of the Eyes (by their Muſcles) from on 

\ Poſture to another. RS. 
And according to the different Poſture in thei 
the Eyes, requiſite to a clear Viſion by both 
we eſtimate the Diftance of the Object fron 
us. 47 3 | _ FE 
And hence it is, that they who have loſt th Obj 
Sight of one Eye, are at a great Diſadvantag che 
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23 to eſtimating Diſtances, from what they could 
do while they had the Uſe of bot. 
But now when the Diſtance grows ſo great, as 
that the Poſition of theſe viſual Axes become pa- 
rallel, or ſo near to parallel as not to be diſtin- 


we can thenceforth only conclude, that it is 
far off, but not how fart. 
Hence it is, that our View can make no Di- 


though we otherwiſe know their Diſtances from 
us to be vaſtly different. Becauſe the Parallax 
\ (as I may fo call it) from the different Poſition 


eof the two Eyes is quite loſt, and undiſcern- 


able, in Diſtances much leſs than the leaſt of 
And fo of the fixed Stars among themſelves; 


© which, though _ ſeem equally remote from 


orÞ us, many (for ought we know) be at Diſtances 


e · vaſtly different: Nor can we tell which of 
them is neareſt, (unleſs perhaps we way reaſo- 


we 
her 
or 
the the Diſtance of the two Eyes, and that from 
He- the Earth's Semidiameter, but even that from the 
on Semidiameter of the Earth's great Orb, is quite 
loſt, and none remaining whereby to eſtimate 
their Diſtance from us. 55 a 

But (to return to our Caſe in Hand;) tho” 
3s to ſmall Diſtances we may make ſome 


| nably gueſs thoſe to be neareſt which ſeem big- 


e i | 
othÞ 


fron 


t Object, and as to middling Diſtances from 
mag fhe Parallax (as I may call it) ariſing from 


the 


guiſhable from it; this Advantage is loſt, and 


ſtinction of the Moon's Diſtance from that of 
the other Planets, or even of the fixed Stars; 
but they ſeem to us as equally remote from us, 


| peſt.) Becauſe here not only the Parallax from 


"Eſtimate from the known wg +" of the 
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282 Miſcellanea Curioſa. 


the Interval of the two Eyes: Vet even this 


latter will hardly reach beyond, if ſo far as the 


So that, there being nothing left to aſſiſt the 


Fancy in eſtimating ſo great a Diſtance, but on- 


ly the intermediate Objects: Where theſe Inter- 
mediates appear to the Eye; (as, when the Sun 


or Moon are near the H5rizon : ) the Diftance+ 


is fincied greater, than where they appear not, 
(as when farther from it:) and conſequently (tho 
both under the ſame or equal Angles) that near 
the Horizon is fancied the greater. And this I 


judge to be the true Reaſon of that Appearance. 


_ You will 'excuſe (I hope) what Excurſon I 
have made; becauſe though ſome of them might 
have been ſparedz as to the preſent Caſe; yet 
they are not impertinent to the Buſineſs of Vi- 


ſion; and the Eſtimate to be thence made, of 


Magnitudes and Diſtances, by the Imagination. 
The Sun's Eclipſe May rſt, was here obſerved 
about +a Digit; between one and two a Clock 


after Noon. 


4 
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— 2 


VDemonſtrat ion of an Error 
committed ly common Survey- 
ors in comparing of Surveys 
talen at long Intervals of T ime 
ariſing from the Variation of 
the magnetick Needle, by Wil. 
ham Molyneux, Fſq; F. R. 8. 
FEE Variation of the magnetick Ncedle 
s ſo commonly known, that I need not 
inſiſt much on the Explication thereof; tis cer- 


W tain that the true Solar Meridian, and the Me- 


# ridian ſhewn by a Needle, agree but in a very 
few Places of the World; and this too, but for 
alittle Time (if a Moment) together. The Dif- 
| ference between the true Meridian and magne- 
tick Meridian perpetually varying and changing 
in all Places and at all Times; ſometimes to the 
Eaſtward, and ſometimes to the Weſtward. 

On which Account *tis impoſſible to com- 
pare two Surveys of the ſame Place, taken at 
| diſtant Times, by magnetick Inſtruments, 

(ſuch as the Circumferentor, by which the 

Down Survey, or Sir William Petty's Survey of. 
Ireland was taken) without due Allowance be 
made for this Variation. To which Purpoſe 
we ought to know the Difference between 
the magnetick Meridian and true Meridian 

po ls * 


284 Miſcellanea Curioſa. 
at that Time of the Dows Survey, and the 
ſaid Difference at the Time when we make 4 
new Survey to compare with the Down Sur- 
But here I would not be underſtood as if 1 
propoſed hereby to ſnew, that a. Map of the 
ſame Place, taken by magnetick Inſtruments at 
never ſo diſtant Times, ſhould not at one Time 
give the ſame Figure and Contents as at another 
Time. This certainly it will do moſt exactly, 
the Variation of the Needle having nothing to do 
either in the Shape or Contents of the Survey. 


All that is affected thereby, is the Bearings of 


the Lines run: by the Chain, and the Bounda- 
ries between Neighbours. And how this may 
_ cauſe a conſiderable Error (unleſs due Allowance 
be made for it) is what I ſhall prove moſt 
fully. „ ĩͤ OTE Ay, net 
In order to which, let us fuppoſe that about 


the Year 1657, (at which Time the Down | 


Survey was taken) the magnetick Meridian 
and true Meridian did agree at Dublin, or pret- 
ty nigh all over Ireland; that is to ſay, that 


there was no Variation. And indeed by Ex- 


periment it was at that Time found, as I am well 
aſſur'd, that at Dublin it was hardly half a De- 
Ma . wk Bo 

Let us ſuppoſe that in the Year 1695, the 


Variation was 7 Degrees from the North to the 


Weſtward ; that it was really ſo, I believe I 
am pretty well aſſured, from an Experiment 
thereof made by my ſelf with all Diligence. But 
this is not material, let us now only ſuppoſe 


th 
Let 
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Let AB repreſent the Survey of two Town= 


Lands, one in the Poſſeſſion of A, and the other 
in the Poſſeſſion of B, which we call A To w]n- 
Land and B Town-Land, taken by the Down- 


Survey, Auno 1657, when there was no Varia- 


| Ler the Line N'S running through the Point 
P be the true Meridian, and conicquenily the 


magnetick Meridian alſo at that Time, becauſe 
of the ſup 


Lands A and B © 5 . 
In the Year 1695, when the Variation is 7 


Degrees from the North to the Weſtward, 
having a Map of the Doum Survey, and _ 
ed 


ſuſpicious that his Neighbour A had incroach 
on him by a Ditch PQ, imploys a Surveyor to 


inquire into the Matter: The Surveyor finds 
by his Map that the Boundary between B and his 
Neighbour A run from the Point P through 2 


Meadow directly according to the magnetick 


Meridian SP N; but obſerving the Ditch P Q 
caſt up much to the Eaſtward of the preſent 


1 magnetick Meridian, he concludes that A has 


incroached on B, and that the Ditch ought to 
have been caſt up along the Line Pq, the Angle 


Q Pq being an Angle of 7 Degrees, that is the 
preſent Variation of the Needle; and the Line 
P q the preſent magnetick Meridian: For which 


Variation, not making any Allowance, he po- 


ſitively determines that B has all the Land in 
the Triangle 
Line P Fo | 


9 


. 1 5 -, Ts 


ſed no Variation, and let this Line 
N $bealſo the Boundary between the two Town- 


Q Pq, more than he ought to have; 
and that his Ditch ought to run along the 
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286 Miſcellanta Curioſa. 

- *Tis true indeed, if the Surveyor go the 

whole Surround of the Lands A and B, he will 
find their Figure and Contents exactly agrecable 

to the Map Jive expreſſed. But then the Bear. 
ings of the Lines are all 7 Degrees different from 


the Bearings in the Map, and they will run in 


and out upon the adjacent neighbouring Lands, 
and cauſe endleſs Differences between their Poſ- 
ſeſſors; as is manifeſt from the Figure: wherein 


the prick'd Lines repreſent the Diſagreement in 


the Bearings of the Lines, protracted from the 


Point P; and we ſee A incroaching on his 
Neighbours on the Weſtward, as he incroaches 
on B, and B's Eaſtward Neighbours incroach- | 


ing on him, and fo forward and clear round. 
Whereas, by a due Allowance for the Varia- 
tion of the Needle, all this Confuſion and Diſ- 
agreement is avoided, and every thing hits 
A „ 


Thus for Inſtance in the Caſe before us, 


knowing that the Magnetick Variation has 
cauſed the preſent Magnetick Meridian to 
fall in the Line » q PS 7 Degrees from the 
North to the Weſtward; to reduce this to 
the Magnetick Meridian at the time of the 
Down Survey, I muſt make the Meridian of 


my Map to fall . to the Eaſtward of 


my Magnetick Meridian; as we ſee the Line 
PQ falls 7 Degrees to the Eaſtward of the Line 


What is here faid on Suppoſition that the 


Magnet had no Variation at the time of the 
firſt Survey taken, and that it had 7 De- 
grees Variation Weſtward at the time of the 
ſecond Survey, may eaſily be accommodated 

; t9 
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to the Suppoſal of any other Variations at the 
flirſt and ſecond Surveys, Mutatis mutandis, for 
knowing the Variations, we know their Diffe- 
rence; and if we know their Difference, this 
gives us the Angle Q Pq, by which we reduce 
them to each other. 725 


The beſt Way therefore to make Maps inva- 


riable, conſtant and everlaſting, were for the 


Surveyors, who uſe magnetick Inſtruments, to 


make always Allowance for the magnetick Va- 
riation, and to protract and lay down their Plats 
by the true Meridian. This the wary Sailor is 
fully convinced of: and therefore in ſtecring 


his Courſe, he conſtantly allows for the preſent 


Variation, which he obſerves by the Azimmbh 


Compaſs, or elſe he would miſs his appointed 
Harbour oftner then he would hit it: For no 
two Points on the Globe keep the ſame Bear- 


ing to each other by the Magnetick Meridian 
for any time together. And though the Va- 
ration be flow, yet in a long Courſe, or in 
Times pretty diſtant, it may cauſe vaſt Errors, 
| Unleſs allowed for. Thus, for Inſtance, ſup- 


pole in the Year 1660. a Sailor had ſteered 


from the Lana's End of England to Cape Fini- 
ſter in Spain, by his Magnetick Compals 
a direct South Courſe; and that at that Time 


there were no Variation. Afterwards Anno 


1700. When there was (ſuppoſe) 7 Degrees 


of Variation from the North to the Weſt- 
ward, another Sailor intending to make the 


ſame Paſſage, ſteers directly the ſame South- 
erly Courſe by his Magnetick Compaſs : I ſay, 
this laſt Seaman will be carried far into the 
bay of Biſcay to the Eaſt ward, and will mis 
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2388 Miſcellanea Curioeſa. 
of his deſired Port by many Leagues; but if 
in his Courſe he hath allowed for this Variation, 
and inſtead of failing a direct Southerly Courſe 
by his Compaſs, he had ſteer'd 7 Degrees from 
the South to the Weſtward, he had hit his Point, 
Whether theſe be the true Bearings of theſe two 
Wo 7 ; Jr Ten 
Perhaps it may be objected, That Surveys 
may be taken without magnetick Inſtruments, 
and that therefore this Error ariſing from the 
magnetick Variation, and Change of the Bear- 
ings of Lines, may be avoided. To which 1 
_ anſwer, firſt, That granting a Survey may be 
taken 2ithour magnetick Inſtruments, this is 
nothing againſt what we have laid down relating 
to Surveys that are taken ith magnetick Inſtru- 
ments, as the Down Survey actually was, and 
moſt Surveys at preſent actually are taken there- 
with. Secondly, Though a Survey may be 
taken truly without magnetick Inſtruments, ſo 
as to ſhew the exact Angles and Lines of the 
Plat, and conſequently the true Contents, yet 
this will not give the true Bearings of the Lines, 
or ſhew my Poſition in relation to my Neigh- 
bours, or the other Parts of the Country. 


This muſt be ſupply'd by the Magnet, or 


ſomething equivalent thereto, as _ a 
true Meridian Line on your Land by Celeſtial 


Obſervations. And I doubt not but the an- 
cient E Egyptians, before the Diſcovery of the 
Magnet, were forced to ſome ſuch Expedient 


in their Surveys and Applotments of Lands 

between Neighbour and Neighbour, after 
the Inundations of the Nile, which, we oF 
— ooo het 


Places, it matters not: We go on to the Suppo- 
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told, gave the firſt Original to Geometry and 
Surveying. - Abſolute Neceſſity and Uſe ha- 
ving introduced theſe, as Delight and Diver- 
fon introduced Aſtronomy amongſt the CHa 


deans. 


Surveyor- which B imployed was very ignorant, 


nther by its Bearing than by determining the 
Point ; by meaſuring from I and G. To 
this T anſwer, What if both the Points H and 
6 were vaniſh'd ſince the Down Survey was 
taken 2 What if the whole Face of the Coun- 
try were chang'd, ſave only the Point P and the 


Ine P ? How ſhall the Surveyor then judge 


of the Line P Q but by its Bearing? That this 
5 no extravagant Suppoſition, we have an Ex- 
mple in Egypt above-mentioned, where the 
Nile lays all flat before it, and : ſo uniformly 
covers all with Mud, that there is no Di- 


ſinction. In ſuch a Caſe your Bearing muſt 


certainly help you out, there is no other 
But I anſwer ſecondly: To ſay that the 
urveyor might have determin'd the Point @. 


y Admeaſurement from G and H, or any 
er adjoining noted Points, as from F, K, I, 


c, tis very true, But then 'tis againſt our 
uppoſition. I am upon ſhewing an Error 
wt ariſes from judging of the Line P Q by 
Ignetic h Bear ing, and to tell me that this 
night be avoided by another Way, is to ſay 
thing. Imy ſelf ſhew how it may be avoid 


And this brings me to another Objection 
which may be is againſt the Inſtance before 
hid down : It may be ſaid, That certainly the 


who would chooſe to judge of the Line P O, 5 
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ed by allowing for the Variation; but ſtill it i 
an Error, till it be avoided. 
But thirdly ; If B's Surveyor do not alloy 
for the Variation of the Needle, he will ne. 
ver exactly determine even the Points G, F 
H, X. &c. or any other Points in the Plat; 
but inſtead thereof will fall on the Points g, h, 
J From what has been laid down, we may ſee 
the abſolute Neceſſity of allowing for the Vari- 
tion of the Magnet, in comparing old Surveys 
with new ones; for want of which great Dif. 
putes may ariſe between neighbouring Proprie- 
tors of Lands: and it were to be wiſh'd that 
our honourable and learned Judges would 
take this Matter into their Conſideration when- 
ever any Buſineſs of this kind comes before | 
them. Hitherto an abſolute Acquieſcence in the 
Down Survey, without any of the fore-men- 
tion'd Allowance, has been agreed upon as a 
ſtanding Rule in our Courts of Judicature in 
Ireland; but that many Men may be injured 
thereby, I ſuppoſe is manifeſt from what fore- 
— ne, 
SY have only this to add, That leaſt I be 
thought herein to ſtrike at the Truth or Exact- 
neſs of the Down Survey, tis not at all the In- 
tention of this Paper, but rather to confirm it, 
by ſhewing which Way Men ought to examine 
it truly, and not by the common Ways uſed by 
them, which rather confound it, and all that 
claim under it. $8 . 


See the Table, Fg. 44. | 
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Although this Paper was chiefly deſigned for 


the ending of Conteſts in the Kingdom of JIre- 
land about the Intereſts of ſome of thoſe whoſe 
Lands are neighbouring, and have been ſur- 


veyed by magnetick Inſtruments, yet conſi- 
dering 1ts univerſal Uſe, it was thought it would 
be very grateful to the Curious to publiſh it 
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* 


Aropoſal concerning the Parallax 


of | the fixed Stars, in Reference 


10 the Earth's Annual Orb In 


ſeveral Letters of May the ad, 
3 Une 2 9, and J uly 20, 1693, | 
1 from Dr. John Wallis to Wil | 


liam Molineux, Eſq; | 


— - 


I AM obliged to you for two Books which | 
you have been pleaſed to ſend me, that of | 
Teleſeapicum, and that of Di- 


your Sciothericum 
 optricks ; which you have performed ſo well, that 
I have not been better ſatisfied with any that J 


have ſeen of that Subject. I ſhould not fo long 
have neglected to return my Thanks for them, 
but that I thought a Letter of bare Thanks to 
be too empty, unleſs I had ſomewhat elſe to 
= On - 3 


Tou will, I hope, give me Leave (though I 
have not the Opportunity of being perſonally 


known to you) to ſuggeſt a Speculation, which 


hath been in my Thoughts theſe Forty Years 
or more; but I have not had the Opportu- 
nity of reducing it to Practice, as being not 
ſo well ſtored with neceſſary Inſtruments of 
that kind, nor much exerciſed to teleſcopick 
Obſervations. And though I have many 
Years ſince ſuggeſted it to others, yet nci- 


ther 
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ther have they had Leiſure or Convenience of 
putting it in Practice. 5 „ 
It is concerning the Parallax of the fixed Stars, 
25 to the Earth's Annual Ordz. f 
Galileo complains of it a great while ſince, 
(in his Syſtema Coſmicum) as a Thing not at- 
tempted to be obſerved with ſuch Diligence 
255 he could wiſh, and I doubt we have the 
fame Cauſe of complaining” ſtill, I know that 
Dr. Hook, and Mr, Flamſtead have attempted 
ſomewhat that Way, but have deſiſted before 
they came to any thing of Certainty. What 
| = been done to that Purpoſe abroad I know ]- 
OO dr ler 
Galileo hath ſuggeſted divers Things conſide- 
"OE. og Sr 
As to the Times of Obſervation ; That it 
ſhould be when the Sun or Earth are in the Tro- 
picks, or as near thereto as may be: Becauſe at 
thoſe Times, if any, will be the greateſt Dif- 
_ obſervable in their micron Alti- 
tue. Go OS 
As to the Stars to be obſerved, That they 
ſhould be ſuch as are as near as may be to the Pole 
of the Ecliptick : For ſuch as are in the Plain of 
the Ecliptick, or near unto it, though they may 
be ſometime nearer, ſometime farther from us, 
(which might ſomewhat alter their apparent Mag- 
nitude, if it were ſo much as to be obſervable) 
yet it would little or nothing alter the Paral- 
2 Angle, as Galileo doth there demon- 
rate. VV 
He notes alſo, that in a Buſineſs ſo nice, 
| the ordinary Inſtruments of Obſervation 
| {though pretty large) would be inſufficient 
F (he 
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(he doubts) for this Purpoſe, and doth pr op oſe 
that by the Side of ſome Edifice or Mountain 
at ſome Miles Diſtance, the ſetting of ſome noted 
Star (as that of Lucida Lyre) might be obſerved 
ag thoſe different Times of the Year, which 
might be equivalent to an Inſtrument whoſe 
Radius were ſo large. 3 
Which were a good Expedient if practica- 
ble; but I doubt the Denſity of our Atmo- 
| ſphere is ſo great, as that it will be hard to diſ- 


cern a Star juſt at the Horizon, or even with- 


in ſome few Degrees of it: And that the Re- 
fraction would be there ſo great, and ſo uncer- 
tain, as not to comply with ſo curious an Ob- 
a 

That which occurred to my Thoughts upon 
theſe Conſiderations, was to this Purpoſe : That 
ſome circumpolar Stars (nearer to the Pole of 


the Equator than is your Zenith, and not far 


from the Pole of the Zodiack) ſhould be made 
Choice of for this Purpoſe. And in caſe the 
meridional Altitude be diſcernably different at 
different Times, ſo will alfo be their utmoſt Eaſt 
and Weſt Azimuth, which may be better ob- 
ſerved than their Riſing or Setting: And this 
will be not obnoxious to the n as 1s 
the meridional Altitude; (for though the Re- 
fraction do affect the Altitude, yet not the Azi- 
muth at all; ) and we may here have Choice of 
Stars for the Purpoſe; which in Obſervations 
from the Bottom of a Well we cannot have; 
being there confined to thoſe only which pals 
very near our Zenith, though very ſmall 
VVV 


] 
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I would then take it for granted, as a Thing 


at leaſt "or probable, (that the fixed Stars 
| (as was wont to be ſuppoſed) at 


are not at 
the ſame Diſtance from us; but the Diſtance 
of ſome, vaſtly greater than of others; and 
conſequently, though as to the more remote, 


the Parallax may be undiſcernable ; it may per- 
| haps be diſcernable in thoſe that are nearer to 


W..-. . 8 

And thoſe we may reaſonably gueſs (though 
we are not ſure of it) to be neareſt to us, 
which to us do appear biggeſt and brighteſt, 
as are thoſe of the Firſt and Second Magni- 
tude ; and there are at leaſt of the Second Mag- 


| nitude, pretty many not far from the Pole of 
the Ecliptick, (as that in particular, in the Shoul- 
der of the leſſer Bear): And in caſe we fail in 
one, we may try again and again on ſome o- 
ther; which may chance to be nearer to us than 
what we try fit. And Stars of this Bigneſs 


may be diſcerned by a moderate Teleſcope, even 
in the Day-time; eſpecially when we know juſt 


| where to look for them. 


The manner of Obſervation I conceive, 
may be thus: Having firſt pitched upon the 
Star we mean to obſerve, and having then 
conſidered (which is not hard to do) where 
ſuch Star is to be ſeen in its greateſt Eaſt or 
Weſt Azimuth; it may be then convenient 
to fix very firm and ſteadily on ſome Tower, 
Steeple, or other high Edifice (in a conveni- 
ent Situation) a good Teleſcopick Object-glaſs 
in ſuch Poſition, as may be proper for view- 


ing that Star. And at a due Diſtance from it 
neu the Ground, build on purpoſe (if alrea- 
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meter fitted to it, fo as to have its Threds per- 
pendicular to the Horizon, to avoid any In- 
convenience which might ariſe from Diverſity 


can be obſerved. 55 
Ihbis T thought fit to recommend to your 
Conſideration, who do ſo well underſtand Te- 
leſcopes, and the managery of them; not know- 
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dy there be not any) ſome little Stone-Wall, or 


Uke Place, on which to fix the Eye-glaſs, fo a8 
to anſwer that Object-glaſs: And having ſo ad- 


juſted it, as through both to ſee that Star in its 


deſired Station, (which may beſt be done while 
the Star is to be ſeen by Night in ſuch Situation, 
near the time of one of the Solſtices,) let it be 
there fixed ſo firmly, as not to be diſturbed, 
(and the Place fo ſecured, as that none come to 


diſorder it,) and care be taken ſo to defend both 


the Glaſſes, as not to be endangered by Wind 
and Weather. In which Contrivance I am be- 
holden to Mr. John Caſivel M. A. of Hart- 


hall in Oxford, for his Advice and Aſſiſtance; 
with whom I have many Years ſince, commu- 
nicated the whole Matter. 
This Glaſs being once fixed (and a Micro- 


of Refraction if any be) the Star may then be 
viewed from Time to Time (for the ee 
Vear or longer) to ſee if any Change of Azimut 


ing any who is more likely to reduce it to 
Practice. If you ſhall think fit to give your 
ſelf the Trouble of attempting the Experiment, 
and that it ſucceed well, it will be a noble Ob- 
ſervation, and worth the Labour: And if it 


ſhould miſcarry, the Charge I hope would not | 


be great. 


But 
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But when I ſuggeſt (as a convenient Star 
for this purpoſe) the Shoulder of the leſſer Bear 
(as being the neareſt to the Pole of the Zodiack 
of any Star that is of the firſt or ſecond Mag- 


nitude), I do not confine you to that Star; 
but (without retracting that) ſuggeſt another; 


namely, the middle Star, in the Tail of the 
great Bear, which though ſomewhat farther 
from the Pole of the Zodiack) is a brighter 
Star than the other, and may be nearer to 
us. 9 0 


tion: namely, That there is adhering to it a 
very ſmall Star, (which the Arabs call Alcor. 
of which they have a proverbial Saying, when 
they would deſcribe a ſharp-ſighted Man; That 
he can diſcern the Rider on ihe middle Horſe of 
the Nayn; and of one who pretends to ſee 
| {mall Things but a nd greater; Vi- 


dit Alcor at non Lunam plenam) : Which He- 


velius in his Obſervations, finds to be diſtant 
from it about 9 Minutes, and 5 or 10 Seconds: 


So that beſides the Advantage of diſcovering 


the Parallax of the greater Star, if deſcerna- 
ble, their Difference of Parallax of that and 


of the leſſer Star (being both within the 


reach of a Micrometer) may do our Work 
as well, For if that of the greater Star be 
diſcernable, but that of the leſſer be either 
not diſcernable, or leſs diſcernable. Their 
| different Diſtances from each other at dif- 
| ferent Times of the Year, may, perhaps 
(without farther Apparatas) be diſcerned by 
a good Teleſcope of a competent a 
furniſhed with a Micrometer, if carefully 
3533 . pre- 


But I do it principally upon this Conſidera- 
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preſerved from being diſordered in the Inter- 
| vals of the Obſervations ; and diſcover at once, 

both that there is a Parallax, and that the fixed 
Stars are at different Diſtances from us, wherein, 
that I be not miſtaken, my Meaning is not that 
the Inſtrument or Micrometer ſhould be re- 
moved for the obſerving of the leſſer Star; but 
that (when the Azimuth of the greater Star is 
taken) by a Micrometer (conſiſting of divers 
fine Threads parallel and tranſverſe) may (at the 


ſame time) be obſerved the Diſtance of the two 
Stars, each from other, in that Poſition (both 


being at once within the Reach of the Micro- 


meter ; ) which Diſtance (the Inſtrument re- 


maining unmoved) if it be found (at different 


Times of the Vear) not to be the ſame; this 
will prove, that there is a different Porallax of 


theſe two Stars. 


This latter Part of the Obſervation (of | 


their different Diſtances at different Times) 
1 ſuggelt, as more eaf1 ily practicable though 
not ſo nice as the former. For it may be = AY 
I think, without any farther Apparatus there 
than a good Teleſcope, of ordinary Form, 
furniſhed with a Micrometer, (this being 
carefully kept unvaried duri ing the Toterval 
of theſe Obſervations. And if this Part only 
of the Oblervation (without the other) be 
| purſued, it matters not th zough the two Ob- 
ſervat ions (near the two Solſtices) be, one at 
the Eaſtern, the other at the Weſtern Azi- 


- muth (whereby both may be taken in the 


Night-time, for the Diſtance muſt (at both 
Azimuths) be the ſame, if after obſerving 
the Azimuth of the greater Star it be nc- 


cel- | 


anc 
dor 
anc 
tw. 


bu! 
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ceſſary to move the Micrometer for meaſuring 


its Diſtance from Alcor that may be done 


another Night (and it is not neceſſary to be 


done at one Obſervation) for that Diſtance, 


and cannot be diſcernably varied in a Night or 


two. 


I ſhall give you no farther Trouble at preſent, 5 


but ſubſcribe my ſelf, Sir, 


Z Tours, &c. 
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A Diſcourſe on this PROBLEM; | 


W by Bodies diſſolved in Menſtrus 
ſpecifically lighter th an i "ny 


ſelves, ſtuim therein? 


By Mr. William Molynenx, of Dublin, 
Member of the Royal Society. 


x © HE Liberty of philoſophiſing being now | 
=; univerſally granted between all Men, I am 
| ſure that a Difference in Opinion will be no 
Breach of Affection between two intirely lo- 
ving Brothers: And therefore I ſhall take the 
Freedom to propoſe my own Thoughts in a 
Matter wherein my Brother Mr. Thomas Ho- 
lzneux hath appeared publickly in the Novelles de 
la Republique des Letres, Mois d' Aout 1684. 
Art 4. and Mois de Fanvier 168 5. Art. 7. The 
Problem propoſed is, Why Bodies diſſolved float in 
Liquors 115 than themſelves? as for Example: 
Mercury diſſolved in ſtrong Spirit of Nitre ſwims 
therein, tho? cach ſmall Particle of Mercury be 
far heavier than ſo much of the Liquor whoſe 
Place it occupies. This, ſays he, cannot be ſolved 
by the prime Law of Hydroſtaticks, which is, 
that a Body which is an equal Quantity is heavier 
than a like Quantity of Liquor, ſinks in that Li- 
5 5 quor; 
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quor ; thus a Cubick Inch of Iron being hea- 
vier than a Cubick Inch of Aqua- Fortis, and 
each Particle how ſmall ſoever) of Fron being 


heavier than a hke Particle of Agua- Fortis; I- 
1 put into Aqua-Fortis ſhould ſink, and 
yet we nd, that Iron being diſſolved in a con- 


venient Quantity of Aqua-Fortis floats therein, 
and does not fall to the Bottom. The Reaſon 


which my Brother gives for this is, That the 
internal Motion of the Parts of the Liquor, 
does keep up the Particles of the diſſolved Solid, 


for they being ſo very Minute, are moveable 


by the leaſt Force imaginable, and the Action of 


the Particles of the Menſtruum, is ſufficient to 


drive the Atoms of the diſſolved ſolid Body 


from Place to Place; and conſequently, not- 


withſtanding their Gravity, they do not fink. 


in the Liquor lighter than themſelves. As a 


Proof of this in the 7th Article of Janvier 1685. 
he offers an Experiment known in Co 
8 


that a Menſtruum over a digeſting Fire (as t 
—_ ſpeaks) will diſſolve a greater Quantity 
of a Body put into it, than when *tis off the 


Fire, and if it be taken off the Fire, and ſuf- 


fered to cool, a * Portion will precipi- 
tate of that whic 


ſays he, the Particles of the Aenſtruum ac- 
quire a more violent Agitation by the Fire, 
and are therefore able ro raiſe and keep u 
a grcater Quantity of the diſſolved Body, or 
hereby they are able to reſiſt a greater Gra- 
vity. a] 7 

I: his been objefted againſt this Notion, 
that the common Experiment of Precipita- 


: tion, 


e 
n 


en 


Was perfectly diſſolved, 
whilſt the Menſtruum continued hot. For, 
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392 Miſcellanea Curioſa. 
tion, by mixing an Allah with an Avid ſeems 
to contradi& this; for thereby the Fluidity of 


the Merſhunm is not taken away, and conſe- | 


quently, the internal Agitation of its Parts is 
not diminiſhed, and yet thereupon, the Parti- 
cles of the diſſolved Body precipitate all to the 
Bottom. To this he anſwers in the forecited 


Article of January, that all Mixtures of diffe- 


rent Liquors introduce in each a different 
Conformation of Pores, and therefore the 
Infuſion of a new Liquor, drives the inſenſible 


Parts of the diſſolved Body from their Places, 
and forces them to ſtrike againſt each other, and 
Cling together, and ſo becoming more big and 


heavier than formerly, the internal Agitation 


of the Liquor is no longer able to move and 
_ ſuſtain them, and conſequently they fall to the 


Bottom. 


This, as fairly and ſhortly as I can propoſe it, 


is his Sentiment of this Phznomenon. 
But ] conceive another Account may be given 
of this Appearance, and that the foreſaid Law of 
+ any" is a little deficient. *Tis true indeed, 
if we conſider only the ſpecifick Gravity of a 
Liquor, and the ſpecifick Gravity of a ſolid Par- 
ticle floating therein, the forementioned Rule 1s 
exact; bur in ſinking there is requiſite a Sepa- 
ration of the Parts of the Liquor by the ſinking 
Body; and there being a natural Inclination in 
the Parts of all Liquors to Union, ariſing from an 


Agreement or Congruity of their Parts, there 


is a Reſiſtance therein to any mn that ſe- 
parates this Conjunction: Now unleſs a Bo- 
dy have Weight enough to overcome this 
Congruity or Union of Parts, ſuch a Body 


will 
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will float in a Liquor ſpecifically lighter than it 


ſelf. But that a heavy Body, as Mercurj or 


Iron may have its Parts reduced to that Minuteneſs, 
that their Gravity or Tendency downwards, 


is not ſtrong enough to ſeparate the Coheſion or 


Union of the Parts of a Liquor, will be mani- 


feſt, if we conſider, that the Reſiſtance made 
by the Medium to a falling Body, is according 


to the Superficies of the Body ; but as the Bo- 
dy decreaſes in Bulk, its Superficies does not 


7 decreaſe: Thus a Sphere of an 


Inch Diameter, has not eight Times leſs Su- 


perficies than a Sphere of two Inches Diameter, 
though it have eight Times leſs Bulk, and 
conſequently paſſing through a Medium, 
as ſuppoſe Air or Water, the Sphere of an Inch 


Diameter 1s, proportionably to its Bulk, more 


reſiſted, than a Sphere of two Inches Diameter 

in proportion to its Bulk; and hence it will 

come to paſs, that at laſÞa Body may be reduced 
tos» that Minuteneſs, that its Gravity preſſing 


downwards (which 1s according to its Bulk) 


may be leſs than the Reſiſtance of the Medi- 


um, Which operates on the Surface of the 
Body; ſeeing, as I ſaid before, the Surfaces 
of Bodies do not decreaſe ſo faſt as their 
Bulks, theſe decreaſing in a Triplicate, but 


This Account does not at all oppoſe the 
Experiment of a Menſtruum over the Fire, 


| being able to diſſolve or ſuſtain a greater 


Quantity of a heavy Body; ſor the Reaſon 
of this, as tis given by my Brother, does not 


contradict my Notion. The Account like- 


A 


wiſe 


thoſe in a Duplicate Ratio of the Bodies Diame- 
ters. | Rs ST 5 
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304 Miſcellanea Curioſa. 
wiſe, that he gives of Chymical Precipitation 
agrees very wel with what I 

of theſe I ſhall ſay no more. 3 
But becauſe in the Beginning of my Diſ- 
courſe, I ſay that the forementioned Law of 
ere, is a little defective, I deſire to ex- 


plain my ſelf a little further in that Point. In 


Weights falling through the Air, were Gra- 
vity only conſider'd, the Proportions of their 
Deſcents would be exactly as Galileo has demon- 


ſtrated; but it is allow'd by all, that the Re- 


ſiſtance of the Air, not being conſider' d in thoſe 


Demonſtrations, they are not mathematically 


true in Practiſe, but that ay there is ſome- 


thing of that Proportion hindred by the Air's 


 Refiſtance. Now, what is this leſs than to ſay, 
that the Reſiſtance of the Air takes off ſome of 
the Operation of Gravity, or 1s able to with- 
ſtand or oppoſe part of its Action? And if 
fo, what ſhall we ſay were an Iron Sphere let 
through a Medium of Water? Surely the Pro- 
portions of its Deſcents would be much more 
diſturbed herein, as Water is much more ſolid 
and difficult to be ſeparated or paſſed through 
than Air, and conſequently we muſt needs 
grant, that more of the Operation of Gravity, 
18 taken off or reſiſted by this Oppoſition of the 
Water, than that of the Air. And if fo, 
ſurely there may be a certain Degree of Gra- 
vity, that may be quite taken off by the 
| Refiſtance of the Water. Were a Piſtol-Bul- 

let let fall through the Air, it would deſcend 

imperceptibly nigh the Proportions that Ga- 

lileo has aſſigned, but were a = Grain 
of Sand fo let fall, it would be much hindred 
in 


propoſe: So that 
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in its Courſe, and the half of this Grain would 
be more obſtructed ; what ſhall we then ſay 
of the ten thouſandth Part, or of a Part of the 
ten thouſand Millioneth of this, and again of 


COT I 


— — » 5 
s * * 


the Infinits Subdiviſions of that, till at laſt 
we come to a Part that would be wholly re- 


un? . 


defective; for it conſiders not the natural Con- 
gruity of the Parts of a Liquor, whereby they 
defire, as twere, to unite and keep together, 


Board being brought together do jump and co- 


Power of reſiſting a certain Degree of Force 
hat would ſeparate them; ſuch as I ſuppoſe 
he Degree of Gravity, in the moſt minute Par- 
cles of a Body diſſolved in a Menſtruum. 


oſt nice Senſe in great Bodies, but in thoſe that 
re by many Millions of Diviſions ſmaller, it 
tems to fail. 0 5 

latter, which I propoſe, as my Brother did his, 
vith all Submiſſion imaginable, and thereby to 


auſes of this Appearance, rather than to publiſh 


ereof. 1 . | 
But this I muſt acknowledge, that the in- 
ral Motion of the Parts of a Liquor ſeems 
very agreeable to Truth, and explicates ſo 
5 SA many 


— 


ſiſted, or kept up; ſuch as I conceive the mi- 
nute Particles of a Body diſſolved in a Men- 


On this Account tis, I ſay, that the fore- 
mentioned Principle of Hydroſt aticks 15 a little 


e N — r 
F KA Att „hh 5 
= — — 5 


— - e 


juſt as we ſee two Drops of Water on a dry 


aleſce, and therefore Liquors have an innate 


The fore-mevtioned Rule holds true to the 
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This, in ſhort, is my Conjecture in this 


ive Occaſion to others to enquire into the 


y own Sentiments as the undoubted Solution 
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many Phznomena eaſily and plainly, that 7 | 
would not be thought to deny it. Neither would 
I be thought wholly to reject my Brother's So- 
| lution of this Problem; for certainly that Mo- 
tion (whatſoever it is) in a Menſtruum, which 
is able to diſſolve ſuch a ſolid Body as Iron, | 
that is, which is able to diſturb the cloſe and 
| ſtrong Coheſion of the Parts of Iron, may ve- 
ry well be ſuppoſed ſufficient to diſturb or ke | 
up theſe Parts from reſting in the Bottom of the | 
Veſſel, wherein the Solution was made: And 
certainly no better Account can poſſibly be given 
of ſuch Solutions, than by ſuppoſing ſuch an 
internal Motion in the Parts of the Menſtruum 
inſinuating themſelves into the ſolid Body, and 
| looſening its Parts. And though it may be 
objected, that in the Parts of Water there may 
be ſuppoſed as violent and internal Motion, as 
in the Parts of Aqua-Fortis, and yet we ſee Wa 
ter will not diſſolve Iron as Aqua-Fortis does, 
and common Bees-Wax 1s diſturbed by neither 
of them, I leave the nice Enquiry after this 
Point to others, viz. What kind of Motion 
and peculiar Conformation of Parts is requiſite 
both in the Menſtruum and in the diſſolved Bo- 
dy, that a Solution may reſult from their Com- 
mixture. 1 e 
Some Reflections on the foregoin 
| Paper, by Mr. = i M. 


What my Brother has laid down in thi 
Diſcourſe, I think does moſt undeniably evince 
that the received Law of Hydroſtaticks j 
ſomewhat defective. For Liquors, tho tha 
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are fluid, yet they are Bodies, and therefore con- 
fiſt of Parts united ; which Union, though it 
be eafily deſtroy d, yet of Neceſſity it requires 
ſome Degree of Force for the effecting it ; nor 
s1t more manifeſt, if rightly conſidered, that a 
Flint requires Force for the Separation of its 
Parts, than that Fluids do for theirs. But how- 
ever, I imagine, this Property ought not to be 
relied upon as the ſole Cauſe of this Appearance, 
to which my Brother has apply'd it ; nay pcr- 
haps does not ſo much as concur the leaſt in the 
producing this Effect; my Reaſon in ſhort is 
this: Whatever. is of ſufficient Power to raiſe 

dle minute Particles of a heavy Body in a light 
| WI Fluid, is certainly a ſufficient Cauſe to keep them 
In that State: Now my Suppolition may give 
Jome Account of this, what my Brother ſays, 
s W never can; for he muſt neceſſarily ſuppoſe 
- W them firſt raiſed ; and then he gives the Reaſon 
„Jof their not ſinking : Whereas 'tis not to be 
7 Wqueſtioned but that that Force which raiſed them. 
Is the ſame which keeps them from falling to the 
—_— __- 55 

But theſe Conjectures (for I eſteem them no 
more) I leave to the Conſideration of rhoſe that 
&fire to enquire further in this Matter. 
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of the Weight 7 4 pens Foot 1 


 arvers Grains, &c. try in 4 


Veſſel of w cell ſeaſond Oah, 
whoſe Concave was an exatt 
cubic Foot; by the Direction 
of the Philoſophical Society at 
Oxford. 


T HE following Bodies were poured gent- 
ly into the Veſſel, and thoſe in the 12 
firſt Experiments were weighed in Scales turn- 
ing with 2 Ounces, but the laſt 7 were weigb d 
in Scales turning with one Ounce. The 
Pounds and Ounces here mentioned are Avoir- 
dupois. 
i i. 5 
1. A Foot of What (worth 6 5. 2 
Buſhel) weigh d of Avoirdupois 
Weight. 47. 8. 
$; Whea of the beſt Sort ( worth 
0.5% 4 & © Bulhel),” 48. 4 
"Rs The fame Sort of Wheat meaſured 
a ſecond time. 48. 
Both Sorts were red Lammas Theat of 
the laſt Ver. = 7 
4. White Oats of the aft Year. 29. 8, 
The beſt Sort of Oats were 2 d. in a 
Buſhel better than thefe. 
5. Blue Peaſe (of the laſt Year) and 
much worm: eaten. 49. 12: 
6. White "or of the aſk Year but one. 50. x 
| 7. Bari 


2 
© 


ufa Curioſa.. 309 
* 


K, 

7. "Rk af the laſt Year (the deſt 
Sort) ſells for 15. 6 d. in a Quarter | N 
more than this. 11. 25 


8. Malt of the laſt Year 8 Barky, made 5 
2 Months before. 3 


9. Field- Beans of the laſt Year but one. 50. 8. 


3 Wheaten Meal (unhired). 52 bs oh 


11. hoe Meal (unſifted 288. 4 


| 13, Bay-Salr. 7 54. 1. 
14. White Sca-Salt, <8 4 12. 


15. Sand. 4. 
16. Newcaſtle Coal. 67. 12. 


| 77+ Pit-Coal from Weduesbary, 63, 3. 


but this is very uncertain in the 
filling the Interſtices betwixt the 
greater Pieces. | 6: z. o. 
18. Gravel. , > -4 
19. Wood-Aſhes. Le 58. 5. 


A further Lift of the ſpecifick 8 


, Bodies, being in Proportion as the 


following Numbers, 


Pomona 5 5 1000 


Fir d ED 546 
Elm = f 18 e 
Cedar a 613 


Walnut tree dry 631 
Crab- tree meanly dry 765 
Aſh meanly dry, and of the on ide 1 
ann 734 
Aſhmore dry, but about the Heart 845 
| Maple-tree 3 755 
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Yew of a Knot or Root 16 Years old 760 
Beech meanly dry 484 854 
Oak very dry, almoſt Woem-eaten 1 753 
Oak of the Out:-ſide lappy Part, 1 a a 


"Year iince; $70 
Oak dry, but of a veree ſound cloſe Tex- 
"A. + -1.123'929 
The ſame ried another time 932 
Logwood e enn 
Claret N e 993 
| Moll Cyder not clear 101) 
Sea- water ſettled clear 1028 
College plain Ale the ſame 1028 
- Urine. I030 
Mik = 1031 
Box the ſane 1031 
Redwood the ſame ; 1031 
Sek 1033 
Beer Vinegar 1034 
Pitch * I 150 
Pit-Covl of Staffordſhire „„ 
Speckled Wood of FRIES. e 
Lignum- Vite 1327 
Stone- bottle E c2 55 77 
Ivory 1 5 1826 
Alabaſter 1872 
* . 11 
Heddington- ſtone, the ſoft Lax 1 2029 
' Burferd-ſhone, an old dry Piece 2049 


Paving-ſtone, a hard Sort from about 


Blaidon 2460 
Flint 2542 
 Glaſsof a quart Bone 2666 
Black Italian Marble 2704 
White Italian Marble cried twice 2707 
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White Jralian Marble of another Sort, 


of a viſibly cloſer Texture 2718 
T „ 16 e 
_— 1 8843 
i: a V 
o 14019 
Quick-ſilver „ 13593 


The laſt Experiment was tried with another 
Quantity of Quick-filver, which had been uſed 


in Water in the 5 Experiment: How- 
ſt, for that I found a 
9 


eyer I rather truſt the la 
mall Miſtake (tho' here in the Calculation al- 


lowed for) in the Weight of the Glaſs contain- 
ing the Quick-ſilver in the Trial before. 
The Solids here mentioned were examined 


hydroſtatically by weighing them in Air and 


Water; but the Fluids, by weighing an equal 


Portion of each in a Glaſs holding about a 
Quart. The Numbers ſhew the Proportion of 


Gravity of equal Portions of theſe Bodies; 
But if of theſe Bodies we take Portions 
equally heavy, their Magnitudes will be reci- 
procally proportional to their correſpondent 


Numbers, e. g. a cubic Foot of Wates is toa cubic 


Foot of Alabaſter in Gravity as 1000 to 18723 
but a Pound ke wg of Water, is to a Pound 


Weight of Alabaſter in Magnitude as 1872 to 


1000. So that knowing by the former Table the 
| Weight of a cubic Foot of Water, and by this, 
the Proportion in Gravity betwixt Water 


and Alabaſter, we may by the Rule of Three 


find the Weight of a cubic Foot of Alabaſter, 
and fo of any other of theſe Bodies; or we 
| may know their Magnitude by knowing their 
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Gravity. So that an irregular Piece or Quantity 
of thele Bbdics being offered, tis but weighing 
them, and we may know wer Jull a 


without { urther Trouble. 


Obſervations of the comparative, inten- 


ſive or ſpecifick Gravities of 
Bodies; made Ls Mr. J. C. 


1 Pony Was, 
| Corn” 
Saſſafras Wood, | 
fas Wood (dry) 
Plum-tree, ( dry) 
Maſtic, 
Santalum een 
Santalum album, 
Santalum rubrum, 
Ebony, 
Lignum Rhodium, 
Lignum Aſphaltum, : 
Aloes, | 
Succinum pellucidum, 1550 
Succinum pingue, 
„ 


The top Part of a Rhinoceros's Horn, _ 


The top Part of an Ox Horn, 
The (Blade) Bone of an Ox, 
An human Calculus, 
Another Calculus humanus, 
Another Calculus, 
Brimſtone, ſuch as commonly ſold, 
Bora, 
A ſpotted GAitious Marble, 
A 9 io 


various 


| 1000 


151 
| 663 


$99 
1041 


1128 


2175 

1125 
11779 
1197 


1065 


1087 
1238 


1242 


1840 
1656 


1240 
1433 
1664 
1811 
1720 
1822 


1928 
Oyſter. 
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| Oyſter-ſhell, 
Murex-ſhell, 
1 
Se ee 
m_— etrefied in Lough Nb, 
born one, 
_ Turcois-ſtone, 
* En liſh A t | 
983 lapis, 
A Cornelian, 
| Corollachates, 
MG 
AL... 
| Hyacinth (ſpurious) | 
Jal per (ſpurious) 
A pellucid Pibble, 
Rock Cryſtal, 5 
Cryſtallum Diſdiachſticum, 
A red Paſte/, 
Lapis Nephriticus, 3 
Lapis Amiantus from Wales, 
Lapis Lazuli Os 
An Hone, 
Sardachates, 
A Granat, 1 
A Golden Marcaſite, FH 
A blue Slate with ſhining Particles, 


A mineral Stone, * 1 Part in 
2650 
8500 
7464 
11087 
9859 


160 Metal, 
. The Metal thence extracted, 
The (reputed) Silver Ore of Wales, 


The Metal thence extracted, 
Biſmuth, 


Spelter, 


Spelter Soder, 


0 * 


313 
2092 
2590 
2270 
2322 
2341 
£2342 
2108 

2512 
1 


2568 


2605 
2657 -- 
2689 
2631 
2666 


2659 
270 


2842 


2894 
. 


3954 


3288 
3598 
3978 
4589 


3700 


7065 
8362 
Iron 
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Iron of a Key, bs 

Sel, 

Caſt Brass 

Wrought Braſs, 1 

Hammer'd Braſs, 

A falſe Guinea, 

A true Guinea, 

Sterling Silver, 

A bra? Half-Crown, _ 
Electrum, a Britiſh Coin, 

A Gold Coin of Barbary, 

A Gold Medal from Morocco, 

A Mentz, Gold Ducat, 

A Gold Coin of Alexander's, 

A Gold Medal of Queen $6140 ho 
A Gold Medal of Queen Elizabeth, 


A Medal eſtcem' d to ben near r fine Gold, : 
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| A Letter of Dr. Wallis to Dr. 
| Sloane, concerning the Genera- 
1 tion of Hail, and of Th 

der and Lightning, and the 


{ Efeds thereof. 
EF Oxon. Fuly 26. 1697. 
| Hoke you for the Tranſactions of June 
1 which you ſent me; wherein I am well 
| pleaſed with Mr. Halley's Remarks on the Tor- 
| ricellian Experiment at the Top of Sowdon-Hill 
in Wales, at the Height of 1240 Yards perpen- 
dicular. Where the Height of that Quickſilver 
in the Baroſcope was 3 Inches and +. leſs than 
below at the Sea-ſide; which is an Obſervation 
of good Uſe; and would have been more fo, 
had he had the Leiſure to make like Obſervations 
at ſeveral other perpendicular Heights in the 
Aſcent. For from ſuch comparative Obſerva- 
tions we are to make an Eſtimate, at what Pro- 
portion the Height of the Quickſilver doth de- 
creaſe in Reference to the Height of the Place. 
I mean whether in the ſame Proportion, or the 
Duplicate, Sub-duphicate, or how otherwiſe 
Complicate thereof. From whence we may 
make a Judgment of the Height of the Atmoſ- 
phere, if at leaſt it have a determinate Height. 
I did once attempt (a great while ſince) a Com- 
putation of it; but wanted a ſufficient Number 
of Data to proceed upon. 8 
C 5 ut 
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But that which is moſt ſurprizing in thoſe 
Tranſactions is, the prodigious Hails there men- 
tioned ; which happen'd at many Places, on dif- 
ferent Days, and all within the Compaſs of leſs 
than ſix Weeks. I have been told of the like in 
bother Places about the ſame Time, in Lincolnſbire, 

Hampſhire, and elſewhere ; whether or no on 
the ſame Days which you mention, I cannot 
tell; nor can I give a particular Account of 
them: Bur it would be kind in thoſe who can, 
to give you like Accounts thereof with thoſe 
you have publiſhed, for a like publick Infor- 
ͤ— ] ͤ att 
Il find it is thought very ſtrange, what ſhould 
cauſe ſo ſudden a Congelation of Hail- ſtones to 
Jo great a Bigneſs before they fell. And it is in- 
deed very ſtrange. But it is not neceſſary that 

the whole Bigneſs be attained before they begin 
co fall, but the freezing may continue during the 
Fall, to increaſe the Bulk. For I remember 
that (many Years ſince) T obſerved here at Ox- 
Ford a ſtrange Shower of Hail, wherein (beſides 
The formed Stones that fell on the Ground,) 
there did hang on the Trees a great deal in the 
Form of Tcicles (a Foot or more in Length) fo 
many and heavy, as to'break off ſome Boughs 
with their Weight; and I was then told, that 
in ſome Places great Branches of Trees were ſo 
broken off; which muſt needs be from the con- 

tjnuing to freeze during the Fall. 8 


And truly the Generation of Hail in 

neral, is a Thing which deſerves to be farther 
inquired into, than (I think) hath been yet 
done. I find Mr. alley (in his Narration) 
| N alcri- 


der are, Nitre and Sul 
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iſcribing it to Vapour diſpoſing the aqueous Parts 
ſo to congeal. And not unlikely: 


If I may interpoſe my Opinion, you may 


take it thus: 5 5 
Thunder and Lightning are ſo very like the 


Effects of fired Gun- powder, that we may 
reaſonably judge them to proceed from like 
Cauſes. The violent Exploſion of Gun- powder, 
attended with the Noiſe and Flaſh, is fo like that 
of Thunder and Lightning, as if they differed 
only as natural and artificial; as if Thunder and 
Lightning were a kind of natural Gun- powder, 
= this a kind of artificial Thunder and Light- 
ning. . 
= Now the principal rs Ag in Gun-pow- 
E phur (the Admiſtion of 
Charcoal being chiefly to keep the Parts ſepa- 


rate for the better kindling of it.) So that if 


we ſuppoſe in the Air, a convenient Mixture of 


nitrous and ſulphorous Vapours, and thoſe by 
Accident to take Fire; ſuch Exploſion may well 
follow, with ſuch Noiſe and Light, as in the fi- 
ring of Gun- powder: And being once kindled, 
it will run on from Place to Place as the Vapour 
leads it, as in a Train of Gun-powder, with 
like Effects. 3 IES . 

This Exploſion, if high in the Air, and far 
from us, will do no Miſchief, or not conſider- 


able; like a Parcel of Gun- powder fired in the 


open Air, where is nothing near to be hurt by 


it: But if near to us (or among us) it may kill 
Men or Cattle, tear Trees, fire Gunpowder, 
break Houſes, or the like; as Gunpowder would 


do in like Circumſtances, 


A. 


Now 
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Now this Nearneſs or Farneſs may be eſtimated 
by the Diſtance of Time between ſeeing the 


Flaſh of Lightning, and hearing the Noiſe of 


the Thunder. For though in their Generation, 


they be ſimultaneous, yet (Light moving faſter 
than Sound) they come to us ſucceſſively. I 


have obſerv'd that, commonly, the Noiſe is 
about ſeven or eight Seconds after the Flaſh (that 
is, about half a Quarter of a Minute); but 
| ſometimes much ſooner, in a Second or Two, or 
leſs than ſo, and almoſt immediately = the 
ion muſt 


Flaſh. And at ſuch Time, the Explo 
needs be very near us, or even amongſt us. And, 


in ſuch Caſes, I have (more than once) preſaged 
the Expectation of Miſchief, and it hath proved 
accordingly, in the Deſtruction of Men or Cat- 
tle, and the like. (As once at Oxford; when, 


within half an Hour after ſuch Preſage, I heard 
of one killed at Mealy, hard by, and others en- 
dangered; and another Time at Towceſter, when 


within a few Hours after, we heard of five Per- 


ſons kill'd at Everton, about four or five Miles 


from us, and others wounded ; beſide other Hurt 


dene.) 


Now, that there is in Lightning a ſulpho- 
rous Vapour, is manifeſt from the ſulphorous 
Smell which attends it, eſpecially when Hurt 
1s done; and even where no Hurt is done, from 
the Lightning it ſelf, more or leſs diſcernable. 


And a ſultry Heat in the Air, 1s commonly a 
Fore-runner of Lightning ſoon after. 


not know of any Body fo liable to a ſuddain 
and violent Exploſion. „5 
5 Now 


And that there 1s alſo a nitrous Vapour with 
it, we may reaſonably judge, becauſe we do 
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Now theſe Materials being admitted, it re- 


mains to be conſidered, how they may be kind- 
led in order to ſuch Exploſion. As to which, 


I have been told from Chymiſts (thou ugh I have 


not ſeen it tried) That a Mixture of Sulphur, 


Filings of Steel, with the Admiſſion of a Frtle 
Water, will not only cauſe a great Efferveſcence, 


bur will of it {elf break torth into an actual 
So that there wants caly ſome Chalybeat or 
Vitriolick Vapour (or ſomewhat equivalent) to 
produce the whole Effect (there being no want 
of Aqueous Matter in the Clouds.) 


And there is no Doubt, but that amongſt 
the various Efflavia from the Earth, there 


may be copious * of Matter for ſuch 
Mixtions. 


And *tis known, that Hays if- laid up too 


Green, will not only heat, but take Fire of it 
ſelf. 


ſuggeſt ſome what as to the Gencration of Hail, 
Which is very oft an Attendant of Thunder and 
Lightning. 'Tis well known, in our artificial 
| Congelations, that a Mixture of Snow and Ni- 
tre (or even common Salt) will cauſe a preſent 
and very ſuddain Congelation of Water. And 
the ſame in Clouds may cauſe that of Hail-ſtones. 
And the rather, becauſe (not only in thoſe pro- 
digiouſly great, but in common Hail- ſtones) 
there ſeems ſomewhat like Snow rather than Ice, 
in the midſt of them. 

And, as to thoſe in particular (of which we 
are now ſpeaking) ſo very large (as to weigh 
Halt a. Pound, or three FIN of a Pound) 


ſup- 


And while we are diſcourſi ing 4 this, it may 
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ſuppoſing them to fall from ſo great a Height, 
as *tis manifeſt they did by the Violence of their 
Fall: Tis very poſſible, that though their firſt 
Concretion, upon their ſudden Congelation, 

might be but moderately great, as in other Hail; 
yet, in their long Deſcent, if the Medium 
through which they fall were alike inclined to 

Congelation, they might receive a great Ac- 

cCeſſion to their Bulk, and Divers of them incor- 
porate into one Like, as in thoſe Icicles before- 

J oe 

| Theſe have been my Thoughts, occaſioned | 
by the Conſideration of the ſurprizing Greatneſs 
of theſe Hail-ſtones, with the great Thun- 
der and Lightning which did attend theſe 
Storms. i ; 


| | 


Durs, &c. 
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Aſtronomy of - Comets. 


H E ancient Egyptians and Chaldeams © 
(if we may credit Diodorus Siculus) 
by a long Courſe of Obſervations, 
Were able to predict the Apparitions 
Comets. But ſince they are alſo fad, by the 
lp of the fame Arts, to have prognoſticated 
athquakes and Tempeſts, tis paſt all Doubt, 
it their Knowledge in theſe Matters, was 
he Reſult rather of meer Aſtrological Calcu- 
tion, than of any Aſtronomical Theories of the 
cleſtial Motions. And the Greeks, who were 
e Conquerors of both thoſe People, ſcarce 
und any other ſort of Learning amongſt 
em, than this. So that 'tis to the Greeks 
emſelves as the Inventors (and eſpecially to 
e Great Hipparchus) that we owe this Aſtro- 
my, which is now improv'd to ſucha Heighth. 
ut yet, amongſt cheſs, the Opinion of Ari- 
te (who wou'd have Comets to be nothing 
but ſublunary Vapours, or airy Meteors) 

15 5 pre- 
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prevail'd ſo far, that this moſt difficult Part 9 
the Aſtronomical Science lay altogether neglected 
for no Body thought it worth while to til 
Notice of, or write about, the wandring 
certain Motions of what they eſteemed Vapouy 
floating in the e£rher ; whence it came to pak 
that nothing certain, concerning the Moti 
of Comets, can be found tranſmitted from thi 
to us. on 


Bus Seneca the Philoſopher, having conſider 
the Phenomena of two remarkable Comets of h 


Time, made no Scruple to place them among 
the Celeſtial Bodies; believing them to be & 
of equal Duration with the World, tho? he own 
their Motions to be govern'd by Laws not 
then known or wand out. And at laſt (whit 
was nountrue or vain Prediction) he foretells, thi 
there ſhould be Ages ſometime hereafter, to whon 
Time and Diligence ſhould untold all theſe My 
ſteries, and who ſhou'd wonder that the Ancien 
cou'd be ignorant of them, after ſome lucky In 
terpreter of Nature had ſhewn, iz what Parts 
the Heavens the Comets wander'd, what, and hi 
great they were. Yet almoſt all the Aftronome 
differ'd from this Opinion of Seneca; neither di 
Seneca himſelf think fit to ſet down thoſe Phan 


mena of the Motion, by which he was enableati} 


_ maintain his Opinion: Nor the Times of tho 
Appearances, which might be of uſe to Poſterit 
in order to the determining theſe Things. An 
indeed, upon the turning over very mal 
Hiſtories of Comets, I find nothing at all ti: 


can be of Service in this Affair, before, A. 3 
1337. at which Time Nicephorus Gregoras 
Conſtantinopolitan Hiſtorian and Aſtronomer, al | 


Prett 
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pretty accurately deſcribe the Path of .a Comet 
amongſt the fix'd Stars, but was too lax as to 
the Account of the Time; ſo that this moſt 
doubtful and uncertain Comet, only deſerves to 
be inſerted in our Catalogue, for the fake of its 
zppearing near 400 Years ago. 3 

Then the next of our Comets was in the Vear 
1472, which being the ſwifteſt of all, and neareſt 
to the Earth, was obſerv'd by Regiomantanus. 
This Comet (ſo frightful upon the Account both 
of the Magnitude of its Body, and the Tail) 
mov'd forty Degrees of a great Circle in the 
Heavens, in the Space of one Day ; and was the 
irſt, of which any proper Obſervations are come 
down to us. But all thoſe that conſider'd Co- 
mets, until the Time of Ticho Brahe (that great 
Reſtorer of Aſtronomy) believ'd them to be be- 
bw the Moon, and ſo took but little Notice of 
them, reckoning them no other than Vapours. 

But in the Yer 1577, (Ticho ſeriouſly 
purſuing the Study of the Stars, and having 
potten large Inſtruments for the performing 
Celeſtial Menſurations, with far greater Care 
and Certainty, than the Ancients cou'd evec 
hope for) * 1 appear d a very remarkable 
Comet; to the Obſervation of which, Ticha 
igorouſly applied himſelf; and found by ma- 
ny juſt and faithful Trials, that it had not a 
diurnal Parallax that was at all perceptible : 
und conſequently was not only no aireal Va- 
our, but alſo much higher than the Moon; 
1y, might be plac'd amongſt the Planets to: 
ny thing that appear'd to the contrary ; 

Ne cavilliing Oppoſition made by ſome of th: 
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Obſervations, found out the true Phyſical S). 
ſtem of the World, and vaſtly improv'd the 


form their Revolutions in Elliprick Orbits, whoſe 
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School-men in the mean Time, being to no pur. 
poſe. 3 33 
Next to Ticho, came the ſagacious Kepler: He 
having the Advantage of Ticho's Labours and 


Aſtronomical Science. „„ 
For he demonſtrated that all the Planets per- 


Planes paſs thro the Center of the Sun, obſerving : 
this Law, That the Area's (of the Elliprick Sector, Ml ris 
taken at the Center of the Sun, which he proved M for 
te be in the common Focus of theſe Ellipſes) art I cell 


always proportional to the Times, in which the cor- Co 


reſpondent Elliptical Arches are deſcrib'd. He dil. W ma 
cover'd alſo, That the Diſtances of the Planet Ca 


from the Sun are in the Seſquialtera Ratio of the 


periodical Times, or (which is all one) That the I illy 


Cubes of the Diſtances are as the Squares of the ¶ Pri 


Times. This great Aſtronomer had the Opportu- not 
nity of obſerving two Comets, one of which was fari 
a very remarkable one. And from the Obſervations I tha 


of theſe (which afforded ſufficient Indications of rall 


an Aunual Parallax) he concluded, That the Co- abu 


mess mov d freely thro' the planetary Orbs, with a ao 
Motion not much different from a Retlilinear one; ¶ the 
but of what Kind he cou d not then preciſely deter- bits 
mine. Next, Hevelins (a noble Emulator of Ticho wit 


Brahe) following in Kepler's Steps, embraced ! fol; 


the ſame Hypotheſis of the Rectilinear Motion of wo 


Comets, himſelf accurately obſerving many of mo 


them. Yet, he complain'd, that his Calculations deſ 
did not perfectly agree to the Matter of Fact in pre 
the Heavens; and was aware, that the Path of 


4 Comet was bent into a Curve Line towards tht 
. Fun. 


M:ſcellanea Curioſa. 325 
Sun. At length came that prodigious Comet 
of the Vear 1680, which deſcending (as it were) 
from an infinite Diſtance perpendicularly towards 
| the Sun, aroſe from him again with as great a 
| Velocity, 5 . 1 
| This Comet, (which was ſeen for four Months 
| continually) by the very remarkable and peculiar 

cCurvity of its Orbit (above all others) gave the 

WF fittelt Occaſion for inveſtigating the Theory of 

; the Motion, And the royal Obſervatories at Pa- 

„and Greenwich having been for ſome Time 

founded, and committed to the Care of moſt ex- 

| cellent Aſtronomers, the apparent Motion of this 

Comet was moſt accurately (perhaps as far as Hu- 

mane Skill cou'd go) obſerv'd by Meſſieurs 

Caſfni and Flamſteed? F I Or 
Not long after, that great Geometrician, the 

illuſtrious Newton, writing his Mathematical 

Principles of natural Philoſophy, demonſtrated 

not only that what Kepler had Hand did neceſ- 

arily obtain in the planetary Syſtem ; but alſo, 
that all the Phenomena of Comets wou'd natu- 
nally follow from the ſame Principles; which he 

„- *bundantly illuſtrated by the Example of the 

4 itoreſaid Comet of the Year 1680. ſhewing, at 

e; the fame Time, a Method of delineating the Or- 

er- bits of Comets geometrically ; wherein he (not 

% without the higheſt Admiration of all Men) 

ced © folv'd a Problem, whoſe Intricacy render'd it 

» of | worthy of himſelf. This Comet he prov'd to 

of move round the Sun in a parabolical Orb, and to 

ions deſcribe Area's (taken at the Center of the Sun) 
in proportional to the Times. 
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Wherefore (following the Steps of ſo great a 
Man) I have attempted to bring the ſame Me- 
thod to Arithmetical Calculation; and that with 
deſired Succeſs. For, having collected all the 
Obſervations of Comets I could, I fram'd this 
Table, the Reſult of a prodigious deal of Calcu- 
lation, which, tho' but ſmall in Bulk, will be 
no unacceptable Preſent to Aſtronomers. For 
theſe Numbers are capable of repreſenting all that 
has been yet obſerv'd about the Motion of Co- 
mets, by the Help only of the following Gene- 
ral Table; in the making of which I ſpar'd no 
Labour, that it might come forth perfect, as : 
Thing conſecrated to Poſterity, and to laſt 25 
long as Aſtronomy it ſelf. : : 
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S 1680 V8 2. 2. 0060.56. 0 % 22.39.30 006 124%. 787 1060 Dec. 8,00. 6 9.22.30 Direct. "5 „ 

S 10820 U 21.16.30 12. C6. OX 2.52.45] 58328 9.76587 Sept. 4.07.39 [08.23.45 Retrog. 3 wks 8 

S 1683 M 2 23. 083.11. O TL 25.29.30] 56020 o. 748343 DBuli z. 2.50. 87.73.30 Retrog. 33 8 8 
ROOT 16847 28.15. 0165.48.40,M 28.52. of 96015 [9.982339|Mai 29.10.16 29.23.00 Direct. We; th 
> [1686 9“ 20. 34-40{31.21-40;ITT 17.00.30} 32500 [9.511883|Sepr. 6.14.33 | 86.25. 0 Direct. = S & 2! 

= - 11698 2744-111146 o Woo. 51. 151 6 r29 2832er. 8.76.77 3 eee 28 8 S 5 
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4 General Table for. cal: nating the © 
Morins of Comets in a parabolical E 


Orbit, 


e 
Imot. 


 Logar. | 
pro diſt. 


| 4 Sole. | 


Ang. a 
perihelio. 


3 


N 
pro aiſt. 


4 Sole. 


4 


17 Med . . a 
mot. perihelio. 
Sr 3 


2. | 


0 | 


— 


o. oo 
| 3 3-15,0.00030 
4.34 43 ,0-00694 
6::0.:0'0; 00 1231 


| I 0.001 21 
LA — . 2 


9. 7.43.0 0027594 
10. 38. 2 0.003745 13 
114 7%. o * 
9 13 37.17,0.006151 . 
10 15. 6. 7 o. o 

1 16 24. 20 o. oc 911 
18. 1 54.0. 0107981 
19.28 4770. 012609 | 
ae Ln 54,0.014550 
22:20; 14 o. 016607 


23-44-44 9.018703 
* 22.001072 
26.31. 80 023470 
{27.52 55, 0.025969 
29. 13 47 o. 28570 

30. 33. 40%. 031207 
3 f. 52. 3210. 034045 


32 44. 3-20 0.065838] 
33 47.10.49 C0093 19 
34 46. 16.35 0.0% 2839 
35 ,47-21.36,9-076396] 
48:25.330-0799841 
49.28. 2710. 3 
50.30. 19 0.08 72444 
FI. 31. 8 
$2.30.56 

$3-29.44 
74.27.32 


\© 09W N i 


—— 


2 
0.098300 
0. 102019 1 15 
0.105752] 
120. og A | 
1.113240; 
31.77 116995 
o. 120756 
o. 124518 
0.128278 
8 132035, 
13479 
O. 1395744 


©) 
© 


67.29.45 
51 62.25.1400 
63. 13.52 


1.31 42.55 66 0.562466 | | 


o. go io 


33.10. 23,0.036916 
34.27 120. 039864 
35-42-59,0- 042.092 
26.57.4) 372 41 6 45989 
38.11. 2010. 49 154 
39. 23. J. 05212382 
4 35 2300s 


741 45.40}0.05900g; 


56 56 166. 20,13j0. 154402| 


57 
5 


ä 64. 1. 4⁰ 


0.143291 


64. 48.380. 14709 


4 % 76 


67. 04..50;0 158192 
67.48.4200. 161890 
68.3 1. ole. 165778 


— (Gy. 14. 16l0. . 
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2 


mot. 


ribelio. pro. diſt. 


> | ——— A Sole. 
ht 0 


Sr. 


[70.36.5 $0.27 276557, 
7I.17.16'0.18018 
71.56.56{o. 185803 


172-35-57j0- 0.187404, 


176.51 430 212080 


28.32. 5410222374 222378 


0. 0.190978: 
73.51.5900. 194540 
74.29. 60. 198085 
55.05. 3800. 201614 
2741. 354-26 nds 
76.16.56/0.208612 


73.14.15 


69. 5 88.55 0.172914] 91 


77-25: 5740 215529 
77-59.41,0.218963 


[79- 5-3549-225769 
7 9.37-45.0-229142 
80. 9.23 0. 2324880 


81.11. 160 239127 
$1.47. 37.0.2 242416 
82.11. 190. 245684 
82.40. 40,0. 248933 
$3. 9.340.252159 
83.38. 40.255366 
84. 6. 8548855207 
84.33. 49, 0.261720|! 


80.40.34 O. 2358091 


» — 


Be. „ 0. 264865 
85.27.53 0 207989 


85 54. — 0.271092! 1 


—— 


— 
ro | 
* 


perihelio. 


mor peri 4 "Logar. 7 Ang a Logar. 


94.14.40 
94-53-30 


o. 318060 
0.323587] 
10.32.9042] . 


0.292252 
O. 2990 


0.306782] 
0.312469 


0.339736 


95.31.22 
96. 8.22 


n 
97.19.48 
97.54.17 
98.28.00 
99.00.57 
99-33-11 

100. 4.43 


oa” Des: 
101. 5•45 


8 rot. 35.22 


O. 344979 
0.350183 
0.35 52.62] 


0.3603c6 


0.370200 
0.375052 
0.379842 


o 3892 52 
* 398.428 


J 10. 402920 


0.283300] 
[0.286308 


o. 2892930 


0.298122] 
O. 300 


227 


0.365284] 


0 384576 
0 393868] . 


A 4 C 


} 
4 
' 
| 
. 
| 
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154 105.4 IT, 33 


61105.36.16 
8,106.00 32 
106. 24.23 


Tegar. 


W 028 
8 


9.416132 


0.433012 


1624196.47 4) 
10441927.10.44 


166 IOT.33-I7; 


449144 
453000 
0.460772 
0.464208 


190 III. 35 55 


19201 11.54. 5 
1940112.711.58 


3704683 18 


300 472030 | 
0.475705 
ob. 479340 
180 ee 482937 


O. 486 198 
12 490022 
b 493512 
19-490965 


0.507I21 
0.5 10441 


ſo.5 13729 


0.5 16984 


| pro. diſt. 


A Sole. 


347784 


o. 420430 
o. 1 


0.428866 
0.437110 


0.441164 
9.445178 


-456930| 


0.500354 
0.593709 


{ 


_— 


T = 2 
| perihelio. 


| 8. 


| 


FH 


l 


115. 12.02 


113.3725 
114. 9.52 
114.41. 23 


115.4151 
1 52 
11 5 
117. 3% 38 
117.33˙27 
TT7-59-35]-5702 
118.25. 5 
1718.49.57 
119.14. 14 
1719.37.80 
120. I. 6 
1120.23.44 
120.45 .52 
121. 7.30 
121. 28.39 
121. 49.22 


7 Tear. 
hy diſt. 
a Sole. 


—— 
0.523406] 
0.529705} 
0.535 8860 
0.541958] 
9 
9.553782 
0.559538 
9.365199] 
0.570762 
0.570233 
O. 5.581616 
2.586912] 
0,502722} © 
0.597252} 
0.602301 : 
0.607274] 
0.612174 
0.616998 
0.021750 
0.626438 


122. 9.38 
122. 29.28 
122.48. 54 
123. 7.57 
123.26. 36 


— — — 


124.11. 40 
124.54.30 
125.35˙34 


0.631056 
0.635608 
0.640098 
o 044525 
0 648893 


0.6595 59% 
0.669880 | 


1260.14.44 
126.5212 


0.689508 
0698970! 
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Ang. 2 | Logar. jc Med, | Ang. A4 Logar. 
| perihelio, | pro diſt. | mot. || perihelio. | pro diſt. 
2 Sole. ] Sole. 
8 8 Y 
127.28. 6[0.708104] 820 141.49. 240. 970836 
128. 233 0.716976] | 840 [142.10.00'0.998397 
128.35. 3800.7 25606 860 142.29. 560. 985771 
129. 727 0.7 34006 880 142.49. 1000. 992970 | 
129.38. 4 0.742186] 900 143. 7.48 0.100000] 
130. 7.34[0-750I60] 920 143.25 51 1.506871 
130. 36. 20.757930] 940 [143-43.21|1.013586] 
131. 3.3000. 765516 960 144.00. 1801.020155 
131.30. 20.772918] 980 44.16.4601. 026583 
4913 1.55. 410.7 801481000 1144.3 2.46 1.032876 
132.20. 300.7872160 1500 1149.26. 801. 158188 
132.44 3200.941220] 2000 [I52.26.15 1 N 
133. 7.50j9.800882] | 2500 [154.32.20}1.313703 
133.30.2510-807494] | 3000 [156. 7.271.368678 
100133. 52. 20.812959] 2500 {157.22.49} 1.414974). 
134+ 34-18 0.826522 4.000 18.24.36 1474970 
135-14. ol. 838600 | 4500 159. 16.36 1.490125 
135. 51.2800. 850187 5000 160. 1. 1201.521521 
580 136.27. 6j0.861369|| 5500 [160.40. 51.549874 
600 127.00.57 0.872155 6000 I61.14.24 1.5757 18 
620]137.33.13|0.882575}; 6500 161.45. o 7599460 
6401138. 3.58j0 89264c]| 7000 162.12, 3401.621417 
660 138.33-2110.902401 7500 1162.37.34 1.641838 
68039. 1. 2910.9 11866 8ooo 163. 00.23 1.660922 
7.90 139.28.25/0.92 1012 8500 1163.21.20 1.678834 
720 739 54.1606 928955 9000 163.40. 42.695708 
7401140. 19. 50.938545 9500 163.58. 38 1.717662 
760140. 42. 560. 94695 10 000 164. 15. 2001.7 267 84 
| 7801141 o5.55]09.55124||50000 [170.52. © 2.197960, 
Booli41.2s. 3.963082 


100000. 17 2.45.44(2-39965F, 


The 
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7 be Cinſtruftion and Uſe of the pene- 


* 


ral Table. 


As the Planets move in Elliptic“ Orbs, fo 
do the Comets in Parabolic ones, having the 
Sun in their common Focus, and deſcribe equal 
Area's in equal Times. But now hecauſe all 
Parabola's are fimilar to one another, therefore 
if any determinate Part of the Area of a gi- 
ven Parabola, be divided into any Number of 
Parts at Liberty, there will be a l Diviſion 
made in all Parabola's, under the ſame Angles, 
and the Diſtances will be proportional: And 
conſequently this one Table of ours will ſerve 
for all Comets. Now, the Manner of the 
Calculation of this Table is thus: In the Fig. 


— 


— 


E 


Let S be the Sun, PO C the Orbit of a Comet. 
P the Perihelium, O the Place where the Comet 
in 90 gr. diſtant from the Sun, C any other 
Place. Draw the right Lines CP, Cs, and 
make ST, SR, equal to CS; and then having 
drawn the right Lines CKR, CT, (whereof 
the one is a Tangent, and the other a perpen- 
dicular to the Curve) let fall CQ perpendicular 
to the Axis PSR. . 
Now, 


— % 
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Now; any Area, as COPS, being given, tis 


requir'd to find the Angle CSP, and the Di- 


ſtance CS. From the Nature of the Para- 


hola, RO is ever < the Parameter of the Axis, 
and conſequently if the Parameter be put = 2, 


then RQ = 1. Let CQ S; then PQ ſhall = 


z and the Parabolick Segment COP = .- 2zz. 
But the Triangle CSP will = 4 85 and ſo the 
Mixtilineal Area COPS A a, wheuce 
243 T= 124. W herefore reſolving this Cu- 


bical Equation, & or the Ordinate CQ will be 
known. Now, let the Area OPS be propos d 


to be divided into 100 Parts; this Area is of 
the Square of the Parameter, and conſequently 


12 41s = that Square = + If therefore the 


Roots of theſe E quationsz ? — 34 = 0, 04 : 0,08: 


, 12: O. 16, Cc. be ſucceſſively extracted. 
there will be obtain'd ſo many = or Ordinates 
CQ reſpectively, and the Area SOP will be di- 
vided into 100 Parts. And in like Manner is 


the Calculus to be continued beyond the Place O. 
Now the Root of this Equarion (ſince RQ is 
= 1) is the Tabular Tangent of the Angle C KQ, 
or the Angle CSP, and ſo the Angle CSP is 


given. And RC, the Sccant of the ſame An- 
gle CRQ, is a mean Proportional between RQ 


or Unity, and RT, which is the Double of SC, 
| as is plain from the Coxicks, But if SP be put — 1, 
and ſo the Latus Rectum 4 (as in our Table) 


then RT will be the Diſtance ſought, viz. the 


Double of SC in the former Parabols After 
this Manner therefore, I compos'd the foregoing 
Table, which ſerves to repreſent the Motions of 
all Comets: For hitherto there has been none ob- 


ſerv'd; but comes within the Laws of the Para- 
lola. | It 
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It remains now, that we give the Rules for 
the Calculation, and ſhew the Way of deter- 
mining the Place of a Comet ſeen, by theſe 
Numbers. The Velocity of a Comet moving in a 
Parabola, is every where to the Velocity of a Pla- 
net deſcribing a Circle about the Sun, at the ſame 
Diſtance from the Sun, as V 2 to 1. as appears 
from Cor. 7. Prop. 16. Lib. 1. of the Princip. 
Phil. Nat. Math. If therefore a Comet in its 
Perihelium were ſuppos'd to be as far diſtant from 
the Sun as the Earth is, then the diurnal Area 
which the Comet wou'd deſcribe, wou'd be to 
the diurnal Area of the Earth, as / 2 to 1. 
And conſequently, the Time of the Annual Re- 


volution, is to the Time in which ſuch a Comet 


wou'd deſcribe a Quadrant of its Orbit from 
the Perihelium, as 3. 14159, Cc. (that is the 
Area of the Circle) to ,/ 3. Therefore the 
Comet wou'd deſcribe that Quadrant in 109 
Days, 14 Hours, 46 Minutes; and ſo that pa- 
rabolick Area (analogous to the Area POS) be- 
ing divided into 100 Parts, to each Day there 
wou'd be alotted 0.912280. of thoſe Parts; the 
Log. of which, viz. 9.960128, is to be kept 
for continual Uſe. But then the Times in which 
a Comet, at a greater or leſs Diſtance, wou'd 
deſcribe ſimilar Quadrants, are as the Times of 
the Revolutions in Circles, that is, in the Seſqui- 
plicate Ratio of the Diſtances : And fo the diur- 
nal Area's, eſtimated in Centeſimal Parts of the 
Quadrant (which Parts we put for Meaſures of 
the mean Motion, like Degrees) are in each, in 
the Subſeſqquialtera Proportion of the Diſtance from 
the Sun in the Perihelion. 8 


Ibhele 
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Theſe neceſſary Things premis dd, let it be pro- 
pos d to compute the apparent Place of any one 


of the mention d Comets, for any given Time. 
VV 

I. Let the Sun's Place be had, and the Log. of 
its Diſtance from the Earth. VVV 
2. Let the Difference between the Time of the Pe- 


rihelion, and the Time given, be gotten, in Days and 
dlecimal Parts of Days. To the Log. of this Num- 
ber, let there be added the conſtant Log. 9.960128, 


and the Complement Arithmetical of the of the 
Log. of the Diſtance in the Perihelium from the Sun: 


The Sum will be the Log. of the mean Motion, to be 


| ſought in the firſt Column of the General Table. 

3. Withthe mean Motion let there be taken the 
correſpondent Augle from the Perihelium, in the 
Table, and the Log. for the Diſtance from the 
Sun: Then in Comets that are direct, add, and 
in Retrograde ones ſubſtratt ; if the Time be after 
the e e the Angle thus found, to or from 
the Place of the Perihelion; or in direct Comets, 


ſubſtratt; and in Retrograde ones, add; if the 


Time be before the Perihelion, the aforeſaid Angle 
to or from the Place of the Perihelion; and ſo 
we ſhall have the Place of the Comet in its Orbit. 
And to the Log. found for the Diſtance, let there 

be added the Log. of the Diſtance in the Perihe- 


lion, and the Sum will be the Log. of the true 


Diſtance of the Comet from the Sun. 


of the Comet in its Orbit, being given, let the Di- 
ſtance of the Comet from the Node be found ; then, 


the Inclination of the Plane being given, there will le 


given alſo (from the common Rules of Trigonometry ) 
the Comet's Place reduced to the Ecliptich the Incli- 
nation or Hdiocentrick Latitude, and the Log. of the 
curtate Diſtance, DOTY 5. From 


4. The Place of the Node, together with the Place 


7 
— 
1 
1 
- 
11 
1 
+ 
7 
} 
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bi 
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5. From theſe Things given (by the very ſams 
l. r Spc of ak Sek Zr 
Sun's Place and Diſtance given) we may obtain the 
Apparent or Geocentrick Place of the Comet, to- 
gether with the apparent Latitude. And this it 
may be worth wie to illuſtrate by an Example 
| or two. SLIT 


H OOH. SEE AMET So 
„ Let it be requir'd to find the Place of the 


met of the Tear 166*, March 1%. 
5 oO, P. M. London. That ig, 96 19" 
= 81, after the Perihelion, which hap- 
| pen d Novemb. 24” 11 52. El 
| Log. Dift. Perihel. "Db; OT 1044. 
Log. Seſquialt. ©. 016466 


3 


Comp. Arith. 9. 983434 
5 9. 960128 
Log. Temp. 1. 985862 
Log. Med. Mot. 6 1. 929424 
Medius Motus 85. 001 
Perihel. N r 
Ang. Corfeſp- 83. 38. 05 — 
Comet in Orb. 9 17. . 0 
Aſcend. Nod. It 21. 14 00 
Com. a Nodo 34. 10. 40 
Red. ad Eclip. +. J 0 
Com. Helioc. 8 18. 54. 55 
© Ihe BAL. 438. 4. 50 
Log. pro diſt, o. 255369 
Log. Perihel. 0. 011044 
Co-lin. Incl. 9. 990754 
Log. diſt. Curt. o. 257167 | | 
Log. diſt. ©. 9. 997918 fir 
mm O XK 21. 44 45 | | the 
Com. Viſus +30. I. 30 - r 
Lat, Vn 8. 36. 15 10 
IS M- 
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EXAMPLE it. 


os: diſt. Perihe, 
Log. Seſquialt. 
| Comp. Arith. 


% Log. Temp. 
| Log. Med. Mot. 


| Medius Motus 7 


© Perihel. II 


Ang. Correſp. 
Comet. in Orb. 7 
ö Nod. Deſcend. 5 
Com. a Nodo 
Red, ad Eclip. 


Com. Helioc. 36 


Incl. Bor. 


Log. pro diſt. 

Log. Perihel. 

. Co-un- Incl. 
Log. diſt. Curt. 

Log diſt. © 

© Locus { 

Com. Viſus S 


Last. Bor. 


Or, 13 


9. 748343 


9. 6225 14 


0. 377480 
Bs 9000128 


I. 310723 
1. 648337 


44. 8 


5 25. 29. 30. 
56. 47. 20— 


2 43. 10- 
21. 13. 00 


| 28. 1 08 


35. 2. 00 


2 111336 


. 748343 c 
9.913187 
9. 772868 


O. 006104 
10. 41. 25 
5. II. 50 


28. 52. 00 


Let it . requird to find the Place of the 

Comet of the Tear 1683, July . 
35 P. M. London: 
_ guar. Time. That is, 21% 10. 56 af 
Ter the Perihelion. 


40 E. 


At the Inſtant of Time ſpecified in the 
| firſt Example, twas obſerv'd (at London) that 
the Comet applied to the ſecond Star of Aries 
bo that it was found to be 9 more northerly, 
2 


and 
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and 3' to the Eaſt, according to Mr. Hook's Ob- 
ſervation. But at that of the ſecond Example, 
I my ſelf (near London, with the ſame Inſtru- 
ments whereby I formerly obſerv'd the Southern 
| Conſtellations) found the Place of the Comet to be 


5 5 „ II and 28*, 52' North Latitude, 
which agreed exactly with the Obſervation made 


at Greemwich almoſt the very ſame Moment. 


As for the Comet of the Year 1680, which 
came almoſt to the very Sun it ſelf (being in 


its Perihelion, not above ; of the Semi-Diameter 
of the Sun diſtant from the Surface of it) fince 


the Latus Rectum is fo very ſmall, could hardly 


be contained within the Limits of the General 
Table, becauſe of the exceſſive Velocity of 


the mean Motion. Therefore in this Comet, 
the beſt Way is (after the nean Motion 1s 


found) to get from thence (by the Help of the 


foregbing Equation & ir = +, of the mean 
¶AAotion) the Tangent of half the Angle from 
the Perihelion, together with the Log. for the 


Diſtance from the Sun. Which Things being 


given, We are to proceed by the ſame Rules, a 


After this Manner therefore, the Aſtrono- 
mical Reader may examine theſe Numbers, 
which I have calculated, with, all imaginabbe 
Care, from the Obſervations I have met with. 
And I have not thought fir to make them pub- 


lick before they have becn duly examin'd, and 


made as accurate as twas poſſible, by the Study 
of many Years. I have publiſhed this Spect- 


men of Cometical Aſtronomy, as a Prodromus 
of a defigned future Work, leſt, happening 


to 
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to die, theſe Papers might be loſt, which every 


Man 1s not capable to retrieve, by Reaſon of N 
the great Difficulty of the Calculation. Now, e 1 
| it may not be amiſs to put the Reader in mind, | 
That our five firſt Comets, (the Third and — 
Pourth obſerv'd by Peter Apian, the fifth by 0 1 
- Paulus Fabricus) as alſo the Tenth ſeen by Maſt- [ 
lin, if I miſtake not, in the Year 1596, are not | 
ſo certain as the reſt ; for the Obſervations were 430 
made neither with fit Inſtruments, nor due Care, i 
r and upon that Account are diſagreeing with = 
© W themſelves, and can by no Means be reconciF'd _ 
Y with aregular Computation. The Comet which il 
al W appear'd in the Year 1684, was only taken No- Eo 
of tice of by Blanchinus, who obſerved at Rome: L F 
t, And the laſt, which appear'd in the Year 1698, = 
5 W wasſeen only by thoſe at Paris, who determin'd | _ 
he its Courſe in a very uncommon Way. This Co- 1 
in met was very obſcure; and, although it mov'd = 
n ſwift, and came near enough our Earth; yet we, od 
he W who are wont to be curious enough in theſe _ vn 
ng Matters, faw nothing of it. For wart of Ob- 4 
3% WF fervations I have left out of the foregoing Cataa⸗ 4 
bogue, thoſe two remarkable Comets which have _ 1 
appear d in this our Age, one in November, inan | 1 

0. the Year 1689, the other in February in the Year 1 


% 1702. For they directing their Courſes towards 
ble | the Southern Parts of the World, and being 
| ſcarce conſpicuous here in Europe, met with no 
| Obſervers capable of the Buſineſs. But, if any 
nd one ſhall bring from India, or the Southern Parts, 


ih an accurate Series of requiſite Obſervations, I bl 
ec will willingly fall to Work again, and undergo — 
dle Fatigue of repreſenting their Orbits in Num- | 1 
ung bers, as I have done the reſt. 4 
„ ISS By 
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Motions of theſe Comets, tis apparent, their 
Orbits are diſpos'd in no manner of Order; 
nor can they, as the Planets are, be comprehended 
within a Zodiach, but move indifferently every 


vity to the Sun, tis highly probable they rather 


their Number will be determinate, and, perhaps, 


_ tho” the Period of its Revolution be vaſtly long: 


By comparing together the Accounts of the 


Way, as well retrograde as dire& ; from 
whence it is clear, they are not carry*d about or 
mov'd in Yortices, Moreover, the Diſtances 


in their Perihelium's are ſometimes greater, ſome- 
times leſs; which makes me ſuſpect, there may 


be a far greater Number of them, which mo- 


ving in Regions more remote from the Sun, be- 


come very obſcure ; and wanting Tails, paſs by 
%%% On SY „„ 
Hitherto I have conſider'd the Orbits of Co- 


mets as exactly Parabolick; upon which Suppo- 


ſition it wou'd follow, that Comets being im- 
pell'd towards the Sun by a centripetal Force, de- 


ſcend as from Spaces infinitely diſtant, and by 
their Falls acquire ſuch a Velocity, as that they 


may again run off into the remoteſt Parts of the 
Univerſe, moving upwards with ſuch a perpetual 
Tendency, as never to return again to the Sun, 
But ſince they appear frequently enough, and 


 fince none of them can be found to move with 


an hyperbolick Motion, or a Motion ſwifter 
than what a Comet might acquire by its Gra 


move in very excentrick Orbits, and make their 
Returns after long Periods of Time: For ſo 


not ſo very great. Beſides, the Space between 


the Sun and the fixed Stars is ſo immenſe, that 
there is Room enough for a Comet to revolve, 


Nov, 
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Now, the Latus Rectum of an Ellipis, is to the 
Latus Rectum of a Parabola, Which has the ſame 

Diſtance in its Perihelium, as the Diſtance in the 
Aßphelium in the Ellipſis, is to the whole Axis of 
the Ellipſis; and the Velocities are in a ſubdu- 
plicate Ratio of the ſame: Wherelore in very ex- 
centrick Orbits this Ratio comes very near to a 
FKatio of Equality ; and the very ſmall Difference 
which happens on Account of the greater Velo- | 
city in the Parabola, is eaſily compenſated in de- 
termining the Situation of the Orbit. The prin- 
cipal Uſe therefore of this Table of the Ele- 
ments of their Motions, and that which induced 
me to conſtruct it, is, That whenever a new Co- 
met ſhall appear, we may be able to know, by 
comparing together the Elements, whether it be 
any of thoſe which has appear'd before, and con- 
ſequently to determine its Period, and the Axis 
of its Orbit, and to foretell its Return. And, 


indeed, there are many Things which make me 


believe that the Comet which Apian obſerv'd in 
the Year 153 1. was the ſame with that which 
| Kepler and Longomontanus took Notice of and 
| defcrib'din the Year 1607. and which I my {cl 
have ſeen return, and obſerv'd inthe Year 1682. 


All the Elements agree, and nothing ſeems to 


contradict this my Opinion, beſides the Inequali- 
ty of the periodick Revolutions: Which Incqua- 
lity is not ſo great neither, as that it may not be 


owing to phyſical Cauſes. For the Motion of Sa- 
turn is ſo diſturbed by the reſt of the Planets, e- 


ſpecially Jupiter, that the periodick Time of that 
Planet 1s uncertain for ſome whole Days to- 


gether. How much more therefore will a Co- 
met be ſubje& to ſuch like Errors, which riſcs 
=. 7 3 al- 


wy 


6 
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almoſt four Times higher than Saturn, and whoſe | 
Velocity, tho' encreaſed but a very little, would 
be ſufficient to change its Orbit, from an Ellip- 
tical to a Parabolical one. This, moreover, con- 
firms me in my Opinion of its being the ſame; 
that in the Year 1456, in the Summer-Time, a 


Comet was ſeen paſſing Retrograde between 


the Earth and the Sun, much after the ſame 
Manner: Which, tho' no Body made Obſerva- 
tions upon it, yet from its Period, and the 
Manner of its Tranſit, I cannot think different 


from thoſe I have juſt now mention'd. Hence I 
dare venture to foretell, That it will return again 


in the Year 1758. And, if it ſhould then re- 
turn, we ſhall have no Reaſon to doubt but the 


Teſt muſt return too: Therefore Aſtronomers 


have a large Field to exerciſe themſelves in for 


many Ages, before they will be able to know the 


Number of theſe many and great Bodies revol- 
ving about the common Center of the Sun; 
and reduce their Motions to certain Rules, I 
thought, indeed, that the Comet which ap- 


pear'd in the Year 1532. might be the ſame with 


that obſerv'd by Hevelius in the Year 1661. 
But Apian's Obſervations, which are the onl 

ones we have concerning the firſt of theſe Comets, 
are too rude and uns kilful, for any Thing of Cer- 
tainty to be drawn from them, in ſo nice a Mat- 
ter. I deſign to treat of all theſe Things in a 


larger Volume, and contribute my utmoſt for the 


Promotion of this Part of Aſtronomy, if it 
Mall pleaſe God to continue my Life and Health. 
In the mean Time, thoſe that deſire to know 
tow to conſtruct geometrically the Orb of a 


Comet, by three accurate Obſervations given, 


may 
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may find it at the End of the Third Book of 


Sir Iſaac Newton's Principles of natural Philoſo- 
phy, entituled, De Syſtemate Mundi, in the 
Words of its renowned Inventor: Which have 


ſince been more fully explained by my very wor- 
thy Collegue Dr. Gregory, in his learned Work 


of Aſtronomia Phyſica & Geometrica. 


One Thing more perhaps it gp not be impro- 


per or unpleaſant to advertiſe the aſtronomical 
Reader; That ſome of theſe Comets have their 
Nodes ſo very near the Annual Orb of the 
| Earth, that if it ſhall ſo happen, that the Earth 
be found in the Parts of her Orb next the Node 


of ſuch a Comet, whilſt the Comet paſſes by; 


as the apparent Motion of the Comet will be 1n- 


credibly ſwift, ſo its Parallax will become very 
ſenſible; and the Proportion thereof to that of the 
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Sun will be given. Wherefore ſuch Tranſits of bi 
Comets do afford us the very beſt Means, tho il 
they ſeldom happen, to determine the Diſtance | 

of the Sun and Earth; which hitherto has only 1 
been attempted by Mars in his Oppoſition to the 7 
Sun; or elſe Venus in Perigeo ; whole Parallaxes, 4 
though triple to that of the Sun, are ſcarce any ll 

ways to be perceived by our Inſtruments; whence | 

ve are ſtill in great Uncertainty in that Affair. Lil 

: This Uſe of Comets was the ingenious Thought 11 
of that excellent Geometrician Mr. Nicolas | 
Facio. Now the Comet of 1472, had e Pa- | | | 
X rallax above twenty Times greater than the Wi} 
; Sun's. And if the Comet of 1618, had come J | 
: down, about the Middle of March, to his de- 1 

. ſcending Node: Or if that of 1684, had ar- 0 
: rived a little ſooner at its aſcending Node 


they. would have been yer much nearer the 


2 4 Earth, 5 
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Earth, and conſequently have had more notable 
Parallaxes. But hitherto none has threaten'd the 
Earth with a nearer Appulſe, than that of 1680. 
For by Calculation I find, that Novemb. 11, 
1", 6, P. M. that Comet was not above the 
Semi-diameter of the Sun to the Northwards of 
the Way of the Earth. At which Time, had 
the Earth been there, the Comet would have 
had a Parallax equal to that of the Moon, as 
I take it. This is ſpoken to Aſtronomers: But 
what might be the Conſequences of ſo near an 
Appulſe, or of a Contract; or, laſtly, of a 
Shock of the Celeſtial Bodies, (which is by no 
Means impoſſible to come to paſs) I leave to 
be diſcuſs d by the Studious of phyſical Mat- 
„ e n 
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n 
| Concenng the 


RAINBOW. 


5 In which (by : a direct Method)! is ſhewn | 


how to find the Diameter of each 
Bow, the Proportion of the Refraction 


being given: Together with the Solu- 
tion of the inverſe Problem, or how 


to fend the Ratio of the Refraction, 
the Diameter of the Iris being given. 


— — 


By E DM. HALLE V, F. R. 8. | : 


A . 


fair Colours) and given an Account of the 
Cauſes of it And the antient Mythologiſti, 


LL the Writers of natural Hiſtory, 
have particularly deſcribed the Rain- 


from its wonderful Form and Appearance, 


Es ES thought 


bow (a Meteor ſo remarkable for its 
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thought fit to give it the Title of Thaumantis, 
or the Child of Monder; and placing it in the 
Number of the Goddeſſes, N to it the 
Office of a Meſſenger between the Cœleſtials and 
mortal Men; which Fable, perhaps, owes its 
JJ C9. V. HH. 7G 
Thoſe that attentively confider'd the Phanome- 
na of the Rainbow, always found, that the Sun's 
Rays reflected by a watery Cloud, came to the 
Eye under a certain Angle; from whence aroſe | 
the Arch, or circular Figure of it. But as for 
the Cauſe and Reaſon of the Colours, as alſo 
of the Magnitude of the Angle, by which we 
conſtantly find it diſtant from the Point oppoſite 
zo the Sun; theſe were Things, that a long while, 
and very greatly perplex'd, as well the Modern,, 
as Ancients. Neither did they do any thing 
to the Purpoſe herein, till the famous Monſieur 
Des Cartes making Uſe of the Mathematical 
Sciences, ſhew'd by ſeveral Examples, that 
more ſtrict and cloſe Methods of Reaſoning 
might and ought to obtain, even in our Ma- 
nagement of thoſe Phyſical Speculations. A- 
mongſt other Things (though it muſt be own'd 
that herein he had ſome Light from the learned 
Antonio de Dominis, Arch-biſhop of Spalato) he 
explain'd the Theory of the Rainbow. And 
having diſcover'd the Laws of Reſraction, he 
clearly demonſtrated, that the primary Iris was 
nothing elſe, but the Sun's Image reflected from 
the Concave Surface of innumerable ſpherical 
Drops of Rain; and that with this Condition, 
that thoſe Rays that were parallel at their 
Incidence, were not loſt or diſſipated by the 
Reflexion, and the 1290 Refractions (one at the 
In- 
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Ingreſi, and the other at the Egreſ5) but fell (and 
that alſo parallel) on the Eye. That the Rays 


were ting'd with Colours by thoſe Retractions, 
after the ſame manner as we fee they are by a 
Glaſs Priſme. That the ſecundary Iris is pro- 


duced, after the fame manner, by the Rays that 
fall more obliquely, only here are two Re- 
flexions, before the Sun's Rays (which when 


refracted a ſecond Time proceed parallel to the 
Eye) emerge out of the 3 of Water. Fur- 


ther, that the Magnitude of each Iris depends 
upon the Degrees of the Refraction, which is 


different according to the Nature of each tranſpa- 


rent Solid or Liquid. 


And ſuppoſing the Proportion of the Sines of 


the Angles of Incidence to the Sines of the re- 
fracted Angles, to be in Water, as 2 50, to 187, 
he determin'd the Semi-Diameter of each Iris, 

agreeably to Obſervations, viz. that of the pri- 


mary Iris, 41“. 30. and that of the Secundary, 
519. 54. By which he did not ſo much con- 


fum the Theory it ſelf, which was demonſtrated 


from other Principles, as the Truth of the fore- 


mention d aſſumed Proportion, (viz. that of the 


Refraction.) But for theſe Things, the Rea- 


der may conſult the 8th Chapter of Cartes's Me- 
teors, Whither I refer him. 3 


But now Cartes (Who uſed an indirect and 


| tentative Method in determining theſe Angles) 
| did not ſeem clearly to apprehend the Eaſineſs 
of the Problem he had propoſed to himſelf. 
And becauſe none (that I know of) ſince him, 
has handled the fame Argument more fully ; 
and alſo ſince ſome have miſunderſtood what 
| Cartes did, committing very great Paralogiſms, 


in 
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in ſome Books (ſince his Time) which particu- 
larly pretended to explain the Phænomena of the 
Rainbow); I was willing to ſupply what I thought 
Was wanting in this Doctrine, and from the 
Proportion of the Refraction given, geometrically 
to determine the Angle of its Diſtance from the 
Point oppoſite to the Sun: Or contrary wiſe, from 
the Iris given, to determine the refractive Power 


of the Liquid. 


What the celebrated Mr. Newton has done up- 
on this Head, the Reader will find (with much 
greater Advantage) in his Book of Light and Co- 
lours, when he ſhall think fit to beſtow thoſe ex- 


cellent Diſcoveries upon the Publick. 


Hut to proceed. Tis plain from what Cartes 5 
has demonitrated, that the primary Iris is form'd | 
by ſuch Rays of the Sun, where the Exceſs of 


two refratted Angles, above one Angle of Inci- 
dence, is the greateſt of all ſuch Exceſſes poſſible. 


And that the ſecondary Iris is form'd by thoſe 
Rays only, where the Exceſs of three refracted 
Angles, above one of Incidence, is in like man- 


ner the greateſt, And ſo we may go on to a 
zd, 4th, or any other Iris, which are form'd, 


where the Rays emerge after z, 4, or more 


: D ; 
Reflexions. But theſe can never be ſcen in the 


Heavens, becauſe of the Sun's Light which is 
{till more and more debilitated by each Reflexion 
and Re fraction: Whence it comes to paſs alſo, 


that the ſecondary Iris, is painted with Colours, 


ſo much fainter than the primary one. But in 


all theſe, the general Rule is, that the Exceſs of 


4, or 5, or more refratted Angles, (viz, the Num- 


ber of Reflexions being increaſed by Unity) 4- 


bove one Angle of Incidence, is of all the greateſt. 
| | Now 
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Now this greateſt Exceſs doubled, is always 


the Diſtance of the Iris from the Point oppoſite to 
the Sun, when the Number of Reflexions is An- 
even, But if that Number be even, then the 
Double of that greateſt Angle, is the Diſtance of 
the Iris from the Sum it ſelf, viz. in the 2d, 4th, 
6th, Gc. Iris. All theſe Things are either pure- 


- ly Carteſins's, or elſe caſily follow from his Wri-, 
tings in the foremention'd Place. bebe 


fracted Angles, above one of Incidence, is there 


the greateſt, where the momentancous Increment 
of the Angle of Incidence is exactly double of 
the momentaneons Increment of the refracted An- 
ole. And that the Exceſs of three refracted An- 
gles is there the greateſt, where the Increment of 
the Angle of Incidence is triple the Increment of 


the refracted Angle; and ſo of the reſt. And 


this is ſufficiently evident of it ſelf : But as for 
the Angles, we may obtain them by the Help 


of the following Lemma, which muſt therefore 


be demonſtrated. 
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But now to obtain thoſe greateſt Exceſſes, 
| having the Refraction of any Liquor given; 
tis to be obſery'd, that the Exceſs of two re- 
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LEMM A. 


The Legs of any plain Triangle continuing T 
if thevertical Angle be augmented or 
diminiſhd, by an Angle leſs than any 
Angle af d; the Momenta or Inſtan- 
taneous Murations of the Angles at 
the Baſe, are to one another reciprocally, 
25 be Segments of the Baſe. 


At Fig. 1. Plate z. ſuppoſe the Triangle ABC, 
wick Vertex is A, its Legs AB, AC, and 
Baſe BC, upon which let fall the Perpendicular 
AD. Then let the Angle BAC be increaſed by | 
the indiviſible Momentum CA c, and let the 

L ines Bc d, c D be drawn, which differ, in I- 

magination only, from the Lines BCD, CD. I 
ſay, that the Momentum of the Angle ABC 

( (viz, CBc) is to the Momentum of the Angle 

ACB or ACD, as CD to BD, that is, recipro- 

cally as the Segments of the Baſe. FE 


DEMONSTRATION. 


| Becauſe the Angle ACD, is the Sum of the 
Angles ABC, BAC, its Momentum alſo ſhall 
equal the Sum of the Momentæ of thoſe Angles; 
that is, it ſhall equal CAc + CBc. But CA c 
= CDc, lince, becauſe of the right Angle at 
D, the Points A, D, C, c, are all in the Arch 
85 a Circle, whoſe Diameter is AC: By Eucl. 
3-9. And conſequently the Sum of the Angles 
CBc, CD c (that is, the Angle D c d) ſhall be 
the Momentum of the Angle ACD or ACB. 
But 
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But thoſe Angles CBe, De d, being indefinite- 
ly ſmall, are to one another as their oppoſite 


Sides, that is, as c D or CD to BD, that is, as 


the Segments of the Baſe reciprocally. Q 
E: D. 


ſtrated after the ſame Manner. 


COROLL ART. 


Hence it follows that the Momenta of the 


Angles at the Baſe, are to one another ade 
as the Tangents of thoſe Angles. 


By y the Help of this Lemma, it will be caſy to 
B of any Iris whatſoever ; and 
that either by Calculation, or a geometrical Con- 
ſtruction. For taking any right Line, as CA 
(Fg. 2.) let it be divided firſt of all in D, ſo that 


find the 


C may be to CD, in the Ratio of the Re- 
fraction in Water, Which is as 2 50 to 187, or 
more accurately, as 529 to 396. Then let CA 
be divided ſo in E, that CE may be to AE, as 
Unity to the Number of Reflexions, a Ray ot 
the Sun (fit to produce the Iris propoſed) under- 
goes: And upon the Diameter AE deſcribin 


the 8 poFs ABE, on the Center Cwith the 


EKadius CD deſcribe the Arch BD, meeting the 
Semi-Circle ABE in the Point B. Laſtly, 


Drawing the right Lines CB, AB, let CF be 


let fall perpendicular upon AB produced, and EB 


parallel thereto. I fay then, that CBF is the 
Angle of Incidence, and CAB the reſracted An- 


gle that we enquire after, and which will pro- 
duce the Iris propos'd, 


PE. 


If each of the Angles B and C be Acute, the 
Lemma will ſtill (mutatis mutandis) be demon- 
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DEMONSTRATION. 


| Becauſe the Triangles ACF, AEB are ſimi- 
lar, it will be AF: BF:: AC: EC; that is, 


as the Number of Reflexions encreas'd by Unity 


to Unity (by the Conſtruction) and conſequently 


the Momentum of the Angle CBF, will be to 
the Momentum of the Angle CAE, in the ſame 
Proportion (by the foregoing Lemma.) But the 


Sine of the Angle CBF, is to the Sine of the 


Angle CAF, in the Proportion of the Sides 
CA, CB, that is, in the Proportion of the Re- 
fraction given (alſo by the Conſtruction.) There- 
fore CAF is the refracted Angle, correſponding 
to the Angle of Incidence CBF, and their 440- 


menta are in the Ratio propos'd, wherefore they 
are the Angles ſought. Q. E. P). 
And now, multiplying the refracted An- 


gle by the Number of the Reflexions encreas d 
by Unity, and from the Product ſubſtracting 


the Angle of Incidence, we ſhall have half the 


Diſtance of the Iris from the Sun, if the 
Number of Reflexions be even, or from the 
Point oppoſite to the Sun, if that Number be 


une ven, as we have ſhewn already. Hence 


we may exhibit (by a Conſtruction conciſe and 
eloquent enough) the Incidences of all the 


Orders of 1ris's, in any Liquor whoſe Refra- 
ction is known. For if the Line AC (FIG. 2.) 
be divided into two equal Parts at E, into 
three equal Parts at e, into four at „ into 
five at », &c. And on the Diameter AE, Ae, 
A., An, be deſcrib'd, the Semi-Curcles ABE, 
Abe, As, Arn, which are all interſected in 


the Points B, C, e, v, by the Arch DBG, de- 


{crib'd 


| of 


of 
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ſerib'd on the Center C with the Radius CD, 1 
which is to AC, in the given Proportion of 

the Refraction: I ſay then that the Lines 

AB, Ab, Az, Av, will make with the Line 

AC, the Angles CAB, CAb, CAe, C Av, equal 


to the refracted Angles; and with the re- == 
ſpective Rays CB, Cb, Ce, Cv, they will #4 
make Angles equal to the Angles of Inci- — 


dence that are required; viz. ABC (or rather 
its Complement to a Semicircle) for the pri- | 
mary Iris, AbC, for the Secondary, A:C, 8 
for a Third Iris, AvC, for a Fourth, If any I. 
one has a Mind, to find theſe Angles by an 

accurate Calculation, twill follow from the 

ſame Principle, that putting the Radius SI, 

and the Ratio of the Refraction as 7 to , the 


Fine of Incidence will — 75 


ITY 


and the 


$95 


Sine of the refracted Angle 75 > from 
which Angle proceeds the primary Iris. For 
the Secondary the Sine of Inciderice will be 


— and the Sine of the refracted 


3 


8 


| Angle / 5,3 


For a Third Iris, the Sine 


* 
* . 


| of Incidence will be 5 and the Sine 


——— 


5 
11. 


of the refracted Angle 


y_ 
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Fourth Iris, the Sine of Incidence will be 
lrr 5 
FIR 2455, and the Sine of the refracted 
angle 2 24 and in like manner of 
the reſt, Farther, twill be found by Calcula- 
tion, that (taking Cartes's n the pri- 
mary Iris is diſtant 41%. 300, from the Point op- 
poſite to the Sun; the Secondary, 51%. 55. from 
the ſame. The Third, 40%. 20. and the Fourth, 
45%. 33. from the Sun it ſelf; which Jris's 
perhaps were hardly ever ſeen for the Reaſons 
beſore- mentioned. 55 
And thus much may ſuffice concerning the 
Magnitude of the Jrides, in the perſpicuous 
Drops of a Fluid, whoſe refractive Power is 
known. It remains that nothing be ſaid con- 
cerning the Colours, which this Phenomenon 
preſents, with the Orders of them in each ſort 
of Iris, according to all the poſſible Variations 
of the Refraction. Sort ae 
And here we muſt know eſpecially, that the 
acute and ſagacious Mr. Newton, has found by I 
molt clear Experiments, that the Rays of Light if 
are not ſimple aud uniform, as they iſſue out of the re 
luminous Body, but the pure white Light which we B 
ſee, conſiſts of Corpaſctes of all kinds of Colours, Pr 
nix'a and hurried with a violent Motion, one a- 
rnorgſt another. And that the diverſity of the th 


<> <A he 05 PLA x 3 


Colours of Things ariſes, according to the va- o 
rious Dupoſitions thoſe Objects have, to refract Re 
or reflect this or that peculiar kind of Light. 

The Proof of which is manifeſt from Refra- fo 


ctions, in which theſe Species are ſeparated from = 


Refraction is as 1 to 4 ED. *. 
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one another, and the Blue or Purple Light, (e- 
ven in the ſame Diaphanous Body) is more re- 
fracted than the Tellow or Red. But let the Rea- 


der conſult this incomparable Perſon's Letters 


(N“. 80. and the following of the Philoſophical 


Tran ſactions) from which Specimen he will be 
able to judge, how nobly this Argument of 


Light will be managed by him. 


To my Purpole tis lufficient, that all Kinds 
of Blue Light, are ſomething more refracted 


than Red, from which Difference ariſes the La- 
titude of the 1rides, which is hardly to be deter- 


mined by Obſervation, becauſe of the uncertain 


Limits of the Colours. But by how much the 


Proportion between CA and CD, 1s of greater 


nequality, or by how much the Refraction is 
greater, ſo much the greater is the Diſtance of 


any Iris from the Sun, and conſequently thoſe 
Borders that are remoter from the Sun, ſhine 
with a Purple Colour, but thoſe that are nearer, 
with an intenſe Red, „ 

This may always be ſeen in the primary Iris, 


| which vaniſhes in the Part oppoſite to the Sun, 
it the Sine of Incidence be to the Sine of the 


refracted Angle, as CA to CE, or as 2 to 1. 
But if that Ratio be greater, there can be no 


| primary Iris ſeen at all. 


As for the ſecondary Iris, tis to be noted, 


that this vaniſhes into a Point, in the Part 


oppoſite to the Sun, when the Ratio of the 


7+ Va" n 


| to 0,847487... and from thence it returns 
back to the Sun it ſelf, where it vaniſhes, if 
| the ſaid Ratio be as 3 to 1, or as CA to Cc, 


A a 2 bur 
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Fourth Iris, the Sine of Incidence will be 
\/ 2 25 FF 


Angle Fr ae 4, and in like manner of 
the reſt. P Alber, 'twill be found by Calcula- 
tion, that (taking Cartes $ ag ee the pri- 
mary Iris is diſtant 419. 30. fromthe Point op- 
polite to the Sun; the Secondary, 51%. 55. from 
the fame. The Third, 40“. 20. and the Fourth, 


45%. 33. from the Sun it ſelf; which Jris's 


per haps Were hardly ever ſcen fs! the Reaſons 
| before-mentioned. 
And thus RR may ſuthce concerning the 


| Magnitude of the Irides, in the perſpicuous 


Drops of a Fluid, whoſe refractive Power is 
known. It remains that nothing be ſaid con- 
cerning the Colours, which this Phenomenon 
preſents, with the Orders of them in cach ſort 


ol Iris, according t to all the poſſible Variations 


of the Rel action. 

And here we muſt know eſpecially, that the 
acute and 8 icious Mr. Newton, has found by 
molt clear J. xper:ments, that the Rays of Light 
are not | "opts ud nmiſorin, As they iſſue out of 8 
luminotis Bo, Ay, bat the hure white J. tight which we 
ſees £031]; 0 Corfis les of all kinds of Colours, 
mn ivd and burried with a violent Motion, one 4. 


ron 266 here And that the diverſity of the 


hours of I. ings ariſes, according to the va- 
ri0us Diipofitions thoſe Objects have, to refract 

or rchecr this or that peculiar kind of Light. 
Thc Proof of which is manifeſt from Ref; a 
Ctions, in which theſe Species are ſeparated from 
On 


ph 1 the Sine of the refracted ; 


FN 
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one another, and the Bluc or Purple Light, (e. 


ven in the ſame Diaphanous Body) is more re— 


fracted than the Yellow or Red. Rut let the Rea- 


der conſult this incomparable Perſon's Letters 


(N. 80. and the following of the Philoſophical 


Tranſattions) from which Specimen he will be 


| able to judge, how nobly this Argument of 


Light will be managed by him. 15 
To my Purpoſe 'tis ſufficient, that all Kinds 
of Blue Light, are ſomething more refracted 
than Red, from which Difference ariſes the La- 
titude of the 1rides, which is hardly to be deter- 


mined by Obſervation, becauſe of the uncertain | 
Limits of the Colours. But by how much the 


Proportion between CA and CD, 1s of greater 


Inequality, or by how much the Refraction is 


greater, ſo much the greater is the Diſtance of 


any Iris from the Sun, and conſequently thoſe 


Borders that are remoter from the Sun, ſhine 


with a Purple Colour, but thoſe that are nearer, 


with an intenſe Red. e 
This may always be ſcen in the primary Iris, 


which vanithes in the Part oppoſite to the Sun, 


if the Sine of Incidence be to the Sine of the 


refracted Angle, as CA to CE, or as 2 to 1. 


But if that Ratio be greater, there can be no 
primary Iris ſeen at all. 5 
As for the ſecondary Tris, 'tis to be noted, 


that this vanuhes into a Point, in the Part 
» oppoſite to the Sun, when the Ratio of the 


„ 57nnt 
Refraction is as 1 to }/ — þ V2, or 28 I 
to 0, 847487. . and from thence it returns 
back to the Sun it ſelf, Where it vaniſhes, if 


the ſaid Ratio be as 3 to 1, or as CA to Cc. 
| "4 3 oe + 4 


r 
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But in the Ratio's berweer theſe (ſuch as we have 
in all Fluids known to us, except the Air) by how 
much the greater is the Ratio, by ſo much is the 
Iris more diſtant from the Point oppoſite to the 
Sun, or rather from the Sun it ſelf, reckoning 


the Arch beyond a Semicircle. And conſe- 5 
quently the Colours will ſeem to be in a different 


Order from the primary Iris, in theſe Rerurnings, 


unleſs the Diſtance of the [rides from the Sun, 
be taken in this Senſe 3 which is allo every where 


to be obſerved in the reſt. 

The Third Iris is confuſed in the Part oppo- 
ſite to the Sun, the Ratio of the Refraction being 
as 1 to, 91855 from thence it returns back to 


the Sun in the Ratio of 1 to ,68250---whence 


again, the Order of the Colours being reſtored, 


in the Ratio of 4 to 1, or CA to Ce, it termi- 
nates in the Part oppoſite to the Sun. The Fourth 
Iris beginning from the Sun, in a Ratio of Equa- 


lit y, yt on to the oppolite Point, in the Ra- 

tio of 1 to ,94895---and thence returns back to 
the Sun, if the Proportion be as 5 to 4; hence 
again, it diſperſes to the Point oppolite to the 
dun in the Ratio of 1 to ,56337--, within which 
Compaſs are included the Refractions of all 
Fluids that are known. Laſtly, The Ratio be- 


ing as 5 to 1, or CA to On, it vaniſhes in the 


very Sun it ſelf; the Colours being every where 


inverted to the Sight in its Return to the Sun, 
as they were erect in its Egreſs from it. Hence, in 
watcry Clouds, the ſir/t and fourth Iris ſhew deep 
red Colours turned towards the Sun; but the 

| Second and Third give Purple. But perhaps I may 
ſeem too tedious in theſe Deſcriptions, the ow 
ow 
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. 


. 
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3 af. x 
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bon it ſelf being no more than a momentary 
” Phantaſm. 1 5 

But whence 'tis that the different refractive 
Power of Fluids ariſes, is a Problem of the 


greateſt Moment, and to be rank'd amongſt the 
Secrets of Nature, not yet obvious either to our 
Senſes or our Reaſonings. For pure Water a- 
mongſt all Fluids, does leaſt of all refract the 
Rays of Light. When 'tis rinctur d with Salts 
diſlolved in it, according to its Weight and the. 
Quantity of Salt, it increaſes the Refractions. 
And corroſive Spirits (which are much heavier 
than Water) do alſo much more refract the Rays 
of Light: Nor is it any Wonder, ſince being 
denſer Bodies, they may caſily be conceived 4 
much the more to obſtruct the Paſſage of the 
Rays. But why there ſhould be ſo great a Re- 
fraction in burning Spirits and Oils, eſpecially in 
. Spirit of Turpentine, or of Wine, ſince they are 
Fluids extreamly light in compariſon of Water, 
and conſiſt very much of ſubtle Atherial Parti- 
cles, does not fo eaſily appear; but ſeems to re- 
require ( in order to the Explication of it) a more 
thorough Knowledge of the Nature and Texture 
of Light. 2 „ 
But from the Diſtance (of the Iris from the 
Sun) given, to find the Ratio of the Refraction, 
is a Thing that will give thoſe that are curious, 
nan Occaſion of finding the Refraction of any 
> Fluid, accurately and with little Trouble. For 
> if a ſmall Drop of any tranſparent Fluid be ſup- 
z poſed to hang at the Bottom of a ſmall Glaſs 
Tube, and the Sun being near the Horizon and 
> ſhining ſtrongly, it be obſerved under what An- 


gie (with the Point oppoſite to the Sun) the Co- 


A2 3 lours 
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lours of the Iris be ſeen in the Drop, then the 
proportion ſought will be obtained with a little 
Calculation. It is a cubical Equation, explica- 
ble by one only Root, by which, from the pri- 
mary Iris given, the Ratio is computed, viz. 
T'—3 Tt Art o, where T is the Tangent 
of the Angle of Incidence requiſite, t the Tangent 
of the Dittance of the Iris from the Point op- 
poſite to the Sun, to the Radius 1. Whence 
(according to Cardanus's Rules) ariſes this Theo- 
rem, viz. From the Cube of t ſubſtrath the Pro- 
dutt of 2tr into the Exceſs of the Secant of the 
ame Arch above the Radius; the Difference ſhall 
be the leſſer Cube. The Sum of the ſame, adding 
4trr, will b: the greater Cube. The Sum of the 
Sides of both Cubes, and of t, will be equal to the 
Tangent of the Angie of Incidence, and the Half of 
that, ill be the Tangent of the refratted Angle. 
From whence the Ratio ſought is manifeſt. 
For an Example of this. In a Drop of Oil of 
Turpentine, the Diſtance of the primary Iris, 
from the Point oppoſite to the Sun, 1s obſerved 
to be 25%. 40. *Tis required to find the R- 
tio of the Refract ion. . Cual 
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Greater Cube 0,934 72c07, whoſe ſide o, 9777486 
Et In t o, 2278063 
I, 2586322 
O 6293 161 


T= Tang. Incid. 51, 32. 
+ T=Tang, Refr, 52%. 11. 


Laſtly, 4 VTI 4 VTI 2 1 1821 
1 : 168026. Which Proportion comes very 
near to that, which Experience ſhews to be in 
Glaſs and moſt pellucid Solids. The Diamond 
indeed, exceeds all tranſparent Bodies, not on! 
in reſpect of its Hardneſs and Value, but alſo 
its refractive Power, the Proportion here 
being as 5: 2, nearly, or more accurately as 
100: 41: But of this, perhaps more in ano- 
ther Place. „3 
While I was writing theſe Things, that 
skillful Geometrician Mr. De Moivre, at my 
Requeſt, found a little Equation for dcter- 
mining the Ratio, from the Semidiamcter of 
the ſecondary Iris given. By which, the Ratio 
is indeed ſomething more exactly determined, 
but that Equation being a biquadratical one, the 
Calculation is not ſo eaſily performed. This E- 
quation is I r Fro, 
where T is the Tangent of the refracted Angle, 
t, the Tangent of +; the Diſtance of this Iris 
{from the Point oppoſite to the Sun, to the Ka- 
dius r=1, And this Equation is of that Form, 
as to be always explicable, by an affirmative and 
one negative Root, the one andthe leſs of which, 
is the Tangent of the refracted Angle, in the 
Kegreſs to the Sun, viz. when the Purple Colours 
are nearer to the Sun. The greater Root is the 
Tangent of the refracted Angle in an Iris going 


2 4 out 
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out from the Sun, viz. in a Fluid of a leſs Ratio. 
In Oil of Turpentine, the Diſtance of this Iris 
from the Point oppoſite to the Sun, is obſerved 
to be 819. 30. whence the curious Reader may 


the Tangents of the reiracted Angles. Hence 
is computed the Ratio of greater Inequality, as 1 
to o, 67995--uch as is in Oil of Turpentine. 
But from the greater Root comes forth the leſſer 
Ratio, 3s 1 to o, 9540 nearly, ſuch as would be 
in a Fluid, exhibiting a ſecondary Iris of the 
ſame Diameter, but which (after the manner of 
the primary one) ſhould look towards the Sun 
with the Red Colours. 


If any one has a mind to find theſe Roots by © 


a geometrical Conſtruction, any Parabola being 
given, it is done with ſo much Eaſe, that I need 
not repeat what I have already offered upon that 
Head, Philoſophical Tranſactions, N. 188. 

Eachof theſe Equations is deduced from what 
has been ſaid before, and alſo from the Rules for 


the Tangents of the double and treble Arch; | 


the bare Hint of which, may be inſtead of a 
Demonſtration even to thoſe that are but meanly 
vers'd in theſe Things. - 


This Diſcourſe being already in the Preſs, 
there came to my Hands (by the Means of a 
Friend) a certain Book, whole Title was, Thau- 


mantiadis Thaumaſia, printed at JVorimberg, | 


1699, under the Superintendency of M. Stur- © 
mius. In which the skillful Author ſeems to 


have lad together whatever is to be found © 
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of this Argument, as well amongſt the Modern, as 
the Ancient Writers ; ſubjoining and illuſtrating 
Cartes's, Eckard's, Honoratus Faber's, and Ma- 
riott's Calculus. From whence it is plain, that 
the reſt added very little or nothing to Cartes's 
Inventions, building upon the ſame ungeometri- 
cal and tentative Methods of Calculation. But 
that the judicious Reader may be ſenſible, hat 
Things I have performed in the Doctrine of the 
tris, I would have him read the fore- mentioned 
Book, and compare it with this Diſcourſe; leſt 
in pony out theſe Things, I ſhould ſeem only 
to have made an unpleaſing Repetition of what 
had been done before. And of what vaſt Uſe in 
Aſtronomical Matters, this Lemma of ours may 
be, ſhall be ſhewn upon ſome other Occaſion. 


THE 
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Laid down and demonſtrated. . 
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- By Fa. Hodgſon, F. R. S8. 


DEFINITIONS. 


IRCLES deſcrib d upon the Surface of 
C the Sphere, are cither great or ſmall, | 
1. Great Circles are thoſe which divide the 
Surface of the Sphere into equal Parts; or through 
which, if the Globe be cut 57 Plane, it Wil 
be divided equally, © 
2. Small Circles are thoſe which cut the Sur- 
face of the Sphere uncqually ; or thro' which, © 
if the Globe be cut by a Plane, it will be di- 
vided i into uncqual Parts. . 


Zo The 
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The Pole of any Circle, whether Great 
or Small, is that Point upon the Surface of the 


Sphere, which is every way equally diſtant from 
the Circumference. 


Whence it follows, 


Corol. 1. That every Circle e upon 


the Superficies of the Globe has 2 real Poles. 


And ſince every ſmall Circle is equi-diſtant 
from ſome one great Circle, it follows, 
2. That the Poles of every ſmall Circle are 


the ſame with the Poles of thoſe great Circles, 


to which they are parallel. 
3. Wheretore all ſmall Circles parallel to each 


other, have the ſame common Pole. | 


General Definition. 


"Conceive the Eye placed Cakes in the 
Superficies of the Globe, and at the ſame time 


a Plain to cut the Globe, and to ſtand at right 
Angles to the Line connecting the Centers of 


the Globe and Eye. If infinite right Lines be 


1magin'd to flow from the Eye, to every Point 


in the Circumference of every Circle deſcrib'd 


on its Surface, they will trace out upon the 


cutting Plane what is called a eee Pro- 
jection of the Sphere. 


Whence, and from the firſt Corollary of 45 
Definitions, it follows, 


Corol. 1. That the Eye is placed in one of the 
Poles of that great Circle through which the 
Plane paſſes, and upon which the Projection is 


tg 
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to be formed; which, for Diſtinction's Sake, 
is called the Plane of Projection; and the Pole 


oppoſite to the Eye, the remoter Pole. 

2. That the Pole, when projected, falls in 
the Center of the Plane of Projection. : 
Z. That all great Circles interſecting each o- 
ther in the Eye- Point, will, when projected, 
become right Lines, interſecting each other in 


the Center or Pole of Projection, inaſmuch as 


5 they all lye in the ſame Plane with the Eye. 


4. That the Poles of every ſuch Circle will 


be found in the Circumference of the Plane of 


Projection, at 90 Degrees Diſtance from the 


Circle's Interſection. 


5- That the Lines flowing from the Eye, to 


* 


perficies. IS 

And in Order to enquire into their Nature 
and Properties when projected, it is neceſſary 
to premile the two following Lemma s. 


LE MMA the Iſt. 


any other Circle whatſoever, form a conical Su- 


If an upright Cone be cut with a Plane, pa- 
ralle] ro the Baſe, the Section made in the Super- 


ficics of the Cone will be the Circumference of 


2 Circle, whoſe Center will be found in the 
right Line, connecting the Vertex of the Cone, 
and Center of its Baſe. h 


Whence, and from the general Definition, it 


follow $, 55 


Corol. I. That all ſmall Circles parallel to the 


Plane of Projection, will become Circles in the 
Projection. 9 e 
2. That 
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2. That they will have one common Center, 


2 | vix. the Center or Pole of Projection. . 


3. That their common Center, viz. the 
Center of Projection, will be their common 
Pole. 

4. That their Radij or Semi- Fig. 1 1. 
diameters will be equal to the 
Semi- tangent of their Diſtance from the None. 
Pole of Projection. 2 
For in Figure 1. ſuppoſi ing e the Eye; ab 
the Plane of Projection, p its remoter Pole, and 
mu the Circle to be projected; oc equal to cq, 
will be equal to the Semi tangent of »p or pn, 
the Diſtance of the Circle mn from p the remoter 


; = 


LE M MA the IId. 


If an inclined Cone be cut with a Plane not 
parallel to the Baſe, yet fo that it cuts off a 
Part ſimilar to the Whole, the Section made in 
the Superficies of the Cone ſhall be a Circle. 


Wheace'it ſollows, 


1. That all Circles whatſoever (except 
ſuch as lie in the ſame Plane with the Eye, and 
which have been already conſidered) tho they 
are not parallel to the Periphery of the Plane 
of Projection, yet become Circles in the Pro- 
jection. 

For if, as before, « e repreſents Fig, 2, 33 4+ 
the Place of the Eye, ab the Plane 
of Projection, p its remoter 7 ale, and un the 
Circle to be projected, 


Through 
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Through u draw ur parallel to 


Fig. 2, 3, 4. ab, then is the Angle rne equal to 
emn and men, common to both: 


Wherefore the Triangles em and enr, and con- 


ſequently eoq, are ſimilar, and 0% Circle by the 
2d Lemma. 


Wherefore, 


Fig. 233z4- 2. That of all the Diameter of 


any one of thoſe great Circles to 
bc projected, their Centers and Poles will be 
found in that projected Diameter, which con- 


nccts the two Interſections of the Circle to be 


projected; and that other great Circle which 


paſles through the Eye, and cuts the Cuck to ; 


be projected at right Angles. 
DEFINE F- 1 ON, 


Which for Brevity's Sake is called the pro- 

jected Axis: Thus 0% is the projected Axis. 
3. That all ſmall Circles will have their pro- 
jected Axis's in that Line, in which the pro- 


jected Axis of the great Circle lies, to which 


they are parallel. 


. Thar the Semitangents of the createſt and 


leaſt Diſtances of any Circle from the remoter 
Pole of Projection, ſet off either on the ſame or 
contrary Sides of the Center of Projection, as 


the Cale directs, will give the Interſections or 


Extremities of the pr ojected Axis. 

5. That of cvery great or ſmall Circle 
within which the Pole of Projection lics, their 
Diameter or projected Axis is equal to the 
Sum of the Scmi-tangents of their greateſt 


md 


e Os = Wy 90-"I0h 


bod — a, 


* 
. 
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and leaſt Diſtances from the Pole of Proje- 


ction. 


Thus in Fig. 2. and 3. 09 equal 1 to oc and c 

together, is equal to the Sum of the Semi-ran- 
gents of the Arches mp vn, the greateſt and leaſt 
Diſtance of the Circle from the remoter Pole of 
Projection. He 
"Be 1 haitot every ſmall Circle W ithout which | 

; the Pole of Projection lies, its Diameter or 
projected Axis is equal to the Difference of its 


greateſt and leaſt Diſtances from the Pole of: 
Projection. 


Thus in Fig. 4. 0% is equal to the Difference 
between cq and co, the Semi-tangents of pn and 


5 pm, the greateſt and leaſt Diſtances of the Cir- 
cle from the Pole of Projection. 


7. That of the two Poles of every great C ircle, 
and conſequently of all ſmall Circles parallel ro 
It, that which falls within the Plane of Pro- 


jection will be diitant from the Center by the 
| Semi-tangent of the Exceſs of the greateſt Di- 
ſtance, of the projected great Circle from the 
remoter Pole of Projection above a Quadrant, or 
the Defect of the leaſt Diſtance from the Pole of 


Projection to a, Quadrant. 
Thus in Fig. 2. d the Pole of the Circle un 


is diſtant from the Center by the Space of de, 
the Scmi-tangent of the Arches xp the Exceſs 
of pm above a Quadrant, or the Detect of 2 


to a Quadrant. 
8. That its other Pole will bei in the projected 


Axis on the contrary Side of the Center, and 


diſtant from it by the Scmiæangent of the pro- 
jected Circle's ncareſt Diſtance from the remater 


Pole of Projection, leſlen'd 2 a Quadrant. 


9. Hence 


re - 
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9. Hence we are taught how to find the in- 


terior Pole of any great Circle, and conſequent- 
ly of all ſmall Circles parallel to it, by ſetting 
of the Semi-tangent of the Compliment of its 
neareſt Diſtance from the remoter Pole of Pro- 


jection in its projected Axis, on the contrary 
Side of the Center with the Interſection. 
10. For the exterior Pole, by ſetting of the 
Semi- tangent of its neareſt Diſtance augmen- 
ted by a Quadrant in the projected Axis 
from {4 

terſection. 


PROPOSITION I. 


If two Circles cah and bag interſect each other 
in the Point a, the Angle gah formed by them 
at their Interſection will be equal to the Angle 


bac made by the Radii ab and ac, drawn to the 


Point of Interſection 4. 


Conſtr. To the Point of Interſection * draw 
the Line fa a Tangent to the Circle gab, and da 


a Tangent to the Circle hac. 
Demonſtr. Becauſe the infinitely 
ſmall Portions of the Circles 


Fig. 3. 


and conſequently have the ſame Direction; 


therefore the curv'd- lind Angle gah is equal to 


the right-lin'd Angle fad, formed by the Tan- 
gents fa and da: And becauſe the Angle fab is 
equal to dac, take away from each the interya= 
cent Angle dab, and there will remain the An- 
gle vac equal to fad, equal to gab, which was 
to be proved. 255 5 


PRO- 


1c Center, on the ſame Side with the In- 


gab 22 


and hac do coincede with the Tangents fa and da, 
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PROPOSITION II. 


1 Angles made by the Circles on the 
* Surface of the Sphere, are equal to thoſe made 
by their Repreſentatives on the Plane of Pro- 
S jection. 
The Reaſon of which is evident from the ge- 
neral Definition and laſt Propo- 
ſition: For (in Fig. 6.) let e Fig. 6. 
repreſen the Eye, : the Plane 
of Projection, opc the Angle to be projected, 
draw pn parallel to bc, pd, and pf, Tangents to 
the Circles pc and po, and continue them till 
they meet the Plane bc, in the Line af ; 
| Becauſe the Angle dym is equal to ypm, and 
51 equal to apm, therefore is md equal to 
: Wherefore in the Triangles damp and find are 
| dp equal to dm, df common, and the Angles 
fam, fdp both right; therefore the Angle apf i is 
00081 to the Angle Na Therefore, Cc. 


Whence, and Gs the firſt Propoſition, 
1t follows, 


To» That uf every great „ 

cle to be projected (Which does 
not lie in the Plane of the Eye) the Tangent of 
the Complement of its Diſlance from the Pole 
of Projection (et off in the projected Axis, on 
the contrary Side of the Interſection, Will give 
its Center. | | 
For cx 15 equal to the Tangent af can, the 


Complement of dac. 
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2. That the Secant of the Complement of 
the ſame Diſtance will be its Semi- diameter; 
for an equal to du is equal to the Secant of can, 
the Complement of dac. 2 WE 
z. Since ua equal to du is equal to de and 


cn, it ſollows univerſally, that the Semi-tangent 
of the Diſtance of any great Circle to be pro- 


jected (that does not paſs through the Eye- 


Point) from the remoter Pole of Projection, 


{ct off in the projected Axis on one Side of the 
Center, will give its Interſection; and the 
Tangent of the Complement of the ſame Di- 
ſtance, ſet off them the ſame projected Axis on 
the contrary Side, will give its Center. 


: 4+ In all ſmall Circles which 
Fig. 8. cut the Periphery of the Plane 
of Projection at right Angles; 


or, which is the ſame thing, whoſe Poles lie in 
the Circumference of the Plain of. Projection, 
that the Secant of the Complement of their 
Diſtances from the remoter Pole of Projection, 


ſet off from the Center in the projected Axis, 


will give their Centers; for m 5 equal to the 
Secant of pca, 


5. That the Tangent of the ſame Diſtance 


will be the Semi-diameter; for ma equal to 
vd is the Tangent ot pca, or the Arch pa the 


Complement of 4c its Diltance from the Pole 


of Projection. 


6. Since cm is equal to cd and dm, it follows, 
that the Semi-tangent of its Diſtance from the 


Pole of Projection, ſet off in the projected Axis, 
gives one Interſection; and the Tangent of the 
Complement of the {ame Diſtance, {ct off from 
the Interſection the ſame way, gives the Center. 
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PROP 081 TION III. 
If through the remote Poles of Fig. 9. 


two Circles, two other Circles 
be drawn upon the Surface of the Sphere, they 


Will cut off equal Arches in thoſe great Circles; 
and likewiſe in the ſmall Circles cqui-diſtant 
from thoſe Poles through which they paſs. 
Let p be the Pole of the Circles ma and rn, c 
the Pole of the Circles ab and qo ; pdnob and 
| pmrqa the Repreſentation of the two Circles 
paſſing through the Poles p and c. I ſay, 


1. Of the great Circles md and ab, the Arches 
md and ab cut off are equal. 

For the Arch pdb is equal to ch, 50 pma e- 
qual to cam, and the Angle apb cqual to the 
Angle bca; wherefore the Triangle 2h and mcd 


are equal, and conſequently ab _ to md, 


q. E. d. | 
2. Of the leſſer Circles, qo and r1 equally di- 


ſtant from the Poles c and p. I ſay, the Arches 
Jo and rn are equal: For the Arch caq is equal 


to pmr, and cbo equal to pd, and the Angle 
qco equal to pn; wherefore the Tringles geo 


and vpn are equal, and conſequently the "Arches 


qo and rn are equal. J. e. d. 
Whence it follows, 


1 That if through the Pole of any projected 
great Circle, and any Part or Segment thereof, 
Lines be drawn to the Periphery of the Plane of 
Projection, they will cut off an Arch equal to 


the Segment of the 1 Arch. 


2. That 
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2. That if through the Pole of any ſmal] 
Circle, Lines be drawn to the Extremities of 
any Segment or Portion thereof, (and con- 


tinucd if nced be) they will cut off an Arch 


equivalent to it in that ſmall Circle, which is 
parallel ta the Periphery of the Plane of Pro- 
jection, and as far diſtant from the under Pole, 


as the given Circle is diſtant from its upper 


Pole. 


A 
N 7 


A a 9 * 1 * Fm ed mn * = — 1 g 
TO" D . F > Sx es © * We IS ER, TT rf rd I 2 ; 
ee. 8 . he 8 £200 PPV , ö : 
8 3 n „c os 8 N r „ OO ESI IRS ; * 2 
IT, a ET EBRD IP I PER rs PE It WO IN SS n VW e 3 PV 
F © $36 . : * F r TEL 7 MO En IR Ac rt — — > ODS ATA Af "5 
, 1 7 Ef o 4 a - a o * CRY kd 1 o fo * 5% Wo wo, 


„ i. 
e 
. 
3 
. a 
gx: 
74 
AF 
Y $5 
US. . 
9 N 7 
* 
RTE. 5; 
Tbs 
8 
3 
3 
1 
9 an 
8 
"EP 1 
Pon IE 
* 
3 2 
8 
f » 
Mx 
4 


: „ e oe  Y 
3 e F _. S 


| | | | : i 7 f 3 l * 8 
1 * 1 5 r >» : ; OR . 
b 5 : N bs 1 . 1 8 
8 5 SO * 


= L 1 * 


1 — 3 N NA ys : Pp ; | 
\ 
: 
. 
- 
| ; 
« 
. 
5 
* 
* 


. 
- 
. 
* 
, 
. 
» 
© 
* 
y * 
. 
. 
» 
4 
. 
* 
. % 

Ss N ; fo : 5 ; 15 
Ya e VIE 5 +; 4 . 4 * 8 
0 8 r IS RF uy 5 3 4 n 
. ro ki 5 : 7 > " EF _ 


